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Abstract. In the paper, an application of dynamic programming approach for
optimization of association rules from the point of view of knowledge represen-
tation is considered. Experimental results present cardinality of the set of asso-
ciation rules constructed for information system and lower bound on minimum
possible cardinality of rule set based on the information obtained during algo-
rithm work.
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1 Introduction

Association rules are popular form of knowledge representation. They are used in vari-
ous areas such as business field for decision making and effective marketing, sequence-
pattern in bioinformatics, medical diagnosis, etc. One of the most popular application
of association rules is market basket analysis that finds associations between different
items that customers place in their shopping baskets.

There are many approaches for mining association rules. The most popular, is Apri-
ori algorithm based on frequent itemsets [1]. During years, many new algorithms were
designed which are based on, e.g., transaction reduction [2], sampling the data [13], and
others [7,9].

The most popular measures for association rules are support and confidence, how-
ever in the literature many other measures have been proposed [8, 9]. In this paper, we
are interested in the construction of rules which cover many objects. Maximization of
the coverage allows us to discover major patterns in the data, and it is important from the
point of view of knowledge representation. Unfortunately, the problem of construction
of rules with maximum coverage is /N P-hard [6]. The most part of approaches, with
the exception of brute-force and Apriori algorithm, cannot guarantee the construction
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of rules with the maximum coverage. The proposed dynamic programming approach
allows one to construct such rules.

Application of rough sets theory to the construction of rules for knowledge repre-
sentation or classification tasks are usually connected with the usage of decision ta-
ble [12] as a form of input data representation. In such a table, one attribute is distin-
guished as a decision attribute and it relates to a rule consequence. However, in the
last years, associative mechanism of rule construction, where all attributes can occur as
premises or consequences of particular rules, is popular. Association rules can be de-
fined in many ways. In the paper, a special kind of association rules is studied, i.e., they
relate to decision rules. Similar approach was considered in [10, 11], where a greedy
algorithm for minimization of length of association rules was studied. In [15], a dy-
namic programming approach to optimization of association rules relative to coverage
was investigated.

When association rules for information systems are studied and each attribute is
sequentially considered as the decision one, inconsistent tables are often obtained, i.e.,
tables containing equal rows with different decisions. In the paper, two possibilities of
removing inconsistency of decision tables are considered. If in some tables there are
equal rows with, possibly, different decisions, then (i) each group of identical rows is
replaced with a single row from the group with the most common decision for this
group, (ii) each group of identical rows is replaced with a single row from the group
with the set of decisions attached to rows from the considered group. In the first case,
usual decision tables are obtained (decision tables with single-valued decisions) and, for
a given row, we should find decision attached to this row. In the second case, decision
tables with many-valued decisions are obtained and, for a given row, we should find an
arbitrary decision from the set of decisions attached to this row.

For each decision table obtained from the information system, we construct a system
of exact rules in the following way: during each step, we choose a rule which covers
the maximum number of previously uncovered rows. We stop the construction when all
rows of the table are covered. If the obtained system of rules is short enough, then it
can be considered as an intelligible representation of the knowledge extracted from the
decision table. Otherwise, we can consider approximate rules, and stop the construction
of the rule system when the most part of the rows (for example 90% of the rows) are
covered.

In [4], the presented algorithm was proposed as application for multi-stage opti-
mization of decision rules for decision tables. We extend it to association rules. The
presented algorithm can be considered as a simulation of a greedy algorithm for con-
struction of partial covers. So we can use lower bound on the minimum cardinality for
partial cover based on the information about greedy algorithm work which was obtained
in [10].

The paper consists of five sections. Section 2 contains main notions. In Sect. 3, al-
gorithm for construction of system of association rule systems is presented. Section 4
contains experimental results for decision tables from UCI Machine Learning Reposi-
tory, and Section 5 — short conclusions.
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2 Main Notions

An information system I is a rectangular table with n+1 columns labeled with attributes
fi,---, fnt+1. Rows of this table are filled by nonnegative integers which are interpreted
as values of attributes.

An association rule for [ is a rule of the kind

(fio =a) N A (fi, =am) = fi=a,
where fj € {fla"'afn-l-l}’ fila"'vfim € {fla"'afn+1}\{fj}’ and a,a1,. .. ,am

are nonnegative integers.

The notion of an association rule for I is based on the notions of a decision table
and decision rule. We consider two kinds of decision tables: with many-valued decisions
and with single-valued decisions.

A decision table with many-valued decisions T is a rectangular table with n columns
labeled with (conditional) attributes f, . .., f,,. Rows of this table are pairwise different
and are filled by nonnegative integers which are interpreted as values of conditional
attributes. Each row r is labeled with a finite nonempty set D(r) of nonnegative integers
which are interpreted as decisions (values of a decision attribute). For a given row r of
T, it is necessary to find a decision from the set D(r).

A decision table with single-valued decisions T is a rectangular table with n
columns labeled with (conditional) attributes fi,...,f,. Rows of this table are pair-
wise different and are filled by nonnegative integers which are interpreted as values of
conditional attributes. Each row r is labeled with a nonnegative integer d(r) which is
interpreted as a decision (value of a decision attribute). For a given row r of T, it is
necessary to find the decision d(r). Decision tables with single-valued decisions can
be considered as a special kind of decision tables with many-valued decisions in which
D(r) = {d(r)} for each row r.

For each attribute f; € {f1,..., fns1}, the information system I is transformed
into a table If,. The column f; is removed from I and a table with n columns labeled
with attributes f1,..., fi—1, fi+1,---, fnt1 is obtained. Values of the attribute f; are

attached to the rows of the obtained table Iy, as decisions.

The table I, can contain equal rows. We transform this table into two decision
tables — with many-valued and single-valued decisions. A decision table ;" with
many-valued decisions is obtained from the table I, by replacing each group of equal
rows with a single row from the group with the set of decisions attached to all rows
from the group. A decision table I $7Y with single-valued decisions is obtained from
the table Iy, by replacing each group of equal rows with a single row from the group
with the most common decision for this group.

The set {I}"",..., I3"" "} of decision tables with many-valued decisions obtained

from the informatlon system [ is denoted by ™~V (I). We denote by $°~?(I) the set
{I J“Z'l_’“, . A 5;”1} of decision tables with single-valued decisions obtained from the
information system . Since decision tables with single-valued decisions are a special
case of decision tables with many-valued decisions, we consider the notion of decision
rule for tables with many-valued decisions.
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Let T € ™ "(I). For simplicity, let ' = I ;ZZ:J The attribute f,,11 will be con-
sidered as a decision attribute of the table 7'. We denote by Row(T') the set of rows of
T. Let D(T) = U, ¢ pow(r) D(7)-

A decision table is called empty if it has no rows. The table T is called degenerate if
it is empty or has a common decision, i.., (), c gy (1) D(r) # 0. We denote by N(T')
the number of rows in the table 7" and, for any ¢ € w, we denote by N;(T') the number
of rows 7 of T such that ¢ € D(r). By mcd(T) we denote the most common decision
for T which is the minimum decision ¢¢ from D(T") such that Ny, (T') = max{N(T) :
t € D(T)}. If T is empty then med(T) = 0.

For any conditional attribute f; € {f1,..., fn}, we denote by E(T, f;) the set of
values of the attribute f; in the table 7. We denote by E(T) the set of conditional
attributes for which |E(T, f;)| > 2.

Let T" be a nonempty decision table. A subtable of T is a table obtained from 7" by
the removal of some rows. Let f;,,..., fi. € {f1,...,fntand ai,...,amn € w where
w is the set of nonnegative integers. We denote by T'(f;,,a1) ... (fi,,, am) the subtable
of the table 7" containing the rows from 7" which at the intersection with the columns
firs- -, fi,, have numbers a4, .. ., a,,, respectively.

As an uncertainty measure for nonempty decision tables we consider relative mis-
classification error rme(T) = (N(T') = Nyeaer)(T)) /N (T') where Ny, cq¢r)(T) is the
number of rows r in 7" containing the most common decision for 7" in D(r).

