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Abstract. We consider the problem of implementation of non-resonant motion 

at descent of a spacecraft with small mass and aerodynamic asymmetries in the 

low-density atmosphere of Mars. A controllable decrease in the mass asym-

metry contributes to implementation of non-resonant motion of the spacecraft. 

We introduce an analytical control law for the magnitude of asymmetry. The re-

sults of numerical simulation of spherical motion of a spacecraft with controlla-

ble asymmetry are included. 
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Introductions  

Resonance phenomena in uncontrolled descent in the atmosphere of a reentry space-

craft (SC) with small aerodynamic and mass asymmetry are discussed in a significant 

number of works: [1] - [3], and others. The issue of a controlled atmospheric motion 

of a reentry spacecraft in the vicinity of resonances was also explored in a significant 

amount of publications. For example, in [4] when changing the magnitude and direc-

tion of the displacement of the center of mass of the spacecraft during an asymmetric 

ballistic descent in the atmosphere, the problem of limitation of the angle of attack 

and angular velocity in motion control within a small neighborhood of the rotational 

resonance has been studied. As a small asymmetry, the following contributing factors 

have been taken into account: displacement of the center of mass and an asymmetry 

leading to deviation of the angle of attack. In [5] - [6], the resonant motion of a 

reentry spacecraft with invariable position of the center of mass in the Martian atmos-

phere influenced by biharmonic stabilizing moment has been studied.   
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In [7] - [9] it was described that the mechanical moments resulting from aerodynamic 

and mass asymmetries can cause evolution of angular velocity of a spacecraft to the 

magnitudes where a long resonance occurs. In [7], [8] it has been shown that non-

resonant evolution of angular velocity of an asymmetrical spacecraft in the vicinity of 

the resonance is a secondary resonance effect [10]. Secondary resonance effects and 

associated phenomena of external stability of resonances, concerning the problem of 

asymmetric disturbed rotational motion of a satellite in orbit were studied in [11] and 

[12], respectively. It is known that the achievement of the resonant values of angular 

velocity does not guarantee implementation of a long resonance, as the initial condi-

tions at the separatrix, leading to capture and passage through the resonance, are 

mixed, and it is necessary to calculate the probability of capture or passage through 

the resonance. [13]. The phenomenon of capturing a spacecraft with a small asym-

metry in the resonance, being a random event, can be analyzed using the method of 

statistical tests [14]. Long resonant mode of motion of a spacecraft leads to achieve-

ment of high magnitude of angle of attack that can cause emergency situations involv-

ing failure when deploying the parachute system. It is an important practical task to 

maintain the asymmetry at minimal level. However, in the design of actual reentry 

spacecraft it is usually impossible to achieve zero mass and aerodynamic asymme-

tries. For this reason, there is a problem on controlled reduction of asymmetry in the 

process of reentry of a spacecraft in the atmosphere. In particular, the study [15] con-

siders the problem of control of non-resonant evolution at rotational motion of a 

spacecraft moving in the vicinity of the resonance. In [15] the small spacecraft had a 

constant mass and low variable aerