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Abstract. Tasks of data compression, transmission, subsequent recov-
ery with a given accuracy are of great practical importance. In this paper
we consider a problem of constructing graphical information on a plane
with the help of a parametric defined splines with different properties.
Here we compare the polynomial and the trigonometric splines of the
first and the second order, the polynomial integro-differential splines,
the trigonometric integro-differential splines. We consider a compression
of the image to a relatively small number of points, and a restoration of
graphic information with the given accuracy.
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1 Introduction

Plotting functions by means of splines is widely used in practice [3–8]. Here we
compare the polynomial and the trigonometric splines of the first and the sec-
ond order, the polynomial integro-differential splines, the trigonometric integro-
differential splines. These splines are characterized by the fact that the approx-
imation of a function is constructed at each grid interval separately as a linear
combination of values of the functions in neighboring grid nodes and some ba-
sic functions (see [1, 2]). The image can be compressed to a small number of
points, which we call the control points (points of interpolation). The result of
the image compression has the form of the control points and information of the
applied basic splines. If it is necessary, the user can restore the image through
an appropriate algorithm.

2 Right polynomial, right trigonometric splines

Let n be natural number, a, b be real numbers, {tj} be ordered equidistant set
of nodes on [a, b], h = tj+1 − tj .

Let function u be such that u ∈ C3[a, b]. We use the approximation for u(t)
in the form

ũ(t) = u(tj)ωj(t) + u(tj+1)ωj+1(t) + u(tj+2)ωj+2(t), t ∈ [tj , tj+1], (1)
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where ωj(t), ωj+1(t), ωj+2(t) we determine from the system

ũ(x) = u(x), u(x) = ϕi(x), i = 1, 2, 3. (2)

Here ϕi(x), i = 1, 2, 3, is Chebyshev system on [a, b], ϕi ∈ C3[a, b].

2.1 Right polynomial splines

In polynomial case we take ϕi(x) = xi−1, So we have from (2)

ωj(t) =
(t− tj+1)

(tj − tj+1)
· (t− tj+2)

(tj − tj+2)
, ωj+1(t) =

(t− tj)
(tj+1 − tj)

· (t− tj+2)

(tj+1 − tj+2)
, (3)

ωj+2(t) =
(t− tj)

(tj+2 − tj)
· (t− tj+1)

(tj+2 − tj+1)
. (4)

We obtain for t ∈ [tj , tj+1] the estimation of the error of the approximation
by the polynomial splines (1), (3) – (4): |ũ(t)−u(t)| ≤ K1h

3‖u′′′‖[tj ,tj+2], K1 =
0.0642.

2.2 Right trigonometric splines

In trigonometric case we take ϕ1 = 1, ϕ2 = sin(x), ϕ3 = cos(x). So we have from
the system (2):

ωj(t) =
sin(t/2− tj+1/2)

sin(tj/2− tj+1/2)
· sin(t/2− tj+2/2)

sin(tj/2− tj+2/2)
, (5)

ωj+1(t) =
sin(t/2− tj/2)

sin(tj+1/2− tj/2)
· sin(t/2− tj+2/2)

sin(tj+1/2− tj+2/2)
, (6)

ωj+2(t) =
sin(t/2− tj/2)

sin(tj+2/2− tj/2)
· sin(t/2− tj+1/2)

sin(tj+2/2− tj+1/2)
. (7)

The error of the approximation u(t) by (1), (5)–(7) is the next:

|ũ(t)− u(t)| ≤ K2h
3‖u′ + u′′′‖[tj ,tj+2], K2 > 0, t ∈ [tj , tj+1].

