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Abstract. Non-interleaving semantics of concurrent systems is often
expressed using posets, where causally related events are ordered and
concurrent events are unordered. Each causal poset describes a unique
concurrent history, i.e., a set of executions, expressed as sequences or
step sequences, that are consistent with it. Moreover, a poset captures
all precedence-based invariant relationships between the events in the
executions belonging to its concurrent history. However, concurrent his-
tories in general may be too intricate to be described solely in terms
of causal posets. In this paper, we introduce and investigate generalised
mutex order structures which can capture the invariant causal relation-
ships in any concurrent history consisting of step sequence executions.
Each such structure comprises two relations, viz. interleaving/mutex and
weak causality. As our main result we prove that each generalised mutex
order structure is the intersection of the step sequence executions which
are consistent with it.

Keywords: concurrent history, causal poset, weak causal order, mutex
relation, interleaving, step sequence, causality semantics.

1 Introduction

In order to design and validate complex concurrent systems, it is essential to
understand the fundamental relationships between events occurring in their ex-
ecutions. However, looking at sequential descriptions of executions in the form
of sequences or step sequences is insufficient when it comes to providing faith-
ful information about causality and independence between events. To address
this drawback, one may resort to using partially ordered sets of events provid-
ing explicit representation of causality in the executions of a concurrent system.
In particular, the order in which independent events are observed may be ac-
cidental and those executions which only differ in the order of occurrences of
independent events may be regarded as belonging to the same concurrent his-
tory, underpinned by a causal poset [1,13,16,17,21].

In general, concurrent behaviours can be investigated at the level of individual
executions as well as at the level of order structures, like causal posets, capturing
the essential invariant dependencies between events. The key link between these
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Fig. 1. A safe Petri net (a), extended with an inhibitor arc implying that when c is

executed the output place of d must be empty (b), and extended with a mutex arc
implying that ¢ and d cannot be executed simultaneously (c).
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two levels is the notion of a concurrent history [6], an invariant closed set A of
executions. The latter means that A is fully determined by invariant relationships
over X, its set of events: causality (e <A f if, in all executions of A, e precedes
f); weak causality (e Ca f if, in all executions of A, e either precedes or is
simultaneous with f); and interleaving/mutex (e = f if, in all executions of
A, e is not simultaneous with f). In the case of safe Petri nets with sequential
executions, < is the only invariant we need (as then, e.g., <o = Ca and
=A = <a U %Zl). In particular, A is the set of all sequential executions
corresponding to the linearisations of <a. The soundness of this approach is
validated by Szpilrajn’s Theorem [20] which states that each poset is equal to
the intersection of its linearisations.

In this paper, executions are observed as step sequences, i.e., sequences of
finite sets (steps) of simultaneously executed events. As an example, consider
the safe Petri net depicted in Figure 1(a) which generates three step sequences
involving a, ¢ and d, viz. o = {a}{c,d}, o/ = {a}{c}{d} and ¢” = {a}{d}{c}.
They can be seen as forming a single concurrent history A = {o,0’, 6"} under-
pinned by a causal poset < satisfying a <A ¢ and a <A d . Moreover, such a
A adheres to the following true concurrency paradigm:

Given two events (c and d in A), they can be observed as simultaneous
(in o) <= they can be observed in both orders (¢ before d in o', and d
before ¢ in o). (TRUECON)

Concurrent histories adhering to TRUECON are underpinned by causal partial
orders, in the sense that each such history comprises all step sequence executions
consistent with a unique causal poset on events involved in the history.

In [6] fundamental concurrency paradigms are identified, including (TRUECON).
Another paradigm is characterised by (TRUECON) with <= replaced by <.
This paradigm has a natural system model interpretation provided by safe Petri
nets with inhibitor arcs. Figure 1(b) depicts such a net generating two step se-
quences involving a, ¢ and d, viz. 0 = {a}{c,d} and ¢’ = {a}{c}{d}. They form
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a concurrent history A’ = {0, 0’} adhering to the paradigm that unorderedness
implies simultaneity, but not to the true concurrency paradigm as A’ has no
step sequence in which d precedes c although in o, ¢ and d occur in a single step.

