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Abstract. We present WECTL*KD, a weighted branching time temporal logic
to specify knowledge, and correct functioning behaviour in multi-agent systems
(MAS). We interpret the formulae of the logic over models generated by weighted
deontic interpreted systems (WDIS). Furthermore, we investigate a SAT-based
bounded model checking (BMC) technique for WDIS and for WECTL*KD.

1 Introduction

The formalism of interpreted systems (IS) [4] provides a useful framework to model
multi-agent systems (MASs) [13], and to verify various classes of temporal and epis-
temic properties. The formalism of deontic interpreted systems (DIS) [7] is an extension
of ISs, which makes possible reasoning about temporal, epistemic and correct function-
ing behaviour of MASs. An important assumption in this line of models is that there are
no costs associated to agents’ actions. The formalism of weighted deontic interpreted
systems (WDISs) [16] extends DISs to make the reasoning possible about not only tem-
poral, epistemic and deontic properties, but also about agents quantitative properties.
In particular, in the Kripke model of WDIS each transition is labelled by a pair: a joint
action and a positive integer value that represents the cost of acting agents.

The basic idea in SAT-based bounded model checking (BMC) [1,9] is to translate
the existential model checking problem for a modal (e.g., temporal, epistemic, deontic)
logic [2, 13] to the propositional satisfiability problem. In particular, in BMC we first
represent a counterexample, whose length is bounded by some integer k, by a propo-
sitional formula, and then check the resulting propositional formula with a specialised
SAT-solver. If the formula in question is satisfiable, then the SAT-solver returns a satis-
fying assignment that can be converted into a concrete counterexample. Otherwise, the
bound £ is increased and the process repeated; we increases k until either a witness is
found, the problem becomes intractable, or some pre-known upper bound is reached.

To model check the requirements of MASs various extensions of temporal logics
[3] with epistemic [4], beliefs [6], and deontic [7] components have been proposed. In
this paper we aim at completing the picture of applying the SAT-based BMC techniques
to MASs by looking at the existential fragment of the weighted CTL*KD (i.e. weighted
CTL* extended with epistemic and deontic components), interpreted over the weighted
deontic interpreted systems (WDISs). The proposed BMC encoding is based on the
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BMC encoding introduced in [16, 21, 24]. Namely, in [24] a propositional encoding of
the BMC problem for ECTL* and for standard Kripke models has been introduced. The
method has been experimentally evaluated. Next, in [16] weighted deontic interpreted
systems (WDIS) and a propositional encoding of the BMC problem for WECTLKD
and for WDIS have been introduced. Finally, in [21] a BMC method for WELTLK and
for weighted interpreted systems has been introduced and experimentally evaluated.

The rest of the paper is organised as follows. In Section 2 we introduce WDIS
together with its Kripke model. In Section 3 we define the WECTL*KD language to-
gether with the bounded semantics. In Section 4 we provide a SAT-based BMC method
for WECTL*KD and for WDIS. In the last section we conclude the paper.
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Fig. 1. Classical temporal and weighted logics with discrete semantics, and their epistemic and
deontic extensions. The dedicated SAT-based BMC methods have been defined for the logics
placed in rectangles. The logics for which SAT-BMC methods can be easily inferred from the
dedicated one are placed in “dashed” rectangles.

Related work. Figure 1 provides diagram showing the relations between classical tem-
poral logics, weighted temporal logics, and their epistemic and deontic extensions, and
indicates for which logic a SAT-based BMC method (SAT-BMC for short) has been
developed. For classical temporal logics with discrete semantics over Kripke mod-
els SAT-BMC has been defined in [1] for LTL, in [10, 23] for ECTL, in [14, 24] for
ECTL*, in [22] for RTECTL, and in [12] for MTL. For classical weighted tempo-
ral logics with discrete semantics over weighted Kripke models generated, for exam-
ple, by simply timed systems, SAT-BMC has been defined for WECTL [20] only. For
epistemic and deontic variants of classical temporal logics with semantics over Kripke
models generated by (deontic) interpreted systems SAT-BMC has been defined in [9,
5] for ECTLK, in [15] for ECTLKD, in [11, 8] for ELTLK, in [19] for RTECTLK,
in [18] for RTECTLKD, and in [17] for EMTLKD (this method provides obviously
a SAT-BMC solution for EMTLK). There is no paper about SAT-BMC for ECTL*K



and for ECTL*KD. These missing methods can however be easily designed as a fu-
sion of SAT-BMC methods for ECTL* and for ECTLK / ECTLKD. For epistemic
and deontic variants of classical weighted temporal logic with semantics over Kripke
models generated by (deontic) weighted interpreted systems SAT-BMC has been de-
fined in [21] for WELTLK (this method provides obviously a SAT-BMC solution for
WELTL), and in [16] for WECTLKD (this method provides obviously a SAT-BMC
solution for WECTLK).

2 Weighted Deontic Interpreted Systems

Let Ag = {1,...,n} be the non-empty and finite set of agents. We assume that a
MAS consists of n agents and a special agent £ that represent the environment in which
the agents operate. Next, we assume that a given MAS is modelled by the weighted
deontic interpreted system (WDIS), in which each agent ¢ € Ag U {€} is modelled
using a non-empty set Lo = Ge U R of local states such that G. is a non-empty
set of faultless (green) states and R is a set of faulty (red) states, a non-empty set
te € L of initial states, a non-empty set Act. of possible actions, a protocol function
P, : L. — 24¢% that defines rules according to agents operate, a (partial) evolution
function te : Le X Act — L with Act = Acty X - -+ X Act,, X Acte (each element of
Act is called a joint action), a weight function d. : Acte — IN, and a valuation function
Ve : Lo — 27V that assigns to each local state a set of propositional variables that are
assumed to be true at that state. Further, we do not assume that the sets Act,. are disjoint
forallc € AgU {&}.

Now for a given set of agents Ag, the environment £ and a set of propositional
variables PV, we define the weighted deontic interpreted system as a tuple WDIS =
({te) Les Ge, Acte, Pe,te, Ve, de; fecaguiey)- For a given WDIS we define:

e a set of all possible global states S = Ly, X ... X L, X Lg such that L1 D

Gi,...,Lp 2 Gn,Le 2 Gg; by lc(s) we denote the local component of agent

c € AgU{&} ina global state s = (¢1,...,4,, Le);

e a global evolution functiont : S x Act — S as follows: t(s,a) = s’ (or s — ')
iff for all ¢ € Ag, tc(lc(s),a) = le(s') and tg(lg(s), a) = lg(s);
e a weighted model (or a model) as atuple M = (¢, S,T,V,d), where
® L =11 X...X L, X tg is the set of all possible initial global state;
e S is the set of all possible global states as defined above;
e T C SxActx S isatransition relation defined by the global evolution function
as follows: (s,a,s’) € T iff s - s’. We assume that the relation T is total,
i.e., forany s € S there exists s’ € S'and anaction a € Act\{(e1,...,é€n,€s)}
such that s — s’
 V: .8 — 2PVis the valuation function defined as V(s) = Uqe aguiey Velle(s))-
e d: Act — IN is a “joint” weight function defined as follows: d((aq,...,
an,0g)) = D cecaguqey de(ac); note that this definition is reasonable, since
we are interested in MASs, in which transitions carry some cost;
e an indistinguishability relation ~.C S x S for agent ¢ as follows: s ~. & iff
le(s") = 1c(9);

e a deontic relation o<, C S x S for agent c as follows: s . s iff lc(s') € Ge.



A path in M is an infinite sequence ™ = s — $1 —= 59 —2» ... of transitions.
For such a path, and for j < m € IN, by w(m) we denote the m-th state s,,, by

7 we denote the m-th suffix of the path mw, which is defined in the standard way:
T = S T a1 % Smas . ... Next, by m[j..m] we denote the finite sequence

s JEAR Sj4+1 LA s, withm — J transitions and m — j + 1 states, and by D [j..m]

we denote the (cumulative) weight of 7[j..m] that is defined as d(aj4+1) + ... + d(am)
(hence 0 when j = m). By II(s) we denote the set of all the paths starting at s € .S,
and by IT = | 0., I1(s°) we denote the set of all the paths starting at initial states.

