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Abstract. The paper describes an approach to the construction of a
resolution-type technique basing on a certain generalization of the reso-
lution notion of a clause. This generalization called a conjunctive clause
(c-clause) leads to a possibility to introduce two different inference rules
and determine two c-clause calculi oriented to refutation search in first-
order classical logic both with and without equality. Using the connection
of these calculi with Robinson’s clash-resolution method, a simple way
for the proving of their soundness and completeness is given. Analogs of
some of the well-known resolution strategies for the calculi are suggested.
Besides, the treatment of Maslov’s inverse method in the resolution terms
is given. This research can be used in (e-)learning systems for the intel-
ligent testing of knowledge of trainees learning a mathematical subject.
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1 Introduction

This paper is devoted to the description of special calculi intended for the es-
tablishing of the unsatisfiability of a formula F' of a certain form or a set S of
such formulas in first-order classical logic maybe with equality. The calculi relate
to the class of refutation-search methods based on the ideas firstly presented in
Robinsin’s paper [1] on the well-known resolution method.

After the appearance of the resolution method, the main efforts of automated
theorem-proving community were concentrated on its development in the direc-
tion of the construction of its different modifications and strategies oriented to
increasing the efficiency of deduction search. All such attempts based on the use
of a clause being a well-formed expression of the resolution method leaving aside
the possibility of building efficient methods using modifications of the notion of a
clause, to which this paper is devoted. Besides, the problem of the interpretation
of the Maslov inverse method [2] in resolution terms is solved in it.

Our calculi completely are determined by their (resolution-type) inference
rules. The deducibility of a special expression A in such a calculus I7 is equivalent
to the unsatisfiability of F' or S. At that, I is called a sound calculus, if the



deducibility of A implies the unsatisfiability of F' or S; IT is called a complete
calculus, if the unsatisfiability of F' or S implies the deducibility of A.

If we put certain restrictions on inferences of A in a calculus I7, these restric-
tions are said to determine a strategy for proof search in I1.

All the above-said takes place for the clash-resolution method [3] being called
the clause calculus below. It deals with clauses and contains the unique inference
rule — the latent class-resolution rule. The empty clause plays the role of A.

Let us stop on the way of the construction of an initial set of clauses for a
formula F' (or a set S of such formulas) being investigated on unsatisfiability.
First of all, we can consider that F' is a closed formula. Further, let us suppose
that F already is presented in Skolem functional form (for satisfiability), all
the quantifiers of which are omitted. Then, under the condition that all its
variables implicitly are bound by the universal quantifier, the following question
is reasonable: Can we refrain from the obligatory presentation F' (or S) as a set
of clauses and develop a technique similar to the resolution one? Research in this
direction is described in what follows. At that, note that the papers [4] and [5]
are a starting point for the development of the approach presented here.

We usually give references to the original papers, which laid the foundations
for the research in a particular direction, although for the modern description of
most of them, one can turn to [6] or [7]. QED indicates the end of any proof.

2 Preliminaries

First-order classical logic with functional symbols and equality is considered.

The notions of terms, atomic formula, and formulas are assumed to be known.
A formula being the result of renaming of variables in a formula F' is called a
variant of F'. A literal is an atomic formula or its negation. For a literal L of
the form —A, its complementary L is A. If L is an atomic formula A, then its
complementary L is ~A.

As it was said above, we restrict ourselves by the consideration of only closed
formulas F' presented in Skolem functional form for satisfiability by means of the
elimination of positive quantifiers. That is, F' may be considered as a formula
of the form Vzi...Va,, G(z1,,zm), where x1,,x,, all the variables of F, and
G(zx1,,xm) a quantifier-free formula. I. e. it can be assumed that in the case of
reasoning on satisfiability, one has to deal with only quantifier-free formulas, all
variables of which implicitly are universally bound.

We can reduce G(z1,,2m,) to a formula Dy A ... A D,,, where D; is a for-
mula presented in disjunctive normal form (DNF). As a result, we can make
investigation of the set {Ds,..., D, } on unsatisfiability instead of making the
appropriate investigation of G(x1,,x,,). This leads to the following notions.

If Ly,..., Ly, are literals, then the expression Ly A...AL,, (m > 1) is called a
conjunct. An expression of the form C1V...VC,, where C1, ..., C, are conjuncts,
is called a conjunctive clause, or a c-clause (n > 0).

A c-clause not containing any conjunct (that is, if n = 0) is called an empty
clause (or empty c-clause) and denoted by .



In what follows, any conjunct is considered to be the set of its literals and
any c-clause — the set of its conjuncts. Thus, in the case when any conjunct of
a c-clause contains exactly one literal, this c-clause can be considered as a usual
clause (see, for example, [1] or [6]).

The introduced definitions allow us to use all the semantic notions of first-
order classical logic for c-clauses and sets of c-clauses under the assumption
that every variable in any c-clause is universally bound. The empty clause is
considered to be an unsatisfiable formula.

Our main purpose is to prove that the inferring of OJ in our calculi is equiv-
alent to the unsatisfiability of an initial set of c-clauses.

An inference from an initial set S of c-clauses in a calculi under consideration
is a sequence D1, ..., D,,, where every D; (i = 1,...,n) is either a variant of
an c-clause from S or a variant of a conclusion of a rule applied to some of the
c-clauses preceding D;. Therefore, our calculi uniquely are identified by their
inference rules. That is why the names of rules will serve as unique names of
the calculi under consideration. The deducibility of a c-clause C' from a set S of
c-clauses in a calculus IT is denoted by S+ C.

The resolution method first was published in [1] in 1965. It contained the only
resolution rule of the arity 2. In [8], J.A.Robinson proposed its modification of
this rule under the name of the hyper-resolution. Its further generalization led
to the clash-resolution method [3]. The peculiarity of this generalization is that
it contains the only latent clash-resolution rule (denoted by RR below) that can
be applied to any finite number of clauses. The corresponding clash-resolution
method (being the clause calculus with the RR-rule) is sound and complete [3].

Let us give some necessary notations.

A substitution, o, is a finite mapping from variables to terms that has the form

o={x1 — t1,...,2y, — t,}, where variables z1,...,z, are pairwise different
and for any i (1 < i < n), the term ¢; is distinct from x;.
A substitution o is called a wvariant substitution if ty, ..., t, from o are

only variables that are pairwise different. In this case, the inverse (one-one)
correspondence o~ ! exists and presents itself a (variant) substitution.

For an expression Fx and a substitution o, the result of the application of o
to the expression of Ez is understood in the usual sense; it is denoted by Ex - o.

The composition of substitutions (as mappings) o and A is denoted by o - A.
It has the property that for any expression Ex, Ex - (0 -A) = (Ez-0) - A

For any set = of expressions, ='-o denotes the set obtained by the application
of o to each expression in =. If = is a set of (at least two) expressions and = - o
a singleton, then o is called a unifier of Z. If =1,...,5, (n > 1) are sets of
expressions and for a substitution o, the set =; - ¢ is a singleton (i = 1,...,n),
then o is called a simultaneous unifier of =1,...,=,.

It is known (see, for example, [6] or [3]) that in the case the existence of a
unifier o of sets =1,..., &, there exist such substitutions A and o’ that =7 -
A, ..., 5n . X are singletons and 51 -0 = (51 -A) o', 5 o= (S, A) -0
The substitution A is unique up to renaming of its variables. It is called the most
general simultaneous unifier (mgsu) of Zy,..., 5,



Obviously, we can consider that any mgsu ¢ has the idempotence property
that means that o- ¢ = o. This fact will often be used in what follows implicitly.

Robinson’s latent clash-resolution rule (RR). Let clauses Cy, Ch,...,Cq (¢ >
1) with mutually distinct variables be of the forms C{ V L1 ... V L1y ... V
Lgi V...V Lgy, CIVE11V ... VEy ..., CoV Eg 1 V...V Egp, respectively,
where Cp), C1,...,C} are clauses and Ly, ..., Ly, By 1, ... Eyp, literals. Suppose
that there exists the mgsu o of the sets {l~/1’1,. .. 7l~/1,r17 Ei1y-s E1p )y ooy
{Lgas--s Lary, Egise -y Eqp,}. Then the clause C) -0V Cj -0 V...V Gy o is
said to be deducible from Cy, Cy,...,Cy by the rule RR.

The RR-rule with two clauses as its premises will be denoted by RR,.

The paper [3] contains the following result (see, also, [6]).

Robinson’s Proposition. An initial set S of clauses is unsatisfiable if and
only if the empty clause [J is inferred in the RR-~calculus.

3 C-clause calculi for logic without equality

Below, we introduce two resolution-type rules in order to define two specific c-
clause calculi. These calculi have a number of similar properties. That is why
their proofs are detailed only for one of them. As to the other calculus, the
corresponding proofs for it can be obtained in the same way.

3.1 CR calculus

Let us start with the consideration of the calculus that is based on the analog
of Robinson’s rule RR.

Clash-resolution (CR). Let c-clauses Dy, D1, ..., Dy (¢ > 1) pairwise without
common variables be of the forms Dj V Ki1V ...V Ky, V...V Kg1 V...
V Kgryy DYV Mg Voo o NV My oo, DV Mgy VooV Mg, respectively,
where Dy, ..., Dy are c-clauses and K11, ..., Kgr,, M1y, ... My, conjuncts.
Suppose that K1, ..., Ky, contain literals Ly 1, ..., Ly, respectively and for
every j = 1,...,q, Mj1,.. .Mj)pj contain literals Ej 1,.. .Ej)p]. respectively such
that there exists the mgsu o of the sets {I~1171,. .. ,IN/L,.I, Ei1,oos Eip}s ooy
{Lgiy--s [iqurq, Eq1,..., Eqp,}- Then the c-clause Dj -0V Dy-o V...V D -0
is said to be inferred from the nucleus Dy and electrons Dy, ..., D, by the CR-
rule. Besides, the g-tuple (Dg, D1,..., Dy) is called a CR-clash and Dj - o V

1-0 V...V Do its CR-resolvent.

Remark. If Dy, Dq,..., D, are only clauses, the definitions of CR and RR
are coincides, which gives a simple way for proving some results relating to CR.

Proposition 1. The CR-rule is sound.

Proof. Since we implicitly consider every variable in any c-clause to be bound by
the universal quantifier, obviously it is enough to prove that a C'R-resolvent is
the logical conclusion of its premises only in the propositional case. For this, it
is enough to check the validity of the propositional formula:



(Dy vV (Lig ANKf3) VooV (Lig AK )V ooV (Dga AKL) V.V
(Lga AN K, ) AN(DY Y (Lig AMiq) VooV (Lig AM{, ) A ... A(DyV
(Lg1 A Mé)b VooV (Lga A Mg, ) D (Dy V Dy ...V Dy), where D is the

implication symbol, which can be made by applying induction on g. QED.

Let a c-clause D distinguished from O be of the form K; V...V K,. Then
p(D) is the set {L; V...V L, : Ly occurs in K;,..., L, occurs in K, }.

For OJ, we suppose that p(0J) contains [J and only it.

If S is a set of c-clauses, then p(S) denotes the set |J g p(D).

It is obvious that for any non-empty set S of c-clauses, p(S) is a finite non-
empty set and contains only clauses. Moreover, considering D as a formula, we
can produce p(D) my means of applying the following propositional tautology:
AV (BANC)=(AV B)A(AVC(C), where = is the logical equivalence symbol.
Therefore, a set S is unsatisfiable if and only if p(S) is an unsatisfiable set.

Remark. According to the previous remark, we conclude that Robinson’s
clash-resolution technique is used when we are interested in the establishing of
the deducibility of O from p(S) in the CR-calculus. Thus, for any finite set S of
c-clauses, it is true that S is unsatisfiable if and only if p(S) For O.

Lemma 1. Let Dy, D1, ..., Dy be c-clauses and Ay, A1, ..., Aq clauses such that
Ag € p(Dy), A1 € p(D1), ..., Ay € p(Dy). If for Ag, A1, ..., Ay, there is the CR-
clash (Ao, A, ..., Aq) with Ay as a nucleus and Ay, ..., A, as electrons and A is
its CR-resolvent, then there exists the CR-clash (D, D1, ...,Dg) with Dy as a
nucleus, D1, ..., Dq as electrons, and D as its CR-resolvent such that A € p(D).

Proof. Let us consider Ag, A1,..., A, from the lemma conditions. Let they be of
the form: By V Ll,l V...V L177’1 V...V qul V...V Lqﬂ‘q, By Vv E171 V...
V E1pyy oo BgV Lg1 V... VLg,, tespectively, where By, ..., B, are clauses
and Ly 1, ..., Lgr,, E11, ... Eyp, literals such that there exists the mgsu o of

the sets {Ll,la coey Ll,r“ E171, coay E17p1}7 caey {Lq71, coey Lq,rq7 Eq,ly caey Eq,pq}'
Then the clause By-o V By-0 V ...V B, -0 is a C' R-resolvent of the above-given
C R-clash.

Since Ay € p(Dy), Do can be presented in the form Dj vV K11 V ... V

Kip, V...V K1 V...V Ky, where Dy is a c-clause and Ky 1, ..., K,
conjuncts such that By € p(Dg) and Ky, ..., K, contain literals Ly, ...,
Ly, respectively.

Making reasoning in the similar way, we obtain that D;, ..., D, can be
presented in the form Dj V My V ...V Mip,, ..., Dﬁl V Mg1 V...V Mgy,
respectively, where D}, ..., D; are c-clauses and My 1, ... My ,, conjuncts such

that By € p(Dy), ..., Bq € p(Dy) and My 1, ..., Mgy, contain Ey g, ... By, .

In accordance with the definition of C'R, this means that Dy, Dy, ..., D, form
a clash with Dy as a nucleus and Dq,..., D, as electrons. For this C'R-clash,
Dy-oVvDi-oV...V D(’I - 0 is its C' R-resolvent. Obviously, By -0 V By -0 V
.V By-oc€pDy-oVDy-aV...V D, o) QED.

Proposition 2. Let S be a set of c-clauses and By, ..., Bl an inference of

O from p(S) in the RR-calculus. Then there exists an inference By, ..., B, of O



from S in the CR-calculus such that for every j (j =1,...,n) B} € p(B;) and
if B} is a variant of a CR-resolvent of the CR-clash (B; , ..., B; ) with B; as
its nucleus, then B; is a variant of a CR-resolvent of the CR-clash (B;,, ...,
Bi,) with B;, as its nucleus (i1 < ... < ip < j).

Proof. Let By, ..., B/, be an inference of O from p(S) in the RR-calculus. Tt
is an inference of O from p(.S) in the CR~calculus
For each ¢ = 1,...,n, assign a c-clause B; to a clause B in the following way.

j = 1. The definition of an inference implies that Bj is a variant of a clause
C € p(S). That is there exists a variant substitution A such that Bf is C - A.
Hence, we can select such a c-clause D in S that C' € p(D). Take D - X as Bj.
Obviously, B € p(By).

Suppose that j > 1 and we have c-clauses B ..., B;_; that pairwise have no
common variables and satisfy the conditions: By € p(B1), ..., Bj_; € p(Bj-1).
Two cases are possible.

(1) B} is a variant of a clause C' € p(S). Proceeding in the same manner as in
the case of j = 1, we easily achieve the necessary renaming some of the variables

of D - X in order the result B; has no common variables with By, ..., B;_1.
(2) Bj is a variant of a C'R-resolvent C' of a CR-clash (B; , ..., B; ) with
B! as its nucleus (i1 < ... < 4,). Accordantly to Lemma 1, we can construct

the C'R-clash (Bi,, ..., B;iy) with B;_ as its nucleus and D as its C R-resolvent,
for which C' € p(D).

Let A be a variant substitution such that B; is C' - A. Obviously, we can
select a variant B of D - A not having common variables with By, ..., B;_; and
satisfying the condition B; € B. Denote this B by B;.

Let us consider By, ..., B,. Since B}, is O and p(0) contains only O, B,, is
the empty clause 0. Thus, accordingly to the construction of By,..., B,, this
sequence is an inference of [ satisfying the conclusion of the proposition. QED.

Now, it is easy to obtain the soundness and completeness of the CR-calculus.

Theorem 1 (Soundness and completeness of CR-calculus). A set S of c-clauses
1s unsatisfiable if and only if S Fogr O.

Proof. The soundness of CR. is provided by Prop. 1.

Completeness. If S is an unsatisfiable set of c-clauses, then p(S) is an un-
satisfiable set of clauses. The calculus RR is complete (Robinson’s proposition).
Hence, p(S) Frr O. Thus, S For O on the basis of Prop. 2. QED.

Let us consider an example of a deduction in the CR-calculus. Note that
all the examples in the paper are given only for propositional case since the
resolution-type technique under consideration uses the usual unification.

Ezample 1. Let U denote the following set of c-clauses: {{(AA—-A)V (BAC)V
(EANL), -BV-C, ~EV -L}, where A, B,C,E, and L are atomic formulas.
The (minimal) inference of O from U in CR is as follows:
1.(AN-A)V(BAC)V(EAL) (eU),

2. (AN-A)V(BAC)V(EANL) (eU),

3.(BANC)V(EAL) (by CR from (1) as a nucleus and (2) as an electron),



4. (BANC)V(EAL) (avariant of (3)),

5. BV -C (e U),

6. EANL (by CR from (5) as a nucleus and (3) and (4) as electrons),
7T ENL (a variant of (6)),

8. ~EV L (e U),

9.0 (by CR from (8) as a nucleus and (6) and (7) as electrons).

Therefore, the set U is unsatisfiable.

3.2 IR calculus

Maslov’s inverse method (denoted by MIM here) and Robinson’s resolution
method (the calculus of clauses in our terminology) appeared approximately
at the same time: MIM — in 1964 [2] and RR — in 1965 [1].

After their appearance, the problem of the interpretation of MIM in the
resolution terms has arisen. This problem has attracted the attention of a number
of researchers in inference search (see, for example, [11] and [12]) also because
MIM was defined as a special calculus of so-called favorable assortments and its
description was made in the terms that did not correspond to traditional logical
terminology and resolution one applied at that time.

In [11], S. Maslov gave himself some MIM explanation in the resolution no-
tions for a restricted case. Later, after an attentive analysis of MIM, the author
of this paper “discovered” that MIM interpretation was preferable to do in the
terms of a special c-clause! calculus [5], the enough description detailed of which
is given below. Also it was found that this calculus has an independent signifi-
cance. It echoes the CR-calculus and, at the same time, it differs from CR.

Inverse resolution (IR). Let c-clauses Dy, D1, ..., Dy (¢ > 1) pairwise with-
out common variables be of the forms Dy V Ky V ... V K, D{ V N, V
e VNT Ve VNT VL VN Dy VNG VoV NG Y
<oV NJY V...V Ny, respectively, where Dy, ..., D] are c-clauses and
Ki,...,Kq, N{,,...,Ng%, . conjuncts. Suppose that for every j (1 < j < q),
K contains literals Lj1, ..., Lj,; and Ny, ... ’le,Pj,l’ - N;J'l, . N;;j,'r'j
contain literals E})l, . 7E‘]{pjyl, . ,E;fp ceey E;jpj,rj respectively such that there
exists the mgsu o of the sets {il,l, Eil, R Eim,l}’ cee {f,l’rl, By,
Bl Y {Lg1, BL4, ..., 2P {Lywy By Egl,.,. }- Then the

c-clause Dy -0V Dy -0 V...V Dy -0 is said to be inferred from the nucleus Dy
and electrons D1, ..., Dy by the IR-rule. Besides, the g-tuple (Dg, D1, ..., Dg)
is called its I R-clash and Dy -0 V D} -0 V ... V Dj -0 its I R-resolvent.

Having the I R-rule, we can speak about the IR-calculus.

! In 1989, V. Lifschitz independently introducing the notion of a c-clause under the
name of a super-clause improved such interpretation [13]. In [14], T. Bollinger ex-
tended Loveland’s model elimination method [15] to the case of c-clauses using the
name of a generalized clause for a c-clause.



The comparative analysis of IR and C'R shows that the only difference be-
tween them is in the ways of the selection of cutting literals for their applications.
The following statement contains a more detailed explanation of this observation.

Lemma 2. If (Dy, D, ..., Dg) is a CR-clash with Dy an its nucleus and D1, . . .,
Dy as its electrons, then for any its CR-resolvent D, it is possible to construct
an IR-clash with Dg as its nucleus and certain variants of D1, ..., Dy as its
electrons such that for its some I R-resolvent D’ and a substitution 7, D = D'-T.

Proof. If (Dy, D1, ..., Dy) is the C'R-clash from the definition of C'R-rule, then
the c-clauses Dy, D1, ..., D, can be presented as Dy V K11 V ...V Ky, V ...

VK1 VooV Kypy DYV Mig VooV My, oo, DV Mgy V...V My,
respectively, where Dy, ..., Dy are c-clauses and Ky 1, ..., Ky, M1, ... My p,
conjuncts and moreover for literals Ly 1, ..., Ly, Ej1, .. . Ejp, from Ky, ...,

Ky, Mia, ... Mgp, respectively, there exists the mgsu o of the sets 61 =

(L1, L1y Biaseeos Bipy by ooy Og = {Lg sy Layys Eqise ., Bgp,} such
that D = Dy-o vV Dy-o V...V Dy-0.

Let us take such variant substitutions A1 1, ..., A1 rp,ee 05 Ag1ye -+, Ag,r, that
Dy-Aaseeos D1-Aeys oo DgsAg1 -+ Dy - Ag.r, have no common variables with
Dy and each other. Considering )\ii, cen )\q_;q as mapping graphs, construct the
set )\fi U...uJ )\;}q. Obviously, it is a (variant) substitution. Let us denote it
by p and the c-clause D; Nk VM1 Xje VooV Mg, Ajk by D;?.

Let us consider D1, ..., D', ..., D;, .., Dg*. Accordantly to their definition
and the definition of y, we have that Df -1 is the same as D;-“ -)\._,i and, therefore,

,
it is the same as D; (j = 1,...,¢; k = 1,...,7;). Thus, we can select literals
1 1 1 1 1 1 Tq Tq
Eyy o Bl Bl BT By B B - Eglp, I

MMty ooy Migy - Ats oo Mg - Ay oo Mipy - Abrys o0 Myt -Agts -
Mg p, Mgy oo M1+ Agrgs -y My p, - Aq,r, Tespectively, such that Ef] . )\;,i =
Eﬁj-u: E,;(i=1...,¢;7=1,...,pk=1,...,1ry).

