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Abstract. An optimal control problem for a nonlinear steady-state heat trans-
fer model accounting for heat radiation effects is considered. The problem con-
sists in minimization of a given cost functional by controlling the sources in the
heat equation. The solvability of this control problem is proved, optimality con-
ditions are derived, and an iterative algorithm for solving the optimal control
problem is constructed.
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1 Introduction

The interest in studying problems of complex heat transfer (where the radiative, convec-
tive, and conductive contributions are simultaneously taken into account) is motivated
by their importance for many engineering applications. Here, the following examples
can be mentioned: modeling and predicting the heat transfer in molten glass [1-3],
nanofluids [4, 5], etc.

A considerable number of works devoted to optimal control problems of complex
heat transfer models consider the evolutionary systems (see, e.g., [1-3,6-10]). In the
mentioned works, the radiation transfer is described by steady-state radiative transfer
equation. The temperature field is simulated by the conventional evolutionary heat
transfer equation with additional source terms describing the contribution of the ra-
diative heat transfer.

Theoretical analysis of optimal control problems for steady-state systems of com-
plex heat transfer with source terms in the heat equation is an open question. It is
worth to mention the work [11], where the problem of optimal boundary multiplicative
control for a steady-state complex heat transfer model was considered. The problem
was formulated as the maximization of the energy outflow from the model domain by
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controlling reflection properties of the boundary. On the basis of new a priori estimates
of solutions of the control system, the solvability of the optimal control problem was
proved. The main result there was the proof of an analogue of the bang-bang principle
arising in control theory for ordinary differential equations.

In this paper, an optimal control problem of obtaining a desired temperature
and(or) radiative intensity distributions in a part of the model domain by control-
ling the sources in the heat equation is considered. Analogous problems appear in
many engineering applications and draw attention of many researchers. For example,
similar optimal control problems for non-stationary complex heat transfer models were
studied in [1-3, 8] in context of glass manufacturing. In the current work, the optimal
control problem for a steady-state model is studied. The solvability of this problem is
proved, and an optimality system is derived. Moreover, an iterative algorithm based
on the gradient descent method is constructed, and results of numerical experiments
are presented.

2 Problem formulation

The following steady-state normalized diffusion (P;) model (see [12-15]) describing
radiative and conductive heat transfer in a bounded domain 2 C R3 is under consid-
eration:
—a0 + bra(1016° — @) = u, —alp + kel —|0]6%) =0, (1)
ad,0 + B0 = 0p)[r = 0, adup+ (0~ [6,]63)[r = 0. (2)
Here, 0 is the normalized temperature, ¢ the normalized radiation intensity averaged
over all directions, and k, the absorption coefficient. The physical sense of the param-
eters a, b, a, B, v can be found in [13-15]. The control function u describes the internal
sources of heat. The symbol 9,, denotes the derivative in the outward normal direction
n on the boundary I" := 9.

The problem of optimal control consists in the determination of functions u, €, and
¢ which satisfy the conditions (1), (2) and minimize a cost functional J,(6, ¢, u), i.e.

T (0, 0,u) = J(0,0) + gHuH%z(Q) — inf, u € Upg. (3)
Here, Uyq C L*(£2) is the set of admissible controls, p > 0 is a given cost parameter.
In particular, the functional J can describe the L?-deviation of the temperature and

radiation fields from prescribed distributions, say 64 and 4. Thus, e.g.
J(0,0) = ag |0 = 0al|72 () + ap I — wal T2 ()
where ap and a, are nonnegative weights.

3 Formalization of the optimal control problem

Suppose that the model data satisfy the following conditions:
(i) B,y e L>(I), B> Po>0,v2> >0, o, = const, 0, € L>(I');
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(14) Uqq is a closed convex set; U,q is a bounded set, if u = 0;
(ii1) The cost functional J : H(£2) x H'(2) — R is weakly lower semicontinuous and
bounded from below.
Here and further, the Sobolev space W3 ((2) is denoted by H*({2), s > 0, and (f,g)
and ||f|| denote respectively the inner product and the norm of the space L?({2).
Denote H = L?(2), V = HY(2), Y = V x V. Identifying H with the dual space
H' yields the Gelfand triple V.C H = H' C V'. Let the value of a functional f € V'
on an element v € V' be denoted by (f,v). Notice that (f,v) is the inner product in H
if f and v are elements of H.
Assuming that 6, ¢, v are arbitrary elements of V', define operators and functionals
A1, As: V = V' f g €V’ by the following relations:

(A10,v) = a(V0,Vv) —|—/ BOvdI,  (Azp,v) = a(Ve, Vo) +/ ypvdl,
r r

(F0) = [ Bowal, (g.0) = [ Alo6podr:
r r
A pair {0, ¢} € V is called weak solution of the problem (1), (2) if
A0+ brea (1816° — @) = £+, Asp + Koo — 106%) = g. (4)

The optimal control problem consists in the minimization of a functional J,, defined
on solutions of system (4) provided that u € U,q. That is,

Ju(8,0,u) — inf, {60, ¢} are solutions of (4) yielded by u € Usq. (5)

A pair {@\, ©} minimizing J,, and corresponding to a function @ is called optimal state,
and u is called optimal control.

4 Solvability of the optimal control problem

To prove the solvability of the problem (5), establish some properties of the boundary
value problem (1), (2).

Lemma 1. If the conditions (i) hold and u € Uygq, then for a weak solution, {0, ¢}, of
the problem (1), (2) the following estimate is true:

1613 + llelly < C. (6)
Here, a positive constant C depends only on a, b, a, ka, 8, v, ||u||, and 2.
Proof. Let hy(s) := |s|Psigns, p > 0, s € R. Denote 1 = hy/4(p) and, for € > 0, define
Y1 —€, @1>¢6,

We = 07 ‘Soll S g,
p1+e, 1 < —¢.
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Notice that if ¢ € V, then ¢; € L?*(02), ¢1|r € L**(I"), w. € V, and

Vw,

R 1 R P P
410, otherwise.

It is important that

/F pwedl” — rg(ha(8) — ,102) — (g,we) =
= /Fv(w — ha(0p))p1dD" — Ka(ha(0) — @, 01) +ce. (7)

In this expression |c.| < Ce, where C > 0 does not depend on e.

Multiply, in the sense of the inner product of H, the first equation of (4) by 6, the
second equation by bw,, and add the equalities. Then, taking into account monotonicity
of (ha(0) — ©)(0 — hi/4(w)) > 0, we obtain the inequality

1
a||V9||2+/ 602df+—6ab |w|2dx+b/ yip2dl’
r 25 |w|>55/2 I

< (f—i—u,&)—|—b/F7h4(9b)<pldF—bc€. (8)

Here, 1) = hs/3(¢), ¢1 = ha5(¢). Passing to the limit in inequality (8) as e — 40, we
obtain ¥ € V and

k01 + ka3 < [(f + w, 0)] +b/F7\h4(0b)hz/s(¢)ldF- (9)

Here, k1 = min{a, Bo}, k2 = bmin{%a, Yo }. The norm in the space V is defined by the
following equality:

Jolfy = Ivel + [ o2ar.
r
Taking into account the continuity of the trace operator from V into L?(I"), we obtain
from (9):
181 + 16l < K (I1F + ulld + 10le ) - (10)

Here, K depends only on a, o, b, 8o, Y0, ||| z>(r), and the domain 2.

The estimate of ||f]|y allows to obtain the estimate of ||¢|y. Multiplying the
second equation of (4) by ¢ in the sense of the inner product of H, and denoting
k3 = min{«, v}, we obtain the inequality

Fallol2 + rallol® < ol (ha(6), )] + /F +|ha(8y)ldT.

Using Holder and Young inequalities with parameter § > 0, we estimate:

) 1
|(ha(8), )| < 5”‘?”%3(9) + 2*5”9”?:6(9)7
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1) 1
/F7|h4(9b)90\dp < ¥llzo(ry <2||80||2L4(r) + 25||9b||?;16/3(r)) .

Taking into account the continuity of the embedding of V into L®(§2), the continuity of
the trace operator from V into L*(I"), and a sufficiently small 6, we obtain the estimate

of [leflv

el < K2 (106171673 + 16113 ) - (11)
()

Here, K3 depends only on «, Yo, Ka |||z (), and the domain (2. The estimates (10)

and (11) prove the lemma. O

On the base of the estimate (6), similarly as in [11], the solvability of the problem
(5) is proved.

Theorem 1. If the conditions (i)—(iii) hold, then there exists at least one solution of
the problem (5).

5 The necessary conditions of optimality

To derive optimality relations, add to conditions (¢)-(i4i) the following assumption:
() J : Y — R is Fréchet differentiable.