s0er

3 The logic WECTL*KD

Our specification language, which we call WECTL*KD, extends ECTL* [3] with cost
constraints on temporal modalities and with epistemic and deontic modalities. More
precisely, the basic modalities of WECTL*KD consist of the path quantifier E (for some
path) followed by a temporal-epistemic-deontic formula, which is built up from: propo-
sitional variables; the boolean operators (A-conjunction, V-disjunction, —-negation);
the temporal modalities (X-weighted next step, U;-weighted until, R;-weighted re-
lease, G-weighted always, and F;-weighted sometime); the epistemic modalities K,
(for “agent c does not know whether or not”), Dr, Ep, and Cp (for the dualities to the
standard group epistemic modalities representing distributed knowledge in the group I,
everyone in I" knows, and common knowledge among agents in I"); the deontic modal-
ities (O, and KZ? representing the correctly functioning circumstances of agents).
Syntax of WECTL*KD. Let p € PV be a propositional variable, ¢, c1,co € Ag, I C
Ag, and I be an interval in IN = {0, 1,2, ...} of the form: [a, b) and [a, 00), for a,b €
IN and @ # b. We have the following syntax for WECTL*KD. We inductively define a
class of state formulae (interpreted at states) and a class of path formulae (interpreted
along paths) by the following grammar:

p i=true | false | p| ~p | ¢ A | ¢V |E¢ | Ked | Erd | Dro | Cré | Oct | Koo ¢
pu=p| oA | OV P | X0 | dUrd | pR1

where ¢ is a state formula and ¢ is a path formula. WECTL*KD consists of the set of
state formulae generated by the above grammar.

The derived basic temporal path modalities for weighted eventually (F 1) and weighted
globally (Gy) are defined as follows: F;¢ ::= trueU;¢, and G;¢ ::= falseR;¢.

Note that the combination of weighted temporal, epistemic and deontic operators
allows us to specify how agent’s knowledge or correctly functioning circumstances of
agents evolve over time and how much they cost.

Semantics of WECTL*KD. The semantics of WECTL*KD formulae is determined
with respect to a model, defined in Section 2. In the semantics we assume the follow-
ing definitions of epistemic relations: ~% s Uecer ~e N?dg (~E)T (the transitive
closure of ~£), N?déf Neer ~e> Where I' C Ag.

Definition 1. Let M be a model, s a state of M, 7 a path in M, and m € IN. For
a state formula « over PV, the notation M, s |= « means that « holds at the state



s in the model M. Similarly, for a path formula ¢ over PV, the notation M, |=
@ means that ¢ holds along the path w in the model M. Moreover, let p € PV be
a propositional variable, «, B be state formulae of WECTL*KD, and o, 1 be path
formulae of WECTL*KD. The relation = is defined inductively as follows:

M, s = true, M, s [~ false, M, s = piffp € V(s), M,s = —piffp ¢ V(s),
M,sEaAB iff M,sEaand M,s | §,

M,sEaVvp iff M,sEaorM,sEpf,

M, s EKea iﬁ‘(ﬂﬂeﬂ)(ﬂi>0)s~ 7(i) and M, 7t o),

M,s =Y ra iff (3rell)(Ji>0)(s~Y 7(i)and M, 7" = ),Y €{D,E, C},
M,s | Oca iff Grell)(Fi > 0)(s e m(i) and M, = ),

M,s l:Kzfa iff (3rell)(Ji>0)(s ~c, (i) and s e, 7(i) and M, 7" |= ),
M,sE=Bp  iff (Gnell(s))(M,x° = o)

M, 7™ E « iff M,m(m) E «a,

M, 7™ E oAy iff M,m™ = @ and M, 7™ |= 1),

M, 7™ = oV iff M,7™ = por M, 7™ =1,

M, 7™ &= Xro  iff Drlm..m +1] € I and M, 7™ |= ¢,

M, 7™ = U iff (3 > m)(Dr[m..j] € I and M, 7 |= 1 and

(Vm <i < j)M, 7" = o),
M, 7™ \= @Rt iff (37 = m)(Drlm..j] € I and M, 7 |= ¢ and (Ym < i < j)
M, 7" =) or (Vj = m)(Dn[m..j] € I implies M, 77 = 1).

—_— o~~~

A WECTL*KD state formula « is true in the model M, denoted by M = «, iff for

some s € 1, M,s | «, i.e., a holds at some initial state of M. The model checking
problem asks whether M = a.
Bounded semantics of WECTL*KD. A bounded semantics for WECTL*KD is the ba-
sis of the translation of bounded model checking problem to the satisfiability of propo-
sitional formulae problem (i.e., SAT-problem) that is defined in the next section. To
define the bounded semantics we need to represent infinite paths of a model in a special
way. To this aim, as usually, we define the notions of k-paths and loops.

Definition 2. Let M be a model, k € IN a bound, and 0 < | < k. A k-path 7; is a pair
(m,1), where T is a finite sequence s 2 s 2 02 sy of transitions. A k-path
m is aloop ifl < k and w(k) = w(l).

Note that if a k-path 7; is a loop, then it represents the infinite path of the form uv®,
where u = (so —% 51 <2 ... 25 ) and v = (s141 =5 ... %5 s1). i (s) denotes
the set of all the k-paths of M that start at s, and 1Ty, = {J,0¢, i (s").

As in the definition of bounded semantics we need to define the satisfiability relation
on suffixes of k-paths, we denote by 7" the pair (7, m), i.e. the k-path m; together with
the designated starting point m, where 0 < m < k. Further, let s be a state and 7; be a
k-path. For a state formula o over PV, the notation M, s = « means that « is k-true
at the state s in the model M. Similarly, for a path formula ¢ over PV, the notation
M, 77{” ):k o, where 0 < m < k, denotes that the formula ¢ is k-true along the suffix

m(m) ™5 w(m+1) 5 2 (k) of 7



Definition 3. Let M be a model, s a state of M, w; a k-pathin M,0 < m < k, p € PV
a propositional variables, «, 3 state formulae of WECTL*KD, and , 1) path formulae
of WECTL*KD. The relation |=y, is defined inductively as follows:

M, s |y, true, M, s [y, false, M, s = piff p € V(s), M, s =i —piff p ¢ V(s),

M,sEraANB  iff M,skr aand M, s =i, B,

M,sEraVvp iff M,skEraorM,s g f,

M, s = Kea iff (3m e II)(30 <j<k)(M, 7rl' Er aand s~ 7'('(])),

M,s = Yra  iff Gm e p)(30 < j < k) (M, 7] = aand s ~Y 7(5)),
whereY € {D,E, C},

M, s = Oc iff 3m e II)(30 <j<k)(M, 7rl' Er aand s ¢ 7(j)),

M, s g Kzia iff 3m € ) (30 < j < k) (M, 7] ¢ aand s ~c, 7(j)
and s x¢, (7)),

M,s =, Eg iff (3m € Iy(s))(M, ) i 0),

M,m" Era iff M,w(m) ko,

M, m" = o AN iff M, 7" =i @ and M, 71" f= 9,

M, 7" =y VY iff M,n]" =i por M,m™ =i 9,

M, 7" =p X1 iff (m < kand Drim..m + 1] € I and M, 7" =5 ¢) or
(m=kandl < k and n(k) = w(l) and Dﬂ'[l dI+1]el
and M, 71 = @),

" e eUrd iff (3m < j < k)(Drlm..j] € I and M, 7l =g 1 and
(Vm <i < j)M, 7} =i @)or(l < mand w(k) = (1)
and (3l < j < m)(Dr[m..k] + Dx(l..j] € I and M, 7 =, ¢
and (V1 < i < j)M,ni = pand (Vm < i < k)M, 7! =i 9)),

M, m" i eRiy iff (Dr[m..k] > right(I) and (Ym < j < k)(Dn[m..j] € I
implies M, ] =y 1)) or (Dw[m..k] < right(I )and (k) =n(l)
and (Vm J < k)(Dnm..j]) € I implies M, 7] = 1/1) and
(VI < j < k)(Dn[m..k] + Dnll..j] € I implies M ] R Y)) or
(Fm < Jj < k)(Dwm..j] € I and M, 7rlj =i v and
(Vm <i < j)M, 7} =i ) or (I < mand w(k) = 7 (l)
and (31 < j < m)(Dw[m..k] + Dr(l..j] € I and M, ] =), ¢
and (V1 < i < j)M,n! = and (Vm < i < k)M, 7} \—k ).

A WECTL*KD state formula « is k-true in M, denoted M [y ¢, iff for some
s € 1, M, s = . The bounded model checking problem asks whether there exists
k € IN such that M =, ¢.

