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Abstract. We consider diffraction of a three-dimensional (3D) spatiotemporal
optical pulse by a phase-shifted Bragg grating. Resonant approximations of the
reflection and transmission coefficients of a phase-shifted Bragg grating as
functions of the angular frequency and the in-plane components of the wave
vector are obtained. Using these approximations, analytical expressions for re-
flected and transmitted 3D pulse envelopes are derived. The presented rigorous
simulation results fully confirm the proposed theoretical description.
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1 Introduction

Optical devices implementing required temporal and spatial transformations of optical
signals are of great interest for a wide range of practical applications including all-
optical information processing and analog optical computing [1].Various resonant
structures are known to implement these operations including phase-shifted Bragg
gratings (PSBG). PSBGs have been used both for temporal differentiation and inte-
gration of an optical pulse envelope [2-4] and for spatial differentiation and integra-
tion of a monochromatic optical beam profile [5, 6]. The utilization of resonant struc-
tures is attributable to the fact that their reflection (transmission) coefficient of the
structure in the vicinity of the resonance can be described by the Fano profile, which
in turn can approximate the transfer function of a differentiating or integrating filter.
In case of a PSBG this resonant effect is caused by the excitation of the structure's
eigenmode localized at the defect layer.

In the previous works, temporal and spatial transformations of the incident pulse en-
velope were considered separately. Temporal transformations in [2-4] were investi-
gated without taking into account the spatial configuration of the incident optical
pulse, whereas spatial operations in [5, 6] were studied in the case of a monochro-
matic incident beam. In this regard, the description of spatiotemporal transformations
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of optical pulses implemented by PSBG in the general 3D case is of great interest.
Recently published results [7, 8] concerned 2D spatiotemporal optical pulse diffrac-
tion by a resonant grating.

In this work, a theoretical description of the 3D optical pulse diffraction by a PSBG is
presented for the first time. Resonant approximations of the PSBG's reflection and
transmission coefficients as functions of the angular frequency and the in-plane wave
vector component are obtained. It is shown that at normal incidence the transfor-
mation of the pulse envelope can be described by a hyperbolic partial differential
equation. The proposed theoretical description is confirmed by rigorous simulation
results.

2 3D pulse envelope

Consider normal incidence of a 3D optical pulse on a multilayer structure (Fig. 1). It
can be shown that reflected and transmitted pulse envelopes U ; (x, y,t) correspond

to theincident pulse envelope v(x, y,t) passing through a linear system. The connec-

tion between the Fourier spectrum of the incident pulse V(k k a)) and the Fourier

X1 Ny

spectrum of the reflected (transmitted) pulse U (k k a)) has the form:

X1y
Upr (Koky, @) = Hor (K Ky, @)V (K kg @), 1)

where H ; (kx,ky,a)) is the linear system's transfer function (TF), expressed through
the structure's reflection (transmission) coefficient:

He (K, oy ) = R(./kf+k§,w+wo),
H, (kx,ky,a)):T(‘/kf+k§,a)+a)o).

)

Fig.1. 3D pulse diffraction by a PSBG
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Here w, is the central frequency of the pulse, k,, k,  are components of the in-plane

wave vector. Note that TFs (2) are functions of angular frequency and in-plain wave
vector components. In this regard, these TFs are generalizations of TFs which de-
scribe temporal transformations of an optical pulse [4] and spatial transformations of
an optical beam [5].

We assume that the incident pulse is polarized along the x axis at z=0. This means

that the incident pulse envelope v(Xx,y,t) corresponds to the E, component of the
electric  field (Ey EO) , and the reflection and transmission coefficients

R(k,.k,, @+a,)and T (k,,k,,@+a, )in (2) are expressed through the reflection and

X! y! X! y!
transmission coefficients of TE- and TM-polarized plane waves incident on the struc-
ture.

