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1. Statement of the problem  

Continued [1-4] to study the problem of network planning and management for 

the connected project P=    1
1



k
iia  with the jobs 

a(i): i≠j   a(i)≠a(j) 

which has the sets of predecessors s(a(i))P and execution time 

t(a(i),x(i)):P×U(X)→
  

by additional resources x(i)U(X) of the partition 

    k
i

def

ixXU 1 :  
k

i
ixX

1
 ,     



jxix
ji

 }. 

Here s(a(i)) is own (may be empty) subset of project jobs P, which must be completed 

before starting job a(i). 
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Resource X can be a real number with a non-negative partitioning 

  Xix
k

i
 1

0  (or   ),1
1

Xix
k

i
 

or the set of discrete elements   1

1






L

ttyX  

with arbitrary partition into subsets U(X)  
x2 . 

Let optimize the resource allocation   kiix 1  for minimizing the total time of the 

project P:      min,
1

 

k

i
ixiat  

2. Reduce the list of predecessors  

We describe the relation S of precedence aiSaj of the project jobs ai,ajP  by the 

matrix of precedence   k

ji
jisS

1,
,


 : 

s(i,j)
def

 χ(a(i),s(a(j))), 

with the characteristic function 

     
    
    









.0

,1
,

jasia

jasia
jasia

def

  

Thus, the unit 1 in the i-th row of the matrix S indicates preceding the job a(i) of 

the respective columns. Then the transposed matrix TS  describes the inverse relation 
1*S  following ajS–1ai project job: unity 1 in the i-th row of the matrix TS  indicates 

preceding job a(i) by the job of relevant columns. Obviously, the relations S and TS  

are transitive ( 2S  S, 21)( S  1S ) through the finiteness of the set of project jobs 

and has the inclusions 

SSSSS kk   2321   

        121312111   SSSSS
kk

 . 

We call the job a(i)  P immediate predecessor of the job a(j)  P, if 

χ(a(i),s(a(j)))=1 and no other job such as  a(l)P: χ(a(i),s(a(l)))=χ(a(l),s(a(j)))=1. 

Otherwise, the preceding (following) will be called indirect. 

With the immediate predecessors lists    kiias 1*   we define the relation S* of 

immediate precedence by k×k-matrix of direct precedence   k

ji
jisS

1,
,**


 : 

s*(i,j)
def

 χ(a(i),s*(a(j))). 

Let the transposed matrix TS *  defines the inverse relation 1*S  of immediately 

following project jobs. Wherein the relations S* and 1*S are generally transitive as 


1

2

*







k

t

tSSS  and  
1

2

111*





 

k

t

t
SSS . 
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We shorten the list of precedence    kiias 1  to the list of direct precedence 

   kiias 1*   and by permutation of rows and columns of the matrix S for correct 

precedence order of the project jobs: 

      0*,
ji

iasja

 . 

In the future, we consider the original numbering of project jobs   kiia 1  is correct, 

and the original list of predecessors    kiias 1 is shorthand. Let matrix A of direct 

precedence of the properly ordered jobs 

S=(A[i1×j1],A[i2×j2],…,A[ir×jr]), 2≤r≤k–1, i1=j1=i2, j2=i3, …, jr-1=ir=jr, 

kji
r

t
t

r

t
t 





1

12
, 

be upper triangular and block-chained with zeros on the main diagonal and has 

continuous chain it×jt-blocks A[it×jt], 1≤t≤r, of which the first block and the last 

block are zero and square 

A[i1×j1]=0, A[ir×jr]=0. 

Let the remaining blocks are non-zero: A[it×jt]≠0, 2≤t≤r–1. 

Example 1.  

The matrix of direct precedence of properly ordered 9 project jobs    Pia i 
9

1  may 

take the form 

                 
 
 

   

 
 
 

 

 
 

 

 
 

 

  
4321

555

444

333

22211

000
9

8

000
7

6

000

5

4

3

00
2

1

987654321

jjjj

ijiA
a

a

ijiA
a

a

ijiA

a

a

a

ijiAjiA
a

a

aaaaaaaaa































 

3. Project’s graph 

We construct a directed graph G(V,R) of the project P. At first we define the set of 

vertices V as follows. 