Lemma 1. Let M be a model, s a state of M, and o« a WECTL* KD state formula.
o forsomek € IN, if M, s =i, o, then M, s = o
o if M, s = a, then M, s =i o for some k € IN.

The following theorem follows from Lemma 1 and it states that for a given model
M and a formula « there exists a bound k such that the model checking problem can
be reduced to the bounded model checking problem.

Theorem 1. Let M be a model and oo be a WECTL* KD state formula. Then, for some
s€, M,sEaiff M,s =i «for some k € IN.



4 Bounded Model Checking

In the section we present a propositional encoding of the bounded model checking
problem for WECTL*KD and for weighted deontic interpreted systems (WDIS).

Let M = (:,S,T,V,d) be a model, « a WECTL*KD state formula, and k£ > 0
a bound. The BMC encoding relies on defining the following propositional formula:
[M, ok := [M**]x A [&] k. which is satisfiable if and only if M = « holds.

The definition of [M**]; assumes that the states, the joint actions of M, and the
sequence of weights associated to the joint actions are encoded symbolically, which is
possible, since both the set of states and the set of joint actions are finite. Formally, let
c € AgU {&}. Then, each state s = (¢1,...,£L,, Lg) € S is represented by a symbolic
state which is a vector w = (wy, ..., w,,wg) of symbolic local states. Each symbolic
local state w, is a vector of propositional variables (called state variables) whose length
depends on the number of green and red local states of agent c. Next, each joint action
a = (ay,...,an,ag) € Act is represented by a symbolic action which is a vector
a = (ai,...,an,ag) of symbolic local actions. Each symbolic local action a. is a
vector of propositional variables (called action variables) whose length depends on
the number of actions of agent c. Next, each vector of weights associated to a joint
action is represented by a symbolic weight which is a vector d = (dy,...,d,,d¢)
of symbolic local weights. Each symbolic local weight d. is a vector of propositional
variables (called weight variables), whose length depends on the weight functions d.

Further, we assume that SV, AV and WV denote, respectively, the set of all the
state variables, the set of all the action variables, and the set of all the weight variables
such that SV N AV = 0, SVNWV = 0, and AV N WV = (). Next, we assume
that SV (w), SV (w.), AV (a), AV (ac), and WV (d) denote, respectively, the set of all
the state variables occurring in the symbolic state w, the set of all the state variables
occurring in the local symbolic state w. of agent c, the set of all the action variables
occurring in the symbolic action a, the set of all the action variables occurring in the
local symbolic action a. of agent c, and the set of all the weight variables occurring in
the symbolic weight d. Furthermore, we assume that NV denotes the set of proposi-
tional variables (called the natural variables) such that SVNNV =0, AVNANV = (),
and WV N NV = (. Moreover, by u = (uy, ... 7uy) we denote a vector of natural
variables of length y = max(1, [log2(k + 1)]), which we call a symbolic number, and
by NV (u) we denote the set of all the natural variables occurring in u. Furthermore,
we assume that:

e PV =SVUAVUWVUNV.
e lit:{0,1} x PV — PV U{~q | ¢ € PV} is a function defined as: lit(1,q) = ¢

and [it(0, ¢) = —g.

e V : PV — {0,1} is a valuation of propositional variables (a valuation for short).

e 7, denotes the length of symbolic state, i.e. W = (w1,..., Wy, weg) = (W1,..., W, ).

e 7, denotes the length of a symbolic action,i.e.a = (a1, ...,a,,ag) = (a1,...,a5, ),

e g = Tg1 + ... + rgni1) denotes the length of a symbolic weight, i.e. d =
(di,...,dn,de) = (d},... ,d%dﬂ. .. ,d’fﬂ7 ... ,d?iiﬂ)), where 741, .. ., Tq(n41)

denote lengths of local symbolic weights.
For every r,74,7¢ € IN4, each valuation V' induces the functions S : SV"™ —
{0,1}"», A : AV™ — {0,1}"*, W : WV"™ — IN,and J : NV¥ — IN defined



in the following way: S((w1,...,w;,)) = (V(w1),..., V(w,,)), A((a1,...,2,)) =
(V@) V(@) WAL,y s dPF o di ) = Z;jll S V()