As a result, histories adhering to the weaker paradigm are not underpinned
by causal partial orders, but rather by causality structures (X, <, C) introduced
in [7] — called stratified order structures (SO-structures) — based on causal-
ity and an additional weak causality (‘not later than’) relation. A version of
Szpilrajn’s Theorem can be shown to hold also for so-structures and the con-
current histories they generate. Stratified order structures were independently
introduced in [3] (as ‘prossets’). Their comprehensive theory was developed in
e.g. [8,9,12,15|. As shown in this paper, sO-structures can be represented in
a one-to-one manner by mutex order structures, or MO-structures, (X ,=,C)
based on interleaving/mutex and weak causality. The first, symmetric, relation
defines the events that never occur simultaneously. Hence strict event precedence
(causality) can be captured as a combination of mutex and weak causality.

This paper focuses on the least restrictive paradigm. i.e., there are no con-
straints imposed on concurrent histories. It admits all (invariant closed) con-
current histories comprising step sequence executions. As shown in [6], it is now
sufficient to consider only two invariant relations, viz. mutex and weak causality.
Figure 1(c) depicts a safe Petri net with mutex arcs (see [11]) generating two
step sequences involving a, ¢ and d, viz. o/ = {a}{c}{d} and ¢” = {a}{d}{c}.
We first observe that they form a concurrent history A” = {¢’, 0"} in which the
executions of ¢ and d interleave, and are both preceded by a; in other words,
c=pard,aCarc,aCar dand c =47 a =4+ d. That A” is a concurrent
history then follows from the observation that A” contains all step sequences
involving a, ¢ and d which obey these invariant relationships. However, A” does
not conform to the two earlier considered paradigms as there is no step sequence
in A” in which ¢ and d occur simultaneously. To summarise, a nonempty set
A of step sequence executions over a common set of events X, is a concurrent
history iff A consists of all step sequences o over X such that for all e, f € X:
e = f implies that e and f are not simultaneous in ¢, and e C » f implies that
e precedes or is simultaneous with f in o.

The aim of this paper is to provide a structural characterisation of general
concurrent histories (consisting of step sequence executions). An early attempt to
describe structures of this kind was made in [4]. The there proposed generalised
stratified order structures (or GsoO-structures) do however not always capture all
implied invariant relationships involving the mutex relation. Here, we will show
that generalised mutex order structures (or GMO-structures) describe exactly all
general concurrent histories. The main result is a version of Szpilrajn’s Theorem,
formulated and proven to hold for GMO-structures and concurrent histories. For
this we develop a notion of GMO-closure which is the GMO-structure counterpart
of transitive closure of an acyclic relation.

First, we recall key notions and notations used throughout the paper. In Sec-
tion 3, we introduce MO-structures and establish their relationship with strat-
ified order structures. Then, Section 4 introduces GMO-structures and proves
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their main properties, including GMO-closure and the GMO-structure version of
Szpilrajn’s Theorem. Section 5 presents concluding remarks.

Proofs of all the results can be found in the Technical Report available at
http://www.cs.ncl.ac.uk/publications/trs/papers/1378.pdf.

2 Preliminary Definitions

Throughout the paper we use the standard notions of set theory and formal
language theory. In particular, [+ denotes disjoint set union. The identity relation
on a set X is defined as Idx = {(a,a) | v € X}, the index X may be omitted if
it is clear from the context.

Composing relations. The composition of two binary relations, R and @, over
X is given by Ro @ = {{a,b) | 3z € X : aRx A zQb}. Moreover, if P C X x X,
then we define Rop @ = {{a,b) | I(z,y) € P: aRxQb N aRyQb} (see Figure 2).

(a,by € Rop Q: x

//7 R:-->

- N
a. . b Q y
yo P:—

Fig. 2. A visualisation of op composition.

Note that o = o4, and the associativity of relation composition holds for the
extended notion. We will also denote a; ... arRb; ... b, whenever a;Rb;, for all
1, j. For example, a RbcQd means that a RbQd and aRcQd.

Given a relation R C X x X, R® = Id and R® = R" ' o R, for all n > 1.
Then: (¢) the reflexive closure of R is defined by RUId; (i) the transitive closure
by RT = J,~; R’; (iii) the reflexive transitive closure by R* = Id U RT; and
(iv) the irreflexive transitive closure by R* = R+ \ Id = R* \ Id. Moreover, the
inverse of R is given by R~ = {(a,b) | (b,a) € R}, and the symmetric closure
by R®¥™ = RUR™..

Order relations. A relation R C X x X is: (i) symmetric if R = R™1; (i)
antisymmetric if R N R™' C Id; (iii) reflexive if Id C R; (iv) irreflexive if
IdN R = @; (v) transitive if Ro R C RUId; and (vi) total if RUR™! = X x X.

A relation R C X x X is: (i) an equivalence relation if it is symmetric,
transitive and reflexive; (i4) a pre-order if it is transitive and irreflexive; (iii) a
partial order if it is an antisymmetric pre-order; and (iv) a total order if it is a
partial order and RU Id is total; (v) a stratified order if it is a partial order such
that X x X \ R*¥™ is an equivalence relation.

Every irreflexive relation R C X x X induces a least pre-order containing
R defined by R*. Following E. Schrioder [19], we define the largest equivalence
relation contained in R* as R® = R*N(R*)"! = (R*N(R*)" Y)W Id.
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For a stratified order R C X x X we define two relations, Cr and =g, such
that, for all distinct a,b € X:

aCprb < —(bRa) and a=pb < —~(aCHb) < aRbVbRa.

Intuitively, if R represents a stratified order execution, aRb means ‘a occurred
earlier than b’. In such a case a Cr b means ‘a occurred not later than b’, a = b
means ‘a did not occur simultaneously with b’, and a E% b means ‘a occurred
simultaneously with b’.

Relational structures. A tuple S = (X, Ry, Ra,...,R,), where n > 1 and each
R; C X x X is a binary relation on X, is an (n-ary) relational structure. By
the domain of a relational structure S we mean the set X. An extension of S
is any relational structure S’ = (X, R}, RS ..., R),) satisfying R; C R/, for every
1 < i < n. We denote this by S C S’. The intersection of a nonempty family
R={(X,Ri,...,R.) | i€ I} of relational structures with the same domain and
arity is given by R = (X, N;c; RL. - .-, Nies RL). In what follows, we consider
only relational structures that contain two relations, while the set X is finite.

A relational structure S = (X,Q, R) is: (i) separable if Q N R® = @, Q is
symmetric and R is irreflexive; and (ii) saturated in a family of relational struc-
tures £ if it belongs to 2 and for every extension S’ € £ of S, we have
S = S§'. Tt is easily seen that an intersection of separable relational structures is
also separable. Intuitively, if Q) represents ‘mutex’ and R ‘weak precedence’, then
separability means that simultaneous events cannot be in the mutex relation.

A stratified order structure (or soO-structure) is defined as a relational struc-
ture sos = (X, <,C), where < and C are binary relations on X such that, for
all a,b,c € X:

Sl:alla S8: aCbCeNa#c = alc
S2:a<b = alCb S/ aCb<cVa<bCc = a<c.

A generalized stratified order structure [4] (or Gso-structure) is a relational
structure gsos = (X, =, ) such that C is irreflexive, = is irreflexive and sym-
metric, and (X,= N C,C) is an so-structure. A comprehensive treatment of
GSO-structures can be found in [5].

Properties. For every binary relation R C X x X and all a,b € X, we have:
(RU{a,b))* = R*U{{c,d) | cR*a NbR*d} . (1)
=(bR*a) = (RU/{a,b))® = R® (2)
R® = (R®)"! C R* (3)
(R*)* = R* (R*)* = R* (R*)* = R* (RA)GB — R® (4)
R®oR®*=R® R'oR®=R®ocR*=R‘oR"=R" (5)

If RC X x X is a stratified order, then =g is irreflexive and symmetric, while
C g is a pre-order such that:

Cr=Chp\d =Cy and CH\ld =CrnCy' . (6)
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Moreover, for all distinct a,b € X, we have:

ﬁ(a =R b) < aCgrbANDbCRra (7)
—(aCrb) = bCra (8)
aRb < a=pbAaCprb. 9)

and exactly one of the following holds:

— —

—
— —

£ b~

Intuitively, (9) means that ‘a occurred earlier than o’ iff ‘a and b were not
simultaneous’ and ‘a occurred not later than b’.

—

(10)

SN
S o O
SIS
NN
S o o
N
SIS

3 Separable Order Structures

In this section we take another look at the stratified order structures, substan-
tially different from that of, e.g., [8,12, 15]. We provide for them a new represen-
tation more suitable for further generalisation. The new representation replaces
causal orders by mutex relations between events. While so-structures allow for
more compact representation (strict precedence involves fewer pairs of events
than mutex), the new order structures are easier to generalise to cater for gen-
eral interleaving/mutex requirements and their properties.

In the rest of this paper, we will be concerned with order structures of the
form S = (X, =, ). Intuitively, X is a set of events involved in some history of
a concurrent system, = is a ‘mutex’ (or ‘interleaving’) relation which identifies
pairs of events which cannot occur simultaneously, and C is a ‘weak precedence’
relation between events. The latter means, in particular, that if a C b C a then
a and b must occur simultaneously in any execution belonging to the history
represented by S; in other words, S must be separable (i.e., = N C®= &).

Mutex order structures The definition of the first class of order structures based
on mutex and weak precedence relations is motivated by the observation that the
‘precedence’ (or ‘causality’) relation is nothing but ‘mutex’+‘weak precedence’,
c.f. (9). Therefore, the axioms defining stratified order structures can easily be
rendered in terms of the latter relations.

Definition 1 (mutex order structure). A mutex order structure (MO-struc-
ture) is a relational structure mos = (X,=,C), where = and T are binary
relations on X such that, for all a,b,c € X:

Ml: a=b = b=ua

M2: alZa

M3: a=b = alCbVbdCa

Mj: aCbCcANa#c = alc

M5: aCbCcA(a=bVb=c¢c = a=c.
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Fig. 3. A visualisation of axioms M3 — M5.

Axioms M3 — M5 are illustrated in Figure 3, and some relevant properties
of MO-structures are given below.

Proposition 1. Let mos = (X,=,C) be an MO-structure. Then mos is sepa-
rable and, for all a,b,c,d € X, we have:

a#a (11)
aCbCaANa=c = b=c (12)
aCcCbANaCdCbANc=d = a=Db. (13)

The next results demonstrate that MO-structures are in a one-to-one rela-
tionship with so-structures. Below, we use two mappings between these two
classes of order structures. For every so-structure sos = (X, <,C), we define
so2mo(sos) = (X, <%¥™, ), and for every MO-structure mos = (X,=,C), we
define mo2so(mos) = (X,=NC,C).

Theorem 1. The mappings mo2so and so2mo are inverse bijections.

Layered order structures In general, order structures like MO-structures are not
saturated, and may capture histories comprising several executions (like a single
causal partial order may have numerous total order linearisations). However,
there is also a class of order structures which correspond in a one-to-one way to
step sequences.

Definition 2. Let R C X x X be a stratified order. Then los = (X, =pg,CRr) is
the layered order structure (or LO-structure) induced by R.

For a separable relational structure sr = (X, =, ), we will denote by sr2los(sr)
the set of all LO-structures los extending sr, i.e., sr C los. With this nota-
tion, a nonempty set LOS of LO-structures is a concurrent history if LOS =
sr2los(( LOS).
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Proposition 2. Fvery layered order structure is separable and saturated in the
set of all separable order structures.

Proposition 3. Every LO-structure is an MO-structure.

An MoO-structure is linked with LO-structures (step sequences) through the set
sr2los(mos) of all LO-structures extending mos. Similarly, for every so-structure
sos we can define so2los(sos) = sr2los(so2mo(sos)). It can then be seen ([8]) that
so2los(sos) is a nonempty set and (in the notation used in this paper):

s0s = ﬂ mo2so(so2los(sos)) . (14)

That result corresponds to Szpilrajn’s Theorem that any partial order is the
intersection of its linearisations (c.f. [5,8]). Such a result extends to MO-struc-
tures and we obtain

Theorem 2. For every MO-structure mo, sr2los(mo) # & and mo={"sr2los(mo).

We can therefore conclude that the saturated extensions of an MO-structure
mos form a concurrent history represented by mos. It is then important to ask
which concurrent histories can be derived in this way; in other words, which
concurrent histories can be represented by MO-structures.

Consider now a nonempty set LOS = {(X,=;,C;) | i € I} of LO-structures
forming a concurrent history, and their intersection S = (LOS = (X,=,0C).
Since every LO-structure is also an MO-structure, we immediately obtain that .S
is an order structure satisfying axioms M1, M2, M4 and M5. However, M3 in
general does not hold although it holds for histories in which the possibility of
executing two events in either order always implies also simultaneous execution,
meaning that, for all distinct a,b € X,

diel: (a,b) c=;NC; . sym
Jel: (ba) e=;NnC, = Jkel: (ab) e}’ .
One might now wonder what happens if we do not assume any special proper-
ties of a concurrent history. As we will show in the rest of the paper, Proposition 1
in combination with the observation that it always holds for S = () LOS, yields

axioms for order structures underpinning general concurrent histories.

4 Generalised Order Structures

In this section, we provide a complete characterisation of general concurrent
histories where executions are represented by layered order structures; in other
words, histories comprising step sequence executions. We achieve this by retain-
ing all those MO-structure axioms which hold in general, and then replacing the
only dropped axiom M3 by Proposition 1.
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c G5 ; ! C

Fig. 4. A visualisation of axioms G5 and G6.

Definition 3 (generalised mutex order structure). A generalised mutex
order structure (or GMO-structure) is a relational structure gmos = (X, =,C),
where = and T are binary relations on X such that, for all a,b,c,d € X :

Gi: a=b = b=a M1
G2: alZfa N a#a M2 & (11)
G38: aCbCcANa#c = alc MY
Gj{: aCbCcA(a=bVb=c) = a=c M5
G5: aCbCaANa=c = b=c (12)
G6: aCcCbANaCdCbANc=d = a=0 (13)

The set of axioms in Definition 3 is minimal (see Figure 5). Moreover, GMO-
structures enjoy a number of useful properties.

Proposition 4. Let gmos = (X, =,C) be a GMO-structure. Then gmos is sep-
arable and, for all a,b € X, we have:

aC*b = aCb aCbCa = a7#b.
Proposition 5. Fach MO-structure is a GMO-structure.

The converse of Proposition 5 does not hold; for example, as M8 does not
hold, ({a, b}, {{a,b), (b,a)}, @) is a GMO-structure but not an MO-structure.

Proposition 6. If gmos = (X,=,C) is a GMO-structure, then (X,= N C,C)
18 an SO-structure.

Proposition 6 states that every GMO-structure is a GSO-structure. We observe
that the converse is not true, with suitable counterexamples provided by the
GsoO-structures Sgs and Sgg in Figure 5.

Closure operator for generalised mutex order structures We will now provide a
method for deriving valid GMO-structures from other relational structures.
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Fig. 5. Examples showing that the set of axioms in Definition 3 is minimal. Each
relational structure Sq; satisfies all axioms except for Gi.

Definition 4 (GMo-closure). Let S = (X, Q, R) be a relational structure and
QU = R® 0 (QU (R* og R*)*¥™) o R®. Then the GMO-closure of S is given by:

S* = (X, Q" RY.

The GMO-closure operator introduced here can be seen as related to two
different closure operators: (i) the transitive closure operator for acyclic reflexive
binary relations; and (i¢) the ¢-operator for ¢-acyclic order structures introduced
in [7] in order to obtain sO-structures. It is also be seen as a generalisation of
the Gso-closure introduced in [10] for Gso-acyclic structures in order to obtain
GSO-structures.

The main property we want from the notion of GMO-closure is that whenever
S = (X,Q,R) is a separable relational structure, S* is a GMO-structure. Fur-
thermore, if S is already a GMO-structure, then we want S® = S. The form of
QU follows from the requirement that S* should be a GMO-structure and the
axioms for GMO-structures. In particular the factor (R* og R*)*¥™ follows from
axioms G4 and G6, while the factor R® oy R® corresponds to G5.

T F
a o — e b
K _ -~ R _ -
°
- -1 ~ -
s ~ P ~a s =4
a ° ° b
K _ - N Tk _ .
A -
°
.r\
Pt k// S o /"\Jb
a ° ° PN
R _ - r‘\\ k// R _ - R™:
° Q:—

Fig. 6. A visualisation of the three cases of (a,b) € Q.
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The next four results respectively correspond to saying that: (i) the transitive
closure of an acyclic relation is also acyclic; (i1) GMO-closure is a closure operation
in the usual sense; (iii) the transitive closure of an acyclic relation yields a poset;
and (iv) posets are transitively closed.