A decision rule over T is an expression of the kind

(fil :a'l)/\"'/\(fim:am)%fn-l-lzt ()

where fi,..., fi,, € {f1,..., fn},and a1, ..., am,t are numbers from w. It is possi-
ble that m = 0. For the considered rule, we denote 7° = T, and if m > 0 we denote
T) = T(fi,,a1) ... (fi;»a;j) for j = 1,...,m. We will say that the decision rule (1)
covers the row r = (by,...,b,) of T if r belongs to T™, i.e., b;, = a1,...,b;,, = am.

A decision rule (1) over T is called a decision rule for T if t = med(T™), and if
m > 0, then 79! is not degenerate for j = 1,...,m, and f;, € E(T7~'). We denote
by DR(T) the set of decision rules for T

Let p be a decision rule for 7' which is equal to (1). The value rme(T,p) =
rme(T™) is called the uncertainty of the rule p. Let « be a real number such that
0 < a < 1. We will say that a decision rule p for T is an a-decision rule for T if
rme(T, p) < a. If & = 0 (in this case, for each row r covered by p, the set D(r) con-
tains the decision on the right-hand side of p) then we will say that p is an exact rule.
We denote by DR, (T) the set of a-decision rules for T'.

3 Algorithm for Construction of Association Rule System

a-Decision rules for tables from @™~V (I) can be considered as «-association rules
(modification for many-valued decision model) for the information system I. a-
Decision rules for decision tables from ¢*~¥(I) can be considered as «-association
rules (modification for single-valued decision model) for the information system I. In
this section, we consider an algorithm for construction of an association rule system for
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I in the frameworks of both many-valued decision model and single-valued decision
model. Since decision tables with single-valued decisions are a special kind of deci-
sion tables with many-valued decisions, we will discuss mainly many-valued decision
model.

LetT =1 }’:;“ Let S be a nonempty finite set of a-decision rules for 7" (system of
a-decision rules for T'), and ( be a real number such that 0 < g < 1. We say that S is
a (-system of a-decision rules for T if rules from S cover at least (1 — )N (T) rows
of T

We describe an algorithm a-(3-Rules which, for a decision table 7', and real numbers
aand 3,0 < a < 1,and 0 < B < 1, constructs a $-system of a-decision rules for 7'
During each step, we choose (based on a dynamic programming algorithm [4]) a deci-
sion rule which covers maximum number of uncovered previously rows. We stop when
the constructed rules cover at least (1 — 3) N (T') rows of T'. We denote by Rule, g(T)
the constructed system of rules.

We denote by C(T,«, 3) the minimum cardinality of a 8-system of a-decision
rules for T It is clear that C (T, o, §) < |Ruleqy g(T")|. Using information based on the
work of algorithm «-(3-Rules, we can obtain lower bound on the parameter C(7T', «, (3).
During the construction of (-system of a-decision rules for 7, let the algorithm «-
[B-Rules selects consequently rules pq,...,p:. Let By,..., B be sets of rows of T’
covered by rules p1, ..., p;, respectively. Set By = 0, 6o = 0 and, fori = 1,...,¢,
set §; = |B; \ (Bo U...U B;_1)|. The information derived from the algorithm’s work
consists of the tuple (d1,. .., d) and the numbers N (7') and .

From the results obtained in [10] regarding a greedy algorithm for the set cover
problem it follows that C (T, «, 8) > I(T, c, 3) where

1T 0,3) = e { [ LEZAREL 0005 o),

dit1

Using algorithm «a-3-Rules, for each decision table T € &™ ¥(I), we con-
struct the set of rules Rule, g(T'). As a result, we obtain the system of rules (-
association rules for the information system I — modification for many-valued deci-
sion model) Ruley 5" (1) = Upegm-v (1) Ruleq,s(T). This system contains, for each
T € ¢™~V(I), a subsystem which is a -system of a-decision rules for 7. We denote
by C™~Y(I, a, 3) the minimum cardinality of such system. One can show that

L™, ) < C™ (1o, f) <U™ (L, v, B),

Lmiv(Iv a, ﬁ) = ZTG@’"*“(I) Z<T7 a, ﬁ) and Umiv(L a, ﬂ) = Rulezgv(f) .