2071 J((ury e eyuy)) =200 Vi) - 2071

Let w and w’ be two different symbolic states such that SV (w)NSV(w') = 0,d a
symbolic weight, a a symbolic action, and u a symbolic number. We assume definitions
of the following auxiliary Boolean formulae:

e p(w) is a Boolean formula over SV (w) that is true for a valuation V iff p €
V(S(w)). It encodes a set of states of M in which p € PV holds.

o I (w) = A, lit(s]i],w;). This Boolean formula is defined over SV (w), and it
encodes the state s of the model M.

e H(w,w') = A\i*,w; < w/;. This Boolean formula is defined over SV (w) U
SV (w'), and it encodes equality of two symbolic states, i.e. it expresses that the
symbolic states w and w’ represent the same states.

e H.(w,w’)is a Boolean formula over SV (w)USV (w’) that is true for each valua-
tion V' € {0, 1}V such that V satisfies H.(w, w') iff S(w) ~ S(W'); it expresses
that the local states of agent c are the same in the symbolic states w and w’.

o Hy(ac) forc e AgU{€} and a € Act. U {e} is a Boolean formula over AV (a.)
that is true for each valuation V' € {0,1}4V such that V satisfies H,(ac) iff
A(ac) = a.

e A(@) = Ascact(Nceagia) Halae) V Aceaga) Helac)), where Ag(a) = {c €
AgUA{E} | a € Act.}. This formula is defined over AV (a), and it encodes that
each symbolic local action a. of a has to be executed by each agent in which it
appears.

o To(ve, (a,d),w'c) is defined over SV (w.) U SV (vw'c), and is true for a valuation
V iff tc(S(we), A(a)) = S(w'c). This Boolean formula encodes the local evolution
function of agent c.

o T(w,(a,d), W) = Accaguiey Te(We, (a,d), we) A A(a). This Boolean formula
is defined over SV (w) U SV (w')UAV (a)UWV (d), and it encodes the transition
relation of the model M.

e N}(u) is a formula over NV (u) that is true for a valuation V' iff j ~ J(u), where
~€ {<,>,<,=,>}. This formula encodes that the value j is in the arithmetic
relation ~ with the value represented by the symbolic number u.

Further, in order to define [M ‘], we need to specify the number of k-paths of the
model M that are sufficient to validate o.. Let p € PV. To calculate the number, we de-
fine the following auxiliary function fi, : WECTL*KD — IN: fy(true) = fi(false) =
0, fi(p) = fe(=p) = 0, fu( N @) = fr(@)+ [r(9). fu(pV @) = max{[fr(p), fr(9)},
FeX1e) = fe (@), fu(0U19) = k- fi(0)+fx(0), fr(pR1¢) = (k+1)-fu(9)+ fr(p),

~Co

fk(GFQO) = fk(sp) +k, fk(YSD) = fk(90) + 1, forY € {KmﬁFvEFv@CchpE}'

Furthermore, we define the j-th symbolic k-path 7r; as the sequence of symbolic

.. ay,j,di,; as j,da,; ak,;,dk,j .
transitions: (Wo; ="~ wy; = ... == wy;,u), where w; ; are symbolic

states, a; ; are symbolic actions, d, ; are symbolic weights, for 0 <7 < kand1 < j <
fr(), and u is the symbolic number, and we define the following auxiliary Boolean
formulae. Let w and w’ be two different symbolic states, d a symbolic weighs, a a



symbolic action, u a symbolic number, I an interval in IN of the form: [a, b) and [a, c0),
fora,b € IN and a # b, and right(I) denote the right end of the interval 1.

o Li(mn) == N7 () A H(Win, Win)-

e Bl(m,) is defined over Ule WV(d; ), and is true for a valuation V iff
Zle W(d; ) < right(I). This Boolean formula encodes that the weight rep-
resented by the sequence dy o, ..., dg,y is less than or equal to right(I).