Proposition 7. If S is a separable relational structure, then S* is also separa-
ble, S C S* and (S*)* = S*. Moreover, S* is a GMO-structure.

Proposition 8. If gmos is a GMO-structure, then gmos® = gmos.

As layered order structures and mutex order structures are special cases of
generalised mutex order structures, we obtain an immediate

Corollary 1. Let los be an LO-structure and mos be an MO-structure. Then
los* = los and mos® = mos.

The following technical lemma describes a single stage of the saturation pro-
cess for a GMO-structure leading to a LOS-structure. In such a process, we may
add an arbitrary link between two elements that do not yet satisfy (10). We only
need to remember that in the case of extending the relation @, together with
(a,b) we have to add (b,a). After such an addition, we get a separable order
structure that may be closed. As a result, we obtain one of possible extensions
of an initial gmos. The above process terminates after obtaining an LO-structure
and it is central to the proof of the main Theorem 3.

In what follows, we denote R,y = RU{(z,y)} and Quy» = QU{(z,v), (y,z)}.

Lemma 1. Let gmos = (X, Q, R) be a GMO-structure, a,b € X and a # b.

(a,b) ¢ R A (bya) ¢ R = (X,Q,Ru)* is a GMO-structure
(a,b) ¢ R A (a,b) ¢ Q = (X,Q,Ru)* is a GMO-structure
(a,b) ¢ R A (a,b) ¢ Q = (X, Quba, R)* is a GMO-structure .

To complete the properties of the saturation process described in Lemma 1
and used in the proof of Theorem 3, we formulate the following

Lemma 2. Let gmos = (X, Q, R) be a GMO-structure such that a,b € X, a # b,
(a,b) ¢ R and (a,b) ¢ Q and S' = (X, Q, Rup)* = (X,Q', R%,). Then {a,b) ¢ Q'.

In Lemmas 1 and 2 we have captured a method of saturating GMO-structures
that are not LO-structures. It moreover allows us to formulate an immediate

Corollary 2. FEwvery relational structure saturated among all separable relational
structures is a layered order structure.

General concurrent histories We now return to our original goal which was to
provide a structural characterisation of all histories comprising step sequence
executions. Recall that sr2los(gmos) is the set of all LO-structures associated
with a GMO-structure gmos. Then we obtain a result corresponding to Szpilrajn’s
Theorem:
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Theorem 3. For every GMO-structure gmos,

sr2los(gmos) # @ and gmos = ﬂsr2|os(gmos) .

Together with the fact that, for every nonempty set LOS of LO-structures
with the same domain, (| LOS is a GMOS-structure, this leads to the conclusion
that all concurrent histories are represented by GMO-structures.

5 Concluding Remarks

We can finally clarify the relationship between GSO-structures and GMO-struc-
tures. In general, in order to accept an order structure os = (X,=,C) as an
invariant representation of a concurrent history, we require that

sr2los(os) # & and os = ﬂsr2|os(os) .

We demonstrated that this property holds whenever os is a GMO-structure,
and that it may fail to hold for a GsO-structure. We have further shown that GmMO-
structures are GSO-structures, but that the converse does not hold. However,
what is the case is that each GSO-structure gsos is separable, and so its GMO-
closure gsos* is a GMO-structure satisfying sr2los(gsos*) = sr2los(gsos). In other
words, concurrent histories described by separable order structures and their
GMO-closures are the same. The importance of GSO-structures comes from the
fact that they paved the way for GMO-structures, by exposing the fundamental
property that causal ordering is a combination of mutex and weak ordering.

A key motivation for the research presented in this paper comes from concur-
rent behaviours as exhibited by safe Petri nets with mutex arcs. The resulting se-
mantical approach — which has been meticulously worked out above — is based
on GMO-structures which characterise all concurrent histories comprising step
sequence executions. A natural direction for further work is to provide a com-
patible language-theoretic representation of concurrent histories, by generalising
Mazurkiewicz traces [13] which correspond to causal posets, and comtraces [7]
which correspond to so-structures (or MO-structures). This development would
also allow to link the dynamic notions of mutex and weak causality with the
static properties of Petri nets with mutex arcs. The resulting semantics can also
support efficient verification techniques [2, 14, 18§].
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