We can do the same for the set $°~7(I) of decision tables with single-valued deci-
sions. As a result, we obtain the system of rules («-association rules for the information
system I — modification for single-valued decision model) Rule;, 5 (I) = Upegs—» (1)
Rule,, 3(T") which contains, for each T' € ¢*~(I), a subsystem which is a 3-system of
a-decision rules for T'. Denote C*~¥(I, «, 3) the minimum cardinality of such system.
One can show that

L7, B) < C°70(1, 0, B) < UPTY(1, o, B),
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Table 1. Total number of rules (upper bound / lower bound)

Information system|Rows|Attr|— & : 0,5 = 0_ . . o= F]'J' g= (}:2,
single-val | many-val || single-val | many-val
¢ — T —
adult-stretch 16 5 11/,--"' 10 9 " q 11'/,--" 10 v g
balance-scale 625 | 5 R47 {507 _—"11390 _— 50 T
B _—" 709| _—" 372|| _~— 364 — 28
breast-cancer 266 | 10 1({%”7/;;0 ﬂsf,.-"s'gz 40—1'"'/"7'(;8 363/',.1- ;0
3 . 136 _ 358 _— 62 _—]51 _—
cars ‘ "llL—"2a7] — 203 — 41| — a3
e - [|[169 _—"|161 _—"[[115 _—"|105
hayes-roth-data 69 5 ’/',,- 17| _—105|_—" 73 ’/',-- 68
T — 95 — 1= —115 —
lenses 24 5 23/--"’ 18 2"’/.-"’ 16 II/,.-" 10/,.-" 12
monks-1-test 432 | 7 JU-""'/‘J'G 4[]/.-" '.’3'6 JO__,,.-"";T 3t a7
monks-3-test 432 | 7 36 o '5[] 22 """/1'9 20",--""_;'1 16/,.-"";4
shuttle-landing 15 T 4'r",.-"' 95 42 a3 3(}//,, 21 ‘I/,-"' 20
teeth e I R e ] L
) 5186 _—|5186_—[1508_— 1508 _—

1 _: Y 0as - o T T
tic-tac-toe 058 | 10 12| a2l —"7ar| _—"rar
5 E — 5 | 4C P
zoo-data 50 | 17 150 24 14:‘,,.-"’ 70 ‘Jl’,,.-"' a7 4{',--"' 97

L1, B) = oo UT, 0, 8) and U~ (1,0, 8) = | Rute 3 (1)

4 Experimental Results

Experiments were made using data sets from UCI Machine Learning Repository [5]
and software system Dagger [3]. Some decision tables contain conditional attributes
that take unique value for each row. Such attributes were removed. In some tables, there
were equal rows with, possibly, different decisions. In this case each group of identical
rows was replaced with a single row from the group with the most common decision
for this group. In some tables there were missing values. Each such value was replaced
with the most common value of the corresponding attribute.

Prepared 12 data sets were considered as information systems. Table 1 contains
name (column “Information system”), number of rows (column “Rows”), and number
of attributes (column “Attr”) for each of the considered information systems. Table 1
presents also upper / lower bounds (see descriptions at the end of the previous section)
on C™ (1, a, 3) (column “many-val”) and on C*~Y(I, r, 3) (column “single-val”)
for pairs (¢« = 0, # = 0) and (o = 0.3, § = 0.2).

We can see that, for tables with many-valued decisions, upper and lower bounds
on the number of rules are less than or equal to the bounds for decision tables with
single-valued decision. We considered a threshold

30 x (number of attributes)
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Table 2. Total number of rules for information system balance-scale with 5 attributes

Single-valued decisions Many-valued decisions

AN 0 0.1 0.3 5 o 0 0.1 0.3
BIT _— |73 _— 670 _— 507 _— 433 _—|330 _—
O | _—"700| _—667|_— 606 0 | _—~"ara| —"a31| _—270
0.01 833690 ,0360 606592 0.01 433359 4317 16 56
005 772|608 _—|505 _— 0.05 137 _—|358 _—|285 _—
2" 634| _—" 592| _— 531 P " 298| _— 236| _— 195
01 |93 _—610 _—[516 _— 01 1338 _— 27— _—
1| 855 516 _— 463 o190 " 180] _—" 127
614 _—]5a0 _—JdaTr _— 374|200 _— |07 _—
015" —~4oo| _—460| _— 414 015" 13| _—124| _— 7
0o P31 _— 160 __—[390 __— 0o |01 _—120 __—50 __——
| aa| 7 a04] 7 364 < "8 _—" e8] _— 28