. Dib(ﬂ'n) for a < b: if a < b, then the formula encodes that the weight represented
by the sequence dg41.p, - .., dp,, belongs to the interval I, i.e. the formula is true
for a valuation V' iff Zl at1 W(din) € I; otherwise, i.e. if a = b, then ’Dib(ﬂ'n)
is true for a valuation V iff 0 € I.

e D} ypalmy) fora <bandc < d:

1. ifa < band ¢ < d, then the formula encodes that the weight represented by the
sequences dg41,5,---,dpn and dey 1., ..., dg,, belongs to the interval 7, i.e.
the formula is true for avaluation V iff 3°°_ a1 (di7n)—¢—Zf:c+1W(di7n) el

2. if a = b and ¢ < d, then the formula encodes that the weight represented by
the sequence d¢1,p, - - ., dq,, belongs to the interval I, i.e. the formula is true
for a valuation V' iff ZZ er1 W(din) €15

3. if a < b and ¢ = d, then the formula encodes that the weight represented by
the sequence dg41.p, - - - , dp,, belongs to the interval 7, i.e. the formula is true
for a valuation V' iff Zz a1t Wdin) €15

4. ifa = band ¢ = d, then Da,b;c,d(ﬂ'n) is true for a valuation Viff 0 € I.
The formula [M**];, which encodes the unfolding of the transition relation of the
model M f(«)-times to the depth k, is defined as follows:

Jr(o) b—
/\ /\ (Wi, (@i,5,dij), Wit1,)

||<»

Tr(a)
[M** ] = \/Is(Woo /\

s€EL

where w; ;, a; ;, d; ;, and u; are, respectively, symbolic states, symbolic actions, sym-
bolic weights, and symbolic numbers, for 0 < ¢ < kand 1 < j < fi(«).

Then, the next step is a translation of a WECTL*KD state formula « to a proposi-
tional formula [«] ps ;.. In order to define [a] ps k., we have to know how to divide the set
A of k-paths such that |A| = fi(«) into subsets needed for translating the subformu-
lae of av. To accomplish this goal we use some auxiliary functions that were defined in
[24]. We recall their definitions now. First, the relation < is defined on the power set
of IN as follows: A < B iff for all natural numbers = and y, if xt € Aand y € B,
then x < y. Further, let A C IN be a finite non-empty set, and n,m € IN, where
m < |A|. Then, g;(A, m) denotes the subset B of A such that |B| = mand B < A\ B,
gr(A, m) denotes the subset C of A such that |C| =mand A\ C < C, g5(A) denotes
the set A \ {min(A)}, and if n divides |A| — m, then hp(A, m,n) denotes the se-
quence (B, ..., By) of subsets of A such that J;_, B; = A, |[Bo| = ... = |By-1l,
|B,| = m, and B; < Bj forevery 0 < i < j < n. Now let hy(4,m) =
hp(A, m, k) and hi(A, m) := hp(A, m, k+1). Note thatif b/ (A, m) = (By, ..., By),
then hY (A, m)(j) denotes the set B;, for every 0 < j < k. Similarly, if hE (4, m) =
(Bo, - - -, Br+1), then h (A, m)(j) denotes the set B;, forevery 0 < j < k + 1.



The functions g; and g, are used in the translation of the formulae with the main
connective being either conjunction or disjunction: for a given WECTL*KD formula
© A1, if the set A is used to translate this formula, then the set g;(A4, fx(y)) is used to
translate the subformula ¢ and the set g,.(A, fi (1)) is used to translate the subformula
1; for a given WECTL*KD formula ¢ V 1), if the set A is used to translate this formula,
then the set g;(A, fx(p)) is used to translate the subformula ¢ and the set g;(A, fx(¢))
is used to translate the subformula ).

The function g, is used in the translation of the formulae with the main connective
Q € {E,K¢,Dr,Er, O, KZ} for a given WECTL*KD formula Qe, if the set A is
used to translate this formula, then the path of the number min(A) is used to translate
the operator Q and the set g5(A) is used to translate the subformula .

The function k) is used in the translation of subformulae of the form ¢Uj1: if
the set A is used to translate the subformula U at the symbolic k-path 7, (with
the starting point m), then for every j such that m < j < k, the set hY (A, fx(¥))(k)
is used to translate the formula 1) along the symbolic path 7, with starting point j;
moreover, for every i such that m < i < j, the set b (A, fi (1)) (i) is used to translate
the formula ¢ along the symbolic path 7,, with starting point i. Notice that if k does
not divide |A| — d, then h/(A,d) is undefined. However, for every set A such that
|A] = fr(pUr), itis clear from the definition of fj, that k divides |A| — fi ().