3 Envelope transformation

To analytically describe transformations of an optical pulse envelope upon diffraction
by a PSBG (1) we derived resonant approximation for the grating's reflection and
transmission coefficients. This approximation holds true in the vicinity of normal

incidence (kX =k, :0) and the resonance frequency corresponding to the mode of
the defect layer @, and has the following form:

vg (kf +kj)—(a)—a)R)<a)+a)zR)
vz(k2+k2) ( (a)+a)p)

o,)

(k2+k ) ( )(a)+a)ZT )
v (K k)= (0o, )@+, )
where vgz € R corresponds to the group velocity of an eigenmode of the structure; 7,

y; are the non-resonant (far-from-resonance) reflection and transmission coeffi-

cients. Representations (3) can be considered as a generalization of reflection and
transmission coefficients resonant approximations to a three-dimensional case. At a
fixed frequency @ equations (3) become the known approximations of the reflection

and transmission coefficients as functions of k, in the vicinity of normal incidence
(kx =Kk, :O) [5]. At k, =k, =0 the spectra (3) are reduced to the conventional Fano

profile [4]. Note that expressions (3) generalize the previously proposed resonant
approximations of PSBG spectra [9] by accounting for the second pole of the resonant

structure with negative real part —a);
Taking into account (3), we rewrite TFs (2) as product of two TFs, corresponding to
transformations implemented by the numerator (H; (k k a))) and denominator

X1y
(Ha+ (k,.k,,@)) of the original TF Hy (k,.k,,@):

R(k,.k,, @) =74
®)
T(kx,ky,a))=;f
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Her (Koky @) = Har (ko ky,@)-HZ; (ko kg, 0) =
=Yar (v; (kx2 +kj)—(a)+a}0 —a)f’T)(a)+a)0 +a)ZR'T*)). (4)
1

.vg(kf+ky2)—(a)+a)0—wp)(a)+a)0+w;)

Applying the inverse Fourier transform to Eqg. (1) and taking into account Eq. (4), we
obtain the following differential equation for the envelope of the reflected (transmit-

ted) pulse Ug; (X, y,t):

du : . ou
athe,T _VSAUR,T —2|(a)0 —i Im[wp]) aF;,T + o
+(a)o —a)p)(a)o +w;)uR'T = fars
where
2
far (X ¥,1) = 7as (%—VgAV—Zi(a)O —ilm[ of J)%Jr ()

+(a)0 - )(a)o + a)ZR'T*)V),
A=0%/ox* + 8% /oy? is the Laplace operator with respect to the spatial coordinates.
Note that for low-quality-factor resonances, the function Hé,T (k k a))in Eq.(4) is

X1 Ny
slowly varying. That means that in this case the incident pulse undergoes the trans-
formation f (x, y,t) (6) corresponding to the linear system with the TF

H;T (k k w) [8]. Equation(6) demonstrates that the PSBG enables the optical im-

X1y
plementation of several important differential operators including the computation of
the Laplacian with respect to spatial coordinates (the second term in Eq. (6)) and the
computation of the first temporal derivative (the third term in Eq(6)). These opera-
tions can be performed in reflection for a pulse with central frequency m, = @f

(Im[a;f} = O) [7, 8]. Note that in the previous works these operations were studied

separately for monochromatic beams and infinitely wide pulses respectively. In this
regard equations (5), (6)generalize spatial and temporal transformations of optical
signals analyzed in [3, 5].

The solution to the differential equation (5)can be obtained in the following form:

+00 +00 +00

Upr (X’ y’t): J. _[ I fR,T (5177,T)'hao(x—§,y—ﬂyt—T)dsthdT, (7)

cos(Re[a)p},tz —(x2 +y2)/v§)
X2+ 2 2

e (.9, 0) = expiagt+Im[ o, Jt 27ZV;\/t2—(x2+y2)/v§ Ky vt g
0, X2 +y? 2 vit?,
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Note that hy, (X, y, t) is the fundamental solution of (5) and the impulse response func-
tion of the linear system with TF HZ ., (kx,ky,a)) (4). The obtained solution has a clear
physical interpretation. The integration in Eq. (7) is performed over the area located
inside the cone X* +y* <V;t*. This area can be considered as an analogue of the light
cone: it includes the points, the light from which can reach the considered point in a
time t. Assuming that the group velocity of the eigenmode of the structure v, does
not exceed the speed of light, the impulse response function h,, (x, Y, t) satisfies the
relativistic causality condition.