Case 1. If block A[it×jt], 2≤t≤r–1, consists only of units, then exists a general 

conclusion 

vк(a(α(1)))=vк(a(α(2)))=…=vк(a(α(it))) 

and common origins 

vн(a(β(1)))=vн(a(β(2)))=…=vн(a(β(jt))) 



Data Mining and Big Data     Kotenko A.P., Dokuchaev A.V. Recovery of... 

409 

Information  Technology and Nanotechnology (ITNT-2015) 

of the project jobs a(α(1)),a(α(2)),…,a(α(it)),a(β(1)),a(β(2)),…,a(β(jt))  P with 

numbers 

             






r

ts
stt

t

s
s jjii

1

1

1
21211   . 

Wherein 

  






1

1

1

t

s

si , α(s+1)=α(s)+1, 1≤s≤it–1; β(1)=α(it)+1, β(s+1)=β(s)+1, 1≤s≤jt–1, 

  t

t

s

st jij 
1

 . 

We may add vertex v(α(1),α(2),…,α(it);β(1),β(2),…,β(jt)) V to connect said 

project jobs (Fig. 1). In this way, 

v(α(1),α(2),…,α(it);β(1),β(2),…,β(jt))= 

=vк(a(α(1)))=vк(a(α(2)))=…=vк(a(α(it)))=vн(a(β(1)))=vн(a(β(2)))=…=vн(a(β(jt))). 

 

 

 

 

 

 

 

 

 

 

 

 

One can consider each added vertex v(α(1),...,α(it);β(1),...,β(jt)) as notation of the 

complete bipartite graph K(it,jt), 1≤it≤k–1, 1≤jt≤k–1, with the part K(1,it) powered of it 

and the part K(jt,1) powered of jt, having single it×jt-, 1×it- and jt×1-neighborhood 

matrix peaks co-responsible. Shares of K(1,it) and K(jt,1) describe the overall time of 

completion 

       ti

st saviK
1к,1


   

and common moments of the beginning 

       tj

st savjK
1н1,


   

of the relevant design jobs. See. Fig. 2. 

 

 

 

 

 

 

 

 

v(α(1),...,α(it);β(1),...,β(jt)) 

a(α(1)) 

a(α(2)) 

a(α(it)) 

a(β(1)) 

a(β(2)) 

a(β(jt)) 

... ... 

Fig. 1. – Top, obtained by combining inbound and outbound directed arcs 

a(α(1))

)) 
a(α(2)) 

a(α(it)) 

a(β(1)) 

a(β(2)) 

a(β(jt)) 

… … 

Fig. 2. – Key added in the form of the vertices bipartite graph 
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Obviously that the resulting subgraph G(A[it×jt]), which connects the project jobs 

        tt j
u

i
u uaua 11    , 

is planar, and the number of options for passing full paths through project P unit 

block A[it×jt] is equal to it×jt. 

Case 2. If among the elements of the block A[it×jt], 2≤t≤r–1, there are zeros, then 

relevant bipartite graph K(it,jt) is not complete and must be added by the fictional 

jobs, unlike the embodiment of Fig. 1 it can not to connect a it incoming and jt 

outgoing directed arcs by one vertex. 

Example 2.  

Consider the 2×2-blocked 5×9-matrix of the immediate preceding project jobs 

  14
6iia  by the jobs   5 1iia : 

 

























00000

00000

1111

1111

11111

11111

11111

1111

1111

1111

95A . 

Combining events (Fig. 3) 

vк(a(1))=vк(a(2))=vк(a(3))=vн(a(10))=vн(a(11))=vн(a(12))=vн(a(13))=vн(a(14)), 

vк(a(4))=vк(a(5))=vн(a(6))=vн(a(7))=vн(a(8))=vн(a(9)), 

introduce the additional (fictional) job b(1) to save the immediate preceding of the 

jobs   9 6iia  by the jobs   5 4iia , and the preceding of the jobs   14
10iia  by the jobs 

  3 1iia , and non-immediate preceding of the jobs   9 6iia  by the jobs   3 1iia . 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

a(1) 

a(2) 

a(3) 

b(1) 

a(4) 

a(5) 

a(10) 

a(11) 

a(12) 

a(13) 

a(14) 
a(6) 

a(7) 

a(8) 

a(9) 

Fig. 3. – A graph constructed according to Example 2 
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The permutation of the project jobs   9 6iia  and   14
10iia  and the addition of the 

fictional job b(1) between a(5) and a(10) does not change the other blocks of the 

matrix of directly precedence S, setting the proper ordering of a united set of jobs 

    14
11  iiab  and turning the block A[5×9] to the 2×2-blocked 6×10-submatrix 

                   
 
 
 
 
 
  11110000001

11110000005

11110000004

00001111113

00001111112

00001111111

987614131211101

b

a

a

a

a

a

aaaaaaaaab

 

with two 3×6- and 3×4- unit blocks in broken chain of non-zero blocks above the 

main diagonal of the matrix S. 