as a reasonable upper bound on the number of rules if a system of rules is used for
knowledge representation. In the case « = 0 and 3 = 0, the threshold is exceeded
for five information systems (see numbers in bold): balance-scale, breast-cancer, cars,
hayes-roth-data, and tic-tac-toe. The consideration of approximate rules and partial cov-
ers can improve the situation. In the case &« = 0.3 and 8 = 0.2, the threshold is ex-
ceeded for three information systems (balance-scale, breast-cancer, and tic-tac-toe) if
we consider decision tables with single-valued decisions and for two information sys-
tems (breast-cancer and tic-tac-toe) if we consider decision tables with many-valued
decisons.

For four information systems (balance-scale, breast-cancer, cars, and hayes-roth-
data), upper / lower bounds on C™ ¥(I,«,3)) and on C* Y(I,a,f3)) for § €
{0,0.01,0.05,0.1,0.15,0.2} and & € {0,0.1,0.3} can be found in Tables 2, 3, 4, and
5.

5 Conclusions

In the paper, an algorithm for construction of association rule system is proposed. It sim-
ulates the work of greedy algorithm for set cover problem. Experimental results present
cardinality of the set of association rules constructed for information system and lower
bound on minimum possible cardinality of such set based on the information about the
algorithm work. In the future, the length of constructed association rules will be stud-
ied also. We are planning to extend an approach proposed in [14] for decision rules to
construction of association rule systems. This approach allows one to construct rules
with coverage close to maximum and requires less time than the dynamic programming
approach.
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Table 3. Total number of rules for information system breast-cancer with 10 attributes

Single-valued decisions

Many-valued decisions

[= . o
p 0 0.1 0.3 8 0 0.1 0.3
0 |[1027 905 786 0 | 052 716
570 550 439 522 512 400
1007 975 766 064 032 736
0.01 556 546 124 0.01 506 108 85
0.05]°75 873 665 0,05/ 552 830 635
o 406 485 264 e 446 438 326
R 753 562 o1 |74 710 532
: 426 416 206 : 383 376 261
015|652 660 178 01565 622 170
2 369 361 246 e 335 327 212
0o |79 574 401 0o 762 510 362
: 391 314 208 : 205 288 180
Table 4. Total number of rules for information system cars with 7 attributes
Single-valued decisions Many-valued decisions
¥ . o
p 0 0.1 0.3 5 0 0.1 0.3
0 |6 110 301 PR EES 350 304
237 235 204 203 203 170
308 306 310 320 317 273
0.01 213 212 181 0.01 183 183 150
0.05]267 263 291 0.051218 218 17d
2 136 135 107 2 112 112 82
01 1152 152 133 o1 |24 124 104
: 102 102 74 . 85 85 57
01511 111 a2 01593 03 73
e 72 72 56 e 60 60 45
! 71 62 64 [ 51
0.2 42 42 41 0.2 a4 24 23
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Table 5. Total number of rules for information system hayes-roth-data with 5 attributes

Single-valued decisions Many-valued decisions
x p [
p 0 0.1 0.3 8 0 0.1 0.3
o |19 169 169 _— o |61 _— 161 _—[150
e P e _—105| — 105 104
160 _—|169 _—|160 _— 61 _—|161 _—|150 _—
001" 17| _—"117|_— 117 001" —"105| _—105| _— 104
_|158 158 _—]158 _— 150 150 _—|1d8 _—
0.05 108|_— 108]_— 108 005 —"96) — 96| — 95
ol 183 113 i3 _— o1 135 _— 135 133 _—
" o5~ 05~ o5 " 85 85— 84
oa® 18— |18 _— 015120 _—— 120 _— 118 _—
7 83— 83— 83 P " 75| _—" 75— 75
115 _—]115 _—]115 _— 07 |07 _— 105 _—
021 | — 13— m 02| —" 60| — 60| — &8
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