3 Integro-differential splines

Integro-differential polynomial splines were invented by Kireev V.I [3]. The
way of constructing the nonpolynomial integro-differential splines is in [2]. The
integro-differential right spline of the third order has the form:

ũ(t) = u(tj)wj(t) + u(tj+1)wj+1(t) +

∫ tj+2

tj

u(t)dt w<1>
j (t), t ∈ [tj , tj+1], (8)

where ωj(t), ωj+1(t), w<1>
j (t) we determine from the system (2).
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3.1 Integro-differential right polynomial splines

In polynomial case we have

wj(t) =
A1

(tj − tj+2)(tj − tj+1)(tj − 3tj+1 + 2tj+2)
, (9)

A1 = (−tj+1+t)(3tj+2t+3ttj−6tj+1t−2t2j−2tjtj+2−2t2j+2+3tj+1tj+2+3tj+1tj),

wj+1(t) =
(−tj + t)(3t− tj − 2tj+2)

(tj − tj+1)(tj − 3tj+1 + 2tj+2)
, (10)

w<1>
j (t) =

6(−tj+1 + t)(−tj + t)

(tj − tj+2)2(tj − 3tj+1 + 2tj+2)
. (11)

We can use in (8) the next formula:
∫ tj+2

tj

u(t)dt ≈ (tj+2 − tj)(u(tj) + 4u(tj+1) + u(tj+2))/6.

We obtain |ũ(t)− u(t)| ≤ K3h
3‖u′′′‖[tj ,tj+2], K3 > 0, t ∈ [tj , tj+1].

3.2 Integro-differential right trigonometrical splines

In trigonometric case we have

wj(t) =
A3

B3
, wj+1(t) =

A4

B4
, (12)

where
A3 = (cos(−tj+1+ tj)−cos(tj+1− tj+2)− tj+2 sin(t− tj+1)+ tj sin(t− tj+1)−

cos(t− tj) + cos(t− tj+2)),
B3 = (cos(−tj+1+tj)−cos(tj+1−tj+2)−tj+2 sin(−tj+1+tj)+tj sin(−tj+1+

tj)− 1 + cos(tj − tj+2)),
A4 = (cos(t− tj)− cos(t− tj+2)+ tj+2 sin(t− tj)− tj sin(t− tj)−1+cos(tj −

tj+2)),
B4 = (cos(−tj+1+tj)−cos(tj+1−tj+2)−tj+2 sin(−tj+1+tj)+tj sin(−tj+1+

tj)− 1 + cos(tj − tj+2)),

w<1>
j (t) = (sin(t− tj+1)− sin(−tj+1 + tj)− sin(t− tj))/B5, (13)

B5 = (cos(−tj+1+tj)−cos(tj+1−tj+2)−tj+2 sin(−tj+1+tj)+tj sin(−tj+1+
tj)− 1 + cos(tj − tj+2)).

If we know only the values u(tj), u(tj−1) = u(tj − h), u(tj+2) = u(tj + 2h),
then we can use in (8) the formula:

It =

tj+2∫

tj

u(t)dt = u(tj−1)
2h cos(h)− 2 sin(h)

cos(h)− cos(2h)
− u(tj)

−2h cos(h) + sin(h) + h

cos(h)− 1
+

+u(tj+2)
2 sin(h) cos(h)− h− sin(h)

− cos(h)− 1 + 2 cos2(h)
+R1.

It can be shown that R1 = 0, if u(t) = 1, sin(t), cos(t), and
It = (−(4/9)u(tj−1) + (5/3)u(tj) + (7/9)u(tj+2))h+O(h3).
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4 Constructing approximation on the plane

4.1 Piecewise linear set of parametric spline

Let function u be such that u ∈ C2[a, b].
We build the approximation of u(t) in the form

ũ(t) = −A (u(tj)− u(tj+1)) + u(tj), A =
t− tj

tj+1 − tj
, (14)

Here t ∈ [tj , tj+1], j = 0, . . . , n− 1. We can obtain for t ∈ [tj , tj+1]

|ũ(t)− u(t)| ≤ K0h
2‖u′′‖[tj ,tj+1], K0 = 0.125.

Consider the approximation of the curve on the plane using the linear splines.
Let n points z1, z2, . . ., zn are given on the plane. Suppose point zi has coordi-
nates (xi, yi). Then we can construct the next approximations:

x̃(t) = −A (x(tj)− x(tj+1)) + x(tj), ỹ(t) = −A (y(tj)− y(tj+1)) + y(tj),
where A = (t− tj)/(tj+1 − tj), if t ∈ [tj , tj+1]. The error of the approximation
on the plain is the next: R(t) =

√
|x̃(t)− x(t)|2 + |ỹ(t)− y(t)|2.

4.2 Minimal quadratic set of the right polynomial parametric
spline

Consider the approximation of the curve on the plane with the help of quadratic
splines (1), (3)–(4). Let functions x = x(t) and y = y(t) be such that x, y ∈
C3[a, b], x(tj) is the value of x in the node tj , y(tj) is the value of y in the node
tj . Then we can use the following formulas:

x̃(t) = ACx(tj)−ABx(tj+1) +BCx(tj+2), ỹ(t) = ACy(tj)−ABy(tj+1) +
BCy(tj+2) on [tj , tj+1], j = 1, . . . , n − 1, where A = (t− tj+2)/(tj − tj+1),
B = (t− tj)/(tj+1 − tj+2), C = (t− tj+1)/(tj − tj+2).

5 Numerical experiments

Let function z(t) = (x(t), y(t) be such that x(t) = sin(t), y(t) = cos(t). Suppose
we have zj = (x(j), y(j)), j = 1, 2, . . . , 9. We construct z̃ = (x̃(t), ỹ(t)), with the
help of splines (1), (3)–(4), (1), (5)–(7), (8), (9)–(11), (8), (12)–(13). The results
of application the splines (1), (3)–(4), and the splines (1), (5)–(7) are presented
on graphs 1a, 1b. The results of application the splines (8), (9)–(11), and the
splines (8), (12)–(13) are presented on graphs 2a, 2b.

Now we take x(t) = t− 2 sin(t), y(t) = 1− 2 cos(t). The result of application
the trigonometric splines (1), (5)–(7) is presented on graph 3a. The result of
application the polynomial splines (8), (9)–(11) is presented on graph 3b.
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Fig. 1. Graphs of approximation by the minimal polynomial splines (1), (3)–(4): (a);
by the trigonometric splines (1), (5)–(7): (b)
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Fig. 2. Graphs of approximation by the right polynomial integro-differential splines
(8), (9)–(11): (a), by the right trigonometric integro-differential splines (8), (12)–(13):
(b)

6 Imaging of letters using a piecewise linear splines

Here we construct, compress and restore the image of the letters using splines.
For example, consider the construction and compression of the letter A. Co-

ordinates of points for the letter "A" zi, i = 1, 2, 3, 4, 5, we take in the form:

x[1]:=2:x[2]:=3:x[3]:=4:x[4]:=3.5:x[5]:=2.5:
y[1]:=2:y[2]:=4:y[3]:=2:y[4]:=3:y[5]:=3:
t[1]:=1:t[2]:=2:t[3]:=3:t[4]:=4:t[5]:=5:

Coordinates of points for the letter "E" zi, i = 1, 2, 3, 4, 5 are given as:
Figure 4a shows the letter "A" which is constructed with the help of the

control points: (2;2),(3;4),(4;2),(3.5;3), (2.5;3), and Fig. 4b shows the letter "E"
which is constructed with the help of the points: (4;4), (2;4), (2;3), (3;3), (2;3),
(2;2), (4;2) and the splines (14).

Each letter is given by a minimum number of the control points. For different
letters the number of control points is different. Now we can compress the image
and have only the control points and the information about the basis splines. We
can hold or send the information someone. The recipient can restor the letters
using the control points and information about the splines.
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Fig. 3. Graphs of the approximation x(t) = t − 2 sin(t), y(t) = 1 − 2 cos(t) by the
right trigonometric splines (1), (5)–(7): (a); by the right polynomial integro-differential
splines (8), (9)–(11): (b)
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Fig. 4. Plot of the letter "A" (the control points: (2;2),(3;4),(4;2),(3.5;3), (2.5;3)) (a).
Plot of the letter "E" (the control points: (4;4), (2;4), (2;3), (3;3), (2;3), (2;2), (4;2)): (b).
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