Example 3.  

Note that the permutation of the project jobs   5 1iia , as well as   14
6iia , does not 

change the accuracy of ordering. For example, a permutation of the jobs   14
6iia  of 

the Example 2 can get another 2×2-blocked 5×9-matrix of directly preceding of the 

jobs   14
6iia  by the jobs   5 1iia  

 

























11111

11111

0000

0000

11111

11111

11111

1111

1111

1111

95A , 

which, after the union of events (Fig. 4) 

vк(a(1))=vк(a(2))=vк(a(3))=vн(a(6))=vн(a(7))=vн(a(8))=vн(a(9)), 

vк(a(4))=vк(a(5))=vн(a(10))=vн(a(11))=vн(a(12))=vн(a(13))=vн(a(14)) 

and after the introduction of additional (fictional) job b(1), stored directly preceding 

of the jobs   9 6iia  by the jobs   3 1iia , the jobs   14
10iia  by the jobs   5 4iia  and 

non-directly preceding and the jobs   14
10iia  by the jobs   3 1iia  corresponds to the 

following sub-boxes (Fig. 4). 

Adding of the fictional job b(1) between a(5) and a(6) does not modify other 

blocks of the matrix of direct precedence S, establishing the correct sequencing united 

plurality of the jobs     14
11  iiab  and turning the block A[5×9] to 2×2-blocked 

6×10-submatrix 
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                   
 
 
 
 
 
  11111000001

11111000005

11111000004

00000111113

00000111112

00000111111

141312111098761

b

a

a

a

a

a

aaaaaaaaab

 

with two 3×5-unit blocks in broken chain of the non-zero blocks above the main 

diagonal of the matrix S. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

4. Algorithm of adding of the fictional jobs  

We give universal algorithm for adding the required number of fictional jobs 

  Pia  , i≥k+1. 

Consider the non-zero non-trivial block A[i×j] of the rows    il
lu

def

uaB

  and the 

columns    jil
ilu

def

uaC

 1 , 






1

1

t

u
uil , 1≤i=it, 1≤j=jt, 2≤t≤r–1, of the project jobs in 

the continuous chain   r
ttt jiA

1
  blocked chained matrix of directly precedence S. 

We consider the set of previous project jobs B as the factor-set of the relationship of 

equality of the rows of the matrix A[i×j]. Then the relationship of direct sequence s*–

1 determines the one-to-one mapping 

s*^-1: 2^C→2^C 

on the set of all subsets of C. At the closure D of the image  Cs 2* 1  of her step-

intersection subsets ∩ build the oriented tree of the relation 

DDD  21,  (D1→D2 
def

  12 DD  ), 

a(1) 

a(2) 

a(3) 

b(1) 

a(4) 

a(5) 

a(6) 

a(7) 

a(8) 

a(9) 
a(10

) 

a(11

) 
a(12

) 
a(13

) 
a(14

) Fig. 4. – A graph constructed according to Example 3 
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excluding the empty set  . Arcs of this tree are the desired fictional jobs you needed 

to build the subgraph G(A[i×j]), binding the project jobs CB . Therefore, it 

completed the construction of sub-graph for non-trivial block in the Case 2. 

As is a tree, the subgraph G(A[i×j]) is planar, and the number of passing ways of 

the project P through the block A[i×j] is equal to i×j. 

Thus, the total number M of the full paths of the project P is 

 






r

t
t

r

t
t jiM

2

1

1
. 

5. Completion of construction of the project’s graph  

Now from the resulting subgraphs     1

2






r

ttt jiAG  we may form the graph 

G(V,R) of the project P. For this the initial vertex of starting jobs the initial vertex of 

the whole project, and the finishing jobs must be joined to the ending vertex of the 

project. Then all the end vertices of the block A[i1×j1] will be the initial vertex of the 

block A[i2×j2], and then to the endpoints of the block A[ir-1×jr-1], which became the 

initial vertex of the block A[ir×jr]. 

This shows that, in any case, at least with the addition of some fictional jobs, the 

project’s graph will be built. 
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