Considering ¢ and p as mapping graphs, we conclude that ( = y-oc U o is a

substitution. Because o is the mgsu of the sets 61, ..., 6y, the definition of ¢ and
the idempotence of o imply that ¢ is a simultaneous unifier of the sets of literals
{L11 E11,17 e ,Ellﬁpl}, vy WLay BTN, BT, o {Lga E;,l, . ,E(},pq},
ey {f/qyrq E;fl, e E;“pq} Therefore, there exists the mgsu 0 of these sets, for
which ¢ = 6 - 7, where 7 is a substitution.

As a result, we have that Do, D}, ..., D], ..., DY, ..., Dy’ can form the
I R-clash with Dy as its nucleus and Dy, ..., D', ..., D}, ..., Dy" as its electrons

that produces the I R-resolvent D' = D{-0 V D} -(A1:0) V...V D{- (A1, -0)
V..V Dy (Ag1-0) V...V Dy (Mg, - 0).

Since -7 = and ( = p- o U o, it is obvious that D’ -7 = D. QED.

This result permits to “simulate” any inference in CR by an inference in IR.
Proposition 3. Let S be a set of c-clauses and B, ..., By, an inference of
O from S in the CR-calculus. Then there exists an inference By, ..., Bl of O

from S in the IR-calculus (m > n) such that if B; is a variant of a CR-resolvent
of an CR-clash with B, as its nucleus, then for some j' and v’ (j' > j,r' > r),



B}, is a variant of an IR-resolvent of the corresponding IR-clash with B, as its

nucleus; moreover, B; = B;-/ - T for some substitution T.
Proposition 4. The I R-rule is sound.

Proof. As in the case of the C'R-rule, it is enough to establish the validity of
the following formula, “extracted” from the definition of I R-rule:
(Do V (Lig Ao ALy NKT)V ooV (Lgr Ao A Lg g ANKG)) A (DY V

(Lig AME) VoV (Lag AME, )V ooV (L, AMUY) Y oV (L A
M5, ) A ADGV (Lga A M) VooV (Lgi A Mg, )V ooV (Lgyry A

M)V ...V (Lgw, A Mg, ,.)) D (DyV D; ...V D}). QED.
Theorem 2 (Soundness and completeness of IR-calculus). A set S of c-clauses

is unsatisfiable if and only if S +rp O.

Proof. The soundness is provided by Prop. 4.

Completeness. If S is unsatisfiable set, then S F;r O by Theorem 1. By Prop.
3, any inference of O from S in CR can be transformed into an inference of O
from S but already in the IR-calculus, that is S F;r 0. QED.

Ezample 2. Let us consider the set U from Example 1 and construct the (mini-
mal) inference of OJ from U in IR is as follows:

1.(AN-A)V(BAC)V(EAL) (eU),

2. (AN-A)V(BANC)V(EANL) (eU),

3.(BANC)V(EAL) (by IR from (1) ac a nucleus and (2) as an electron),
4. =BV -C (e U),

5.-EV-L (e U),

6.0 (by IR from (3) as a nucleus and (4) and (5) as electrons).

We have again proved the unsatisfiability of U.

Draw your attention to the fact that this inference in IR is shorter than the
inference in CR from Example 1. This situation is more or less standard for these
calculi (see the section containing a comparison of CR and IR).

4 C-clause calculi for logic with equality

The CR- and IR-calculi admit equality handling based on a modification of the
paramodulation rule that was proposed in [9] for inference search in first-order
theories with equality (denoted by ~).

We are needed in the following notions that provide us with a possibility to
reduce the establishing of the validity of the first-order statement with equality
to the search of the refutation of a certain set of c-clauses.

Let S be a set of c-clauses. Then S= denotes the set of equality azioms for S
in the form of clauses, in which ,y, 2, zo, . .., x,, are variables (see, for example,
[6]): consists of the following (1) v ~ x, (2) x 2 yVy~x, B)x 2ty V y
2V ax~z (4) x £z, V R(xl,...,mi,...,mp) V R(z1,...,%0,...,%p) for each
p-arity predicate symbol R occurring in S and for each i = 1,2,...,p, (5) z; % z,



V of(z1,.oo, @i, xp) 2 f(z1,.. ., %0, ..., xp) for each p-arity function symbol
f occurring in S and for each i =1,2,...,p.

A set S of c-clauses is called equationally unsatisfiable if and only if the set
S U S™ is unsatisfiable.

Thus, in the case when we have deals with S requiring equality handling,
we must establish the equationally unsatisfiability of the set S, which can be
achieved by deducing the empty clause O from S US=. But such approach leads
to the extreme large growth of the searching space. For the optimization of such
growth, we use a modification of the paramodulation rule [9].

Paramodulation rule PP. Let we have two c-clauses D and D'V (K A's ~ t),
where D’ is a c-clause and K conjunct (possibly, empty). If there exists mgsu
o of the set of terms {s,u}, where u is a term occurring in D at a selected
position, then the c-clause D' -0 V (D - 0)[t - 0] is said to be inferred from these
c-clauses by the rule PP, where (D - o)[t - 0] denotes the result of replacing in
D - o the term u - ¢ being at the selected position by ¢ - o. At that, the or-
dered pair ( D, D'V (K As ~t) ) is called a PP-clash (w.r.t. s ~ t) with the
PP-paramodulant D'-o V (D-0)[t-o], nucleus D, and electron D'V (K As ~ t).