Introduce a constraint operator F : Y x H — Y' as follows:
Fly,u) = {10+ bra(016° — 0) — [ — 1w, Asp + ralio — 016%) — g},
where y = {0,p} €Y, u e H.
Lemma 2. For anyy €Y the map F, : Y — Y is epimorphic, Im F, =Y'.

Proof. Equation Fjq = z = {z1,22} € Y' is equivalent to the following boundary value
problem:

Arqr + bra (40P g1 — q2) = 21, Asge + Ka(g2 — 41012 q1) = 22, ¢ = {q1, @2} € Y. (12)

To prove the solvability of a Fredholm problem (12), it suffices to prove the uniqueness
of its solutions. Let signs = s/|s|, if s # 0, sign0 = [—1,1]. Let us consider the
function us which is regularization of multivalued function sign, us(s) = s/|s|, if |s| > 6,
us(s) = s/, if |s| < 0.

Let z = 0, h = 4/0|>. Multiplying, in the sense of the inner product of H, the first
equation of (12) by us(q1), the second equation by bus(g2), and adding these equalities,
we obtain

(A1qr, ps(qr)) + b(A2qa, p1s(g2)) + bra(hqr — ga, ps(q1) — ps(gz)) = 0.

Notice that

(A1q1, 15(q1)) :G(VQ1,MS(Q1)VQ1)+/FﬁCI1M6(C]1)dFZ/Fﬁqm(s(ch)df-
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and

(Azqz,ua(qz))ZQ(VQQ,MS(QQ)qu)Jr/quus(%)dfz/qua(qz)dﬂ
I I

Therefore,

/Fﬂqlua(ch)df + b/Fquua(qz)dF + bka(hqr — q2, s(q1) — ps(q2)) < 0. (13)

Passing to the limit as § — 0, from inequality (13), we obtain

/ﬂIQ1\dF+b/ Ylg2|dI™ + brq(hgr — go, sign g — signgz) < 0.
I I

From monotonicity of the function sign, it follows the conditions 1| = g2| = 0.
Further, notice that Ayq; + bAzqs = 0. Scalarly multiplying this equation by aq; +
abgs, and taking into account zero boundary values of qi,q2, we obtain ||V(ag +

abgs)||? = 0. Hence, ag; + abga = 0. Therefore,
a(Vq1, Vv) + brg((h + a/ab)g,v) =0 Yo e V. (14)
Assuming v = ¢; in (14), we obtain ¢; = 0, and therefore g = 0. O

Applying the principle of Lagrange for smooth convex extremal problems [16], we
can prove the following result.

Theorem 2. Let y = {5, P} €Y, U € Uy be a solution of the control problem (5).
Then there exists an adjoint state p = {p1,p2} € Y such that the triple {y, u, p} satisfies
the conditions

Arpr + 48P ko (bpr — p2) = —J§(@), Aspa + kalpz —bp1) = —JLG),  (15)

(uu —p1,v—u) >0, Yo € Ugq. (16)

6 Example of optimality system

Let G2 C {2 be subdomains of 2. Consider the following cost functional:
1 2 1 2
G1 G2
where 64 € L?(G1) and ¢4 € L*(Gs) are given functions. It is easy to see that

(Jo(0,0),m) = /(9 —Oa)ndz,  (J,(0,9),n) = /(tﬂ — wa)ndz, nev.
Gy G2
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In this case, if Uyq = L%(£2) and p > 0, the optimality system assumes the form

— a0+ bro(|0)0° — 3) =4, —aAG+ k(@ — |0)6°) =0,
a0,0+ B0 — 0,)|r =0, aduP+7(B—10,/63)r =0, (18)

— alpy + 4/<a|§|3(bp1 —p2) = —X& (5— 04),
— aApy + Ka(p2 — bp1) = =X, (8 — @a),
alpp1 + Bpilr =0, adpp2 +7p2lr =0, (19)

and u = py/p.
Here, x¢, , are the characteristic functions of the subdomains G' 2, respectively.

7 Iterative algorithm

For the numerical solution of the optimality system (18), (19), we can apply the method
of gradient descent:

Upt1 = Uk — Ak (uuk 7p§k)) , k=0,1,2,..., where ug € H is given.

Here )\ > 0 is a step size, p*) = {pgk),pgk)} is a pair satisfying the system (18), (19),
where U 1= uy.
If U,q # H we can apply the gradient projection method (see, e.g, [17]):

uk+1 = Py, (uk — Ak (uuk —pgk))), k=0,1,2,...,

where Py, , : H — U,q is the projection operator.