The function hY is used in the translation of subformulae of the form @R 1: if
the set A is used to translate the subformula @R 1 along a symbolic k-path 7, (with
the starting point m), then for every j such thatm < j < k, the set hX (A, fi(¢))(k+1)
is used to translate the formula ¢ along the symbolic paths 7, with starting point j;
moreover, for every i such that m < i < j, the set hE (A, fi(¢))(i) is used to translate
the formula ¢ along the symbolic path 7r,, with starting point ¢. Notice that if k + 1
does not divide |A| — 1, then A} (A, p) is undefined. However, for every set A such that
|A| = fr(@Rw), it is clear from the definition of fj that k + 1 divides |A| — fi(¢).

Let o be a WECTL*KD state formula and A C IN; be a set of numbers of symbolic
k-paths such that |[A| = fr(«). Ifn € IN\ Aand 0 < m < k, then by (o >[m Al e
denote the translation of a WECTL*KD state formula « at the symbolic state W, ,,
by using the set A. Let ¢ be a WECTL*KD path formula and B C IN; be a set of
numbers of symbolic k-paths such that |B| = fr(¢). If n € N \ Aand 0 < m < k,
then by [ }[m 4] we denote the translation of a WECTL*KD path formula ¢ along the
symbolic k-path 7r,, with starting point m by using the set A. Furthermore, we define
[a]ark as (a}LO’O’F’“(O‘)], where Fi,(o) = {j e N |1 < j < fr(a)}, and:

<true)Lm’n’A] := true, (false) m.n. A _ false,

Bh " = p(wm), > = )
(a/\ﬁ>£€m,n, I ._ <a>[mn91 SLICN N <B>£€m,n,gr( 7fk(,3))]7
(av Bym Al o (qylmna (@Dl gy lmsmon (A7 (@]
EQ™™ = H (Wi, Womin(ay) A [p]0 0],
[a]gcm’nvA] = <a>[m n,A]

(o A ¢]Ecm,n,A] = [(p][m n, gz(A Tr(#))] A [¢]£m7n,gr(A7fk(¢))]
oV MLm n,Al [W][m 1,91 (A, F (0))] w)]ggn,n,gr(A,fk(w))]’



m+1,n,A .
[X[Oé] [m,n,A]  _ {D{n,m-i-l(ﬁn) A [OZ}L * ] iftm < k
k =

o (Df 1y (m0) A L (70) A [a}”“ AN i =k

[aUIB]ECm,n,A] = \/] m(DI ( )/\ [B]Ljnhk (k)] /\/\ [ ]znhk( )])v
/o /i (ﬁl (Wn))/\v (/\[J (u,) A [B }[]nh (k)]/\
(Nl (u”)/\Dmkl_j( n))A o

AZMN>mw = alf ™M ) A AL el O,

[aRIB]ECm,n,A] _ \/ (D'Ilnj( n) A [a][jnh x (k)] /\/\ [ ]znh (z)])v

(Vi (Chma)) AV OV () A a5
2o N (u )/\Dmk”( DA N
Lo () = B A AL B Ty
(_‘Blg(ﬂ'n) A /\?:m(DqIn,j (7mn) — [ﬁ]g’”vhk'(k)]))\/
(BL{ma) A N (Dl ) — [
EWW)AMA&mNmeWWwwm
(Ko™ 1= Vi, T(Woumin(ay) A V([ 7704
NHe(Winn, Wi min(4))):

<DF >[m” A = \/sa IS(WO,min(A ) \/ 0([04}[] min(4) gé(A)]/\
Neer He(Winn, Wi min(a))),

<E[‘ >[m Al \/Sa IS(WO,min(A ) A \/ 0([0‘} [7,min(A) gs(A)]/\
Veer He(Winn, Wjmin(a))),

[m,n,

e = (i)

Theorem 2. Let M be a model and o be a WECTL* KD state formula. Then for some
s € vand forevery k € IN, M, s =, « if, and only if, the propositional formula [M, o],
is satisfiable.

5 Conclusions

We have proposed the SAT-based BMC for WECTL*KD and for WDIS. The BMC of
the WDIS may also be performed by means of Ordered Binary Diagrams (OBDD). This
will be explored in the future. Moreover, our future work include an implementation of
the algorithm presented here, a careful evaluation of experimental results to be obtained,
and a comparison of the OBDD- and SAT-based BMC method for WDIS.
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