The set S of functionally reflexive axioms for a set S of c-clauses consists
of all the clauses of the form f(z1,...,2,) =~ f(x1,...,2p), where f is a p-arity
function symbol occurring in S.

Adding PP to the CR- and IR~calculi, we get the calculi CR+PP and IR+PP
intended for inference search in first-order classical logic with equality.

Remark. If in the above-given definition, PP is applied to only clauses, we
have the usual paramodulation rule from [9] being denoted by P here.

Because of the completeness of the inference system “negative hyper-resolution
+ paramodulation” (see, for example, [6]), the following result takes place on
the basis that a set S of c-clauses is equationally unsatisfiable if and only if p(.59)
is equationally unsatisfiable.

Robinson-Wos’s Proposition. A set S of c-clauses is equationally unsatis-
fiable if and only if p(S)U{z =2} U S’ Frr,p O.

Taking into account the well-known result [10] about the completeness of
the system “resolution + paramodulation” without using functionally reflexive
axioms, we obtain the further reinforcement of Robinson-Wos’s Proposition.

Corollary. A set S of c-clauses is equationally unsatisfiable if and only if
p(S)U{zx =z} Frrep O. Moreover, RR can denote the only binary rule.

Now, we have all the necessary for obtaining the results about the complete-
ness of the calculi CR+PP and IR+PP.
First of all, the following analog of Lemma 1 for the PP-rule is obvious.

Lemma 3. Let D and D'V (K A s ~ t) are c-clauses from the definition of
PP. If for C € p(D) and C' € p(D’), there exists the PP-clash (C, C'V s ~ t)
w.r.t. s ~ t with a PP-paramodulant A, then there exists the PP-clash (D,
D'V (K As~t)) wrt s~t with such a PP-paramodulant B that A € p(B).



Using this lemma and Prop. 2 and 3, it is easy to obtain the following result.

Proposition 5. Let S be a set of c-clauses and Bj, ..., Bl, an inference of
O from p(S) U {x = 2} U S’ in the calculus RR+P. Then there exists an infer-
ence By, ..., By, of O from SU{x = 2} US¥ in the calculus CR+PP (IR+PP)
such that: (1) if B} is a variant of a resolvent of an RR-clash with B, as its nu-
cleus, then for some j' and ', Bj: is a variant of a resolvent of the corresponding
CR-clash (IR-clash) with B, as its nucleus and, additionally, B.. € p(B,.-T) for
some substitution 7; (2) if B} is a variant of a paramodulant of a PP-clash with
B as its nucleus, then for some j' and r', Bj/ is a variant of a paramodulant of

the PP-clash with B, as its nucleus and B, € p(B,-T) for some substitution T.

This proposition, in fact, guarantees the completeness of the paramodulation
extensions of the CR~ and IR~calculi as well as their methods and strategies, some
of which are given in the next section. Note that the soundness of such extensions
is provided by Prop. 1 and 4 and the obvious fact that PP-paramodulant is a
logical conclusion of the conjunction of all the c-clauses from {N, E} U {N, E}=,
where N is a nucleus and E an electron of a PP-rule application.

Theorem 3 (Soundness and completeness of CR+PP and IR+PP). A set S
of c-clauses is equationally unsatisfiable if and only if SU{x = 2} brripp O
(SU{z =z} Ferypp O). Moreover, CR (IR) can be the only binary rule.

Proof. The soundness of CR+PP and IR+PP is provided by the remark in
the preceding paragraph. Completeness takes place for CR+PP and IR4+PP due
to Corollary and Prop. 5. The completeness of CR+PP with the binary C R-rule
is obvious. For proving the completeness of IR+PP with the binary I R-rule, it is
enough to note that any binary application of CR can be “decomposed” into rq
binary applications of IR (see the proof of Lemma 2 for the binary case). QED.

5 Methods and strategies for CR and IR

Prop. 5 gives a simple way for transferring most part of the methods and strate-
gies taking place for the usual clash-resolution (RR) to the ones for the CR- and
IR~calculi for classical logic both with and without equality. For the demonstra-
tion of how it is possible to do, let us consider the usual liner resolution and
positive and negative hyper-resolutions in their wording from [6].

Note that they are given for logic with equality. To obtain them for the
case without equality, it is enough to delete all parts concerning the PP-rule in
the definitions and wordings of the theorems given below. Also note that their
soundness is provided by the soundness of the rules CR, IR, and PP. That is
why a soundness proof is absent in corresponding theorems.

Linear strategy for CRy;+PP and IR;+PP. It permits to apply CRs
(IR3) or PP to the pair of c-clauses when beginning with the second rule appli-
cation in an inference, any its c-clause is either a C'Rg-resolvent (I Rg-resolvent)
or PP-paramodulant of the previous application of the rule CRy (IRz) or PP,
and the other c-clause is a variant of either a c-clause from an initial set S of



c-clauses or a c-clause that was deduced earlier.

Theorem 4 (Soundness and completeness of linear strategy for CRs+PP and
IRy +PP). A set S of c-clauses is equationally unsatisfiable if and only if there
exists an inference of O from S U {x = x} U ST satisfying to the linear strategy
for CRy+PP (IRQ +PP).

Proof. Completeness takes place due to the completeness of the usual linear reso-
lution with paramodulation [6], Robinson-Wos’s Proposition, and Prop. 5. QED.

Positive and negative hyper-resolution for CRy+PP (IR,+PP).
An atomic formula is called a positive literal. A literal of the form —A, where A
is an atomic formula, is a negative one.

A c-clause is called a positive (negative) if each its conjunct contains at least
one positive (negative) literal. Note that there are c-clauses being positive and
negative at the same time, for example, = A A A.