4 Numerical simulations

To confirm the accuracy of the obtained model we numerically simulated diffraction of an
optical pulse on a PSBG with high quality-factor resonance (29 layers, quality-factor

Q=Re[o, ]/(—2 Im[a)p]) =7848.6 ). The following values of the refractive indices

of the BG layers, defect layers, superstrate and substrate were used in the simulations:
n, =24547 (TiO,),n, =1.4446 (SiO,), n, =n,, n, =n, =1. The thicknesses

of the layers were calculated so that the grating has zero reflection for Bragg wave-
length 4; =1500nm and the incidence angle 6, =0. Fig. 2a shows the PSBG trans-

mission spectrum|T(kX,a))| calculated using RCWA in the case of TM-polarization

(left half, k, <0) and calculated using the resonant approximation (3) (right half,
k, >0). A sharp transmission maximum caused by the excitation of an eigenmode in
the defect layer is evident in Fig 2a. The complex frequency of the eigenmode
o, =1255.77-0.08i ps™ was found as a pole of the structure's scattering matrix at
normal incidence ( k =k, =0 ). The rest of the approximation parameters —
w, =966.84 +801.35ips*, y; =0.99-10*andv, =159 m/ps — were obtained using

an optimization procedure aimed at minimizing the difference between the transmis-
sion coefficient calculated using RCWA and the approximate expression (3) at several
characteristic points of the spectrum. The normalized root-mean-square deviation
(NRMSD) of the spectra in Fig. 2a amounts to 2.1%. The NRMSD amounts to 2.0%
for the considered example in the case of TE-polarization. Resonant representation (3)
provides similar accuracy also when used for the approximation of the reflection
spectra.

We  simulated the diffraction of an incident  Gaussian  pulse

v(x, y,t)=exp{—(x2+y2)/o-2—t2/af} with the following parameters: o,=1ps ,

o=2um , central frequency a,=27c/A, =1255.77 ps™ (fig. 2b) by the considered

grating. Figure 3(b) compares the envelopes of the transmitted pulse calculated using
RCWA (x<0) and using the analytical model (7), (8) (Xx>0).The NRMSD of the
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distributions in Fig. 2c amounts to 2.2%, which confirms high accuracy of the pro-
posed model.
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Fig.2. (a) Transmission spectrum ‘T (k..k, =0,)|, (b) incident pulse envelope
I:}nc()(’y:()rt) P"(X,yzo,t)‘

Let us note that the computational cost of the PSBG spectra estimation (Eg.(3)), and
the solution of the 3D pulse diffraction problem using Eqs.(7) is much smaller com-
paring to the direct solution of Maxwell’s equations using the RCWA technique. In-
deed, for the calculation of the resonant approximations parameters (3) or the convo-
lution kernel (8) it is sufficient to rigorously solve the diffraction problem only for

several points in the(kx,ky,a)) space. Moreover, once calculated parameters of the

, (c) transmitted pulse envelope

convolution kernel (8) allow one to simulate the diffraction of an arbitrary pulse.

5 Conclusion

We have proposed resonant approximations of the reflection and transmission coeffi-
cients of the PSBG as functions of the angular frequency and the in-plane component
of the wave vector. On the basis of the proposed approximations, we obtained theoret-
ical description of the class of the spatiotemporal transformations of a 3D optical
pulse envelope upon diffraction by a PSBG. The presented simulation results obtained
using the rigorous coupled-wave analysis technique fully confirm the theoretical de-
scription. These results may find application in the design of novel planar devices for
all-optical information processing and analog optical computing.
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