The method of choosing the step size Ay is adjusted as required for decreasing the
cost functional. Unlike methods based on the Armijo rule, this method does not need an
inner loop for adjustment of A, that requires computing the value of J and, therefore,
solving the problem (18).

~

Define J(u) = J,(6(u), ¢(u), u), where {6(u), ¢(u)} is a solution of system (4). The
method is as follows. If f(ukH) > f(uk), then return back to the control u; and reduce
Ax by a factor of 2. Additionally, if j(u1€+1) < j(uk), k=ss+1,...,8+mg—1,
then Ay is increased by a factor of 2. Here, my > 1 is a prescribed integer parameter of
a quantity of decreases of the cost functional, which is enough for increasing the step
size Ap.

The pseudocode of the algorithm is presented below.
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Algorithm 1: Gradient descent method with a variable step size

Choose the parameters \g and my.

Choose the initial guess ug.
cost_func_decreases + 0;

for £+ 0,1,2,... do

For the given wuy, find {0k, vi} from (18).

~

Compute J(ug).
if k> 1 and J(ug) > J(ugp_1) then
Ug < Uk—1;
)\k < )\k71/2;
pk) — plk=1),
cost_func_decreases < 0;
else
if £ > 1 then
L cost_func_decreases < cost_func_decreases + 1;
Find p® from (19).
if cost_func_decreases = mg then
)\k — 2)\k—1§
cost_func_decreases + 0;
else
if £ > 1 then
L RV RSP

upy1 < Pu,, (uk — Ak (Muk - p(1k)>);

8 Numerical example

Consider an example for the two-dimensional domain 2 = {(z,y): 0 < z,y < L}
which can be interpreted as a long rectangular channel in the three-dimensional space.
The parameters values are taken as follow: L = 10 [cm], o = 3.3... [cm], k, = 0.01
[em™!], B =1.5 [em/s], and v = £/2(2 — ¢), where € = 0.7 is the emissivity coefficient
of the boundary. The thermodynamical characteristics of the medium correspond to
air at the normal atmospheric pressure and the temperature of 400 °C. The maximum
temperature is chosen as Tyax = 773 K. This yields a = 0.92 [em?/s] and b = 18.7
[cm/s]. Notice that the absolute temperature is T' = Tynax0. The boundary temperature
0, = 0.5.

The cost functional is defined by (3) and (17), where G; = 2\ S, G2 =0, 6, = 0.7,
and g = 0.01. Let the set of admissible controls be Uyg = {u € L2(£2): uy < u < us},
where u; = 0, ug = 1 in S = [z1,22] X [y1,¥2], and u; = ups = 0 in 2\ S. Assume
w1 = 0.65L, 25 = 0.85L, y; = L/12, yo = 5L/12.

For the numerical solution we use the software FreeFem-++ [18]. The boundary-
value problem (18) is solved by Newton’s method. The initial guess for the optimal
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control is chosen as ug = 0, and parameters of the optimization algorithm are \g = 5,
mo = 3.

The computed optimal control is presented in Fig. 1. The graph of the optimal
temperature is depicted in Fig. 2. The values of J(uy) and Ay for different k are
indicated in Figs. 3, 4. As it is seen in Fig. 4, the most frequent value of A\ is 10, and
the step size is adjusted as needed.

The optimal controls for 4 = 0.1 and p = 0.001 are presented in Figs. 5, 6 for
comparison. It can be easily proved from (16) that in the case of u = 0 the optimal
control satisfies an analog of the bang-bang principle, that is @(z) = u1(z) or us(x)
for a.e. x € {2 where pi(xz) # 0. Notice that the optimal control comes near to a
bang-bang control as p — 0. The optimal control for p = 0 is depicted in Fig. 7. This
bang-bang control was computed by an optimization algorithm of the gradient descent
type, see [9,10].

35 \
3.0\ |
)
)

1.5

6.5 7.0 7.5 8.0

Fig. 1. Optimal control (x = 0.01)
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Fig. 2. Optimal temperature (u = 0.01)
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Fig. 3. Cost functional J(us) at different iterations (u = 0.01)
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Fig. 4. Step size \j, at different iterations (p = 0.01)
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Fig. 6. Optimal control (¢ = 0.001)
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