A CR- or IR-clash (Dgy, Dy,..., Dq) with Dy as a nucleus and Dy, ..., D,
as electrons is called positive (negative), if Dy, ..., D, are positive (negative)
c-clauses and the cut literals L; j in the definitions of CR or IR respectively are
negative (positive).

For logic without equality, positive (negative) hyper-resolution strategy for CR,
and IR permits constructing inferences containing only the positive (negative)
hyper-resolution clashes with positive (negative) C'R- or I R-resolvents.

In the case of logic with equality, we additionally permit to apply the P P-rule
only to positive nucleus and electron; moreover, a literal containing the selected
occurrence of the term wu (see the definition of PP-rule) must be positive.

Theorem 5 (Soundness and completeness of positive and negative hyper-resolu-
tions with PP-rule). A set S of c-clauses is equationally unsatisfiable if and only
if there ezists an inference of O from SU{z = x} USY satisfying to the positive
and negative hyper-resolution with CR- (IR-) and PP-rules.

Proof. Completeness. Since there exists an inference of (] from p(S)U{z = x}US/
satisfying to the usual positive (negative) hyper-resolution and paramodula-
tion (see [6]), this inference can be transformed into an inference of OJ from
S U {x = 2} U S’ satisfying to the positive and negative hyper-resolution with
CR (IR) and PP on the basis of Robinson-Wos’s Proposition and Prop. 5. QED.

Remark. In Theorems 9 and 10, the adding of functionally reflexive axioms
to the set S is the necessary condition for completeness. Examples demonstrating
this for clauses (when CR, IR, and RR are coincided) can be found in [6].

6 IR calculus and Maslov’s inverse method

Below, we give the description of MIM in the form of a special strategy for IR.

Maslov’s inverse method deals with so-called favorable assortments. In this
connection, we consider MIM as a calculus of favorable assortments that has
two inference rule: A and B. The A rule determines an initial set of favorable



assortments, while the B rule produces new favorable assortments from the al-
ready deduced ones. That is why we treat assortments as clauses and favorable
assortments as favorable clauses being produced by the « and S rules (see below).

If C is a conjunct L1 A...A L,, where Ly, ..., L, are literals, then C denotes
the clause Ly V...V L,.

Rule a. Let S be a set of c-clauses and S? = {C' : C is a conjunct from a
c-clause belonging to S}. If S = {C: C =C"-o Vv C" -5, where C', C" € ¢
and C’ and C” contain literals L and L’ respectively such that there exists the
mgsu o of {L, L'}}, then any clause from S is called a favorable one deduced
from S by the a-rule.

Obviously, S* is a finite set if S is the same. Besides, each its (favorable)
clause contains both a literal and its complementary. That is why S is a unsat-
isfiable set of c-clauses if and only if the set S U .S is unsatisfiable.

Rule 5. Let S be a set of c-clauses, D € S, D consists of ¢ conjuncts, and
Cy, ..., Cy be favorable clauses. If the JR-rule can be applied to D as a nucleus
and Ci, ..., C; as electrons, than the I R-resolvent of this application is called
a favorable clause that is deducible from D, C4, ..., Cy by the B-rule.

Note that the requirement that the number of conjuncts in D ids equal to ¢
leads to the fact that any I R-resolvent of S-rule is a clause.

In these terms, MIM presents itself the following strategy for IR-calculus
called a MIM-strategy: First of all, we produce all the possible favorable clauses
applying the a-rule; then, we apply only the S-rule attempting to deduce [J.

The soundness of the MIM-strategy provides the soundness of I R-rule and
the above-given remark about S U S%. As to completeness, the proof of it is
omitted here; we simply give the rewording of the main result for MIM from [2].

Theorem 6 (Soundness and completeness of MIM-strategy). A set S of c-clauses
that pairwise have no common variables is unsatisfiable if and only if there exists
an inference of O from S satisfying to the MIM-strategy.

This result seams unexpected because of the requirement that D from the
definition of the S-rule must consist of exact ¢ conjuncts. This apparent contra-
diction is explained by the fact that when using the MIM-strategy, we construct
S% containing clauses, the usage of which in an application of the S-rule can be
considered as a “latent” way for reducing the number of electrons.

The below-given example demonstrates some of the features of inferences
satisfying to the MIM-strategy.

Example 3. Tt is easy to see that for U from Example 1, U? = {=AV A, =BV -C,
-EV-L,B,C,E,L}. As aresult, U = {-AVAV-AV A -BV-CVB,-BV
-CVC,—mEV~-LVE -EV-LV L} We have the following MIM-inference:

1. (AN-A)V(BAC)V(EAL) (eU),

2. =BV -C (e U),
3. -EV-L (e U),
4. ~AVAV-AVA (by a-rule),



5.-BVvV-CVB (by a-rule),
6. - BvV-CVvC (by a-rule),
7. -EV-LVE (by a-rule),
8. "EV-LVL (by a-rule),

9. BVE (by S-rule from (1) as a nucleus and (4), (5), and (7) as electrons ),
10.CVE (by fS-rule from (1) as a nucleus and (4), (6) and (7) as electrons),
11. E (by B-rule from (2) as a nucleus and (9) and (10) as electrons),
12. BVL  (by f-rule from (1) as a nucleus and (4), (5), and (8) as electrons),
13.CVL (by f-rule from (1) as a nucleus and (4), (6), and (8) as electrons),
14. L (by B-rule from (2) as a nucleus and (12) and (13) as electrons),
15. O (by B-rule from (3) as a nucleus and (11) and (14) as electrons).

We have proved the unsatisfiability of U at the 3rd time.

7 Comparison of CR- and IR-calculi

One can see that the obtained results on the CR~ and IR-calculi “echo” each
other. In this connection, it is interesting to know is there any advantages of one
of them over the other? Moreover that Prop. 3 states that any inference of [J in
CR can be simulated by an inference of [J in IR with the same number of rule
applications. This section contains an answer on this question when comparison
is made w.r.t. inferences being minimal on the number of rule applications.

By ¢(II, A,S), denote the number all the c-clauses in an inference A of
a c-clause C' from a set S in a calculus IT that are deduced by different rule
applications. The inference A is minimal on the number of rule applications if
for any other inference A’ of a variant of C from S in I7, the inequality ¥ (I, A, S)
< (I, A, S) holds.

Let A denote an inference of [J from S in CR. Using Prop. 3, it is easy to
construct an inference I" of O from S in IR such that ¢/ (IR, I', S) < ¢(CR, A, S).
Thus, in the case when A,,;, and I},;, denotes the minimal inferences on the
introduced characteristic, we have that ¥(CR, Apin, S) — W(IR, i, S) > 0.

Let us make an attempt to find an upper bound for this difference restricting
us by the case when an initial set S contains only c-clauses without variables.

Let us consider an application of I R-rule to a nucleus c-clause Dy and electron
clauses Dy, ..., D, (n > n) with an IR-resolvent D. Its attentive analysis
demonstrates that this (n 4 1)-arity application can be slitted into n binary
applications of C'R-rule in the following way: first we make a binary application
of CR to Dy and D1, then to an obtained C R-resolvent and Dy, and so on. That
is we can split any n + l-arity I R-application into n binary C'R-applications in
such a way that for the result C of such C'R-rule applications, C' will contain all
or some of conjuncts belonging to D.

This observation leads to the following upper bound for the difference given
above: Y(CR, Apin, S) — Y(IR, I'min, S) < > _.(m; —2), where m; is the arity
of the ith C'R-rule application in A,,;, and the sum is taken over all of m;.

To demonstrate that this upper bound is achieved, let us take the sets S, =
{(L1 NE1) V...V (L, NEy), (A1a AB11) V...V (A1my A Bimy) V L1 V



B, Ay 1 VBiAVLIVE, . .. A VBim, VLIV EL. ... (Ay1 A Bu1) V
NV (Apm, ABpm, )V Ly V Epy Ayy NV Byt VLoV Ep, ooy Apn, V B,
V L,V E,}, where Ly, ..., L, E1, ..., En, A11, ooy Ay, Bia, -y B,
are literals.
Below we give an inference A of O from S,, in the IR-calculus. (Thus, S,, is
an unsatisfiable set.)

[(A1a ABi) VooV (A, A Bimy) V Ly V By (€9),
| Avg VvV Bi1 VLV E; (€ 9),
| . . 3 3 B

L Al,m1 V Bl,m1 vV L1V E; (6 S),
[(Ap1 A Bpa) V..V (Apm, A Bum,) VL, VE, (€8),
| An,l \ Bn,l \ Ln \ En (E ?),
| - ~

| Anmn V Bum, V Ln V B, (€5),
[ (L1 A Ey) V V (Ln A Ey) (e 5),

| L, V E,, (by IR from the nst-block c-clauses with the 1st c-clause as a nucleus),

O (by IR from the (n+1)st block c-clauses with the 1st c-clause as a nucleus).

Using the ideas from [16], we can prove that A is a minimal inference in IR
containing n + 1 rule applications with the arities m; +1,...,m, +1, and n+ 1.

Now, let us convert A into an inference I" of O from S,,, but already in the
CR-calculus in the following way:

For each ¢ (i =1,...,n), let us replace the c-clause L; V E; by the sequence
of c-clauses (AZ"Q AN Biyg) V...V (Ai,mi A\ Bi,mi) V .El V Ei, RN (Ai,mi N Bi,mi)
\Y, L \Y, Ei, L \Y, E~‘Z that along with the all c-clauses form the 4 th block is an
inference of L; V E; in CR. Replace the empty clause (I by the sequence (La A
Ey)V ...V (Ly ANEy), ...y ... (Lp A Ey), O, being an inference of O in CR
since (Ly A E3) V ...V (L, A E,) is deduced from (L1 A Ey) V (Ly A E3) V
...V (L, AN Ep) and (L1 A Ey) by the CR-rule, ..., (L, A E,) is deduced from
(Lp—1 AN En-1)V ...V (L, AN E,) and (L,—1 A Ep—1) by the CR-rule, O is
deduced from (L,, A E,,) and (L, A E,) by CR.

We have that I is an inference of [J from S,, in CR, for which ¢/(CR, T, S,
= (31, m;) + (n+1). Again using the ideas from [16], we can conclude that I’
is a minimal inference in CR.

Finally, we get (CR, T, S,) — ¢ (IR, A,S,) = (n—1)+ > i (m; — 1), that
is the upper bound is reachable.

8 Conclusion

The paper does not touch any practical aspects and is purely theoretical. Never-
theless, the author considers that it may be useful for researchers involved in the
implementation of intelligent systems, in particular, e-learning systems requiring
tools for proof search in classical logic at least for the following reasons.



The research demonstrates that the transition to c-clauses being the gener-
alization of the widely-used resolution notion as a clause gave the possibility to
construct the calculi possessing different properties in general and not worsening
such an important characteristic as the minimum number of rule applications
in comparison with the usual resolution methods. Although now it is difficult to
say that the “behavior” of provers based on these calculi will be better than the
“behavior” of the well-know resolution provers such as Vampire or Prover 9, we
may expect that more detailed analysis of the proposed approach will lead to
the further improvement of the traditional resolution technique. From this point
of view, MIM seems to be a more attractive method, possessing a number of
positive features not mentioned in the paper and requiring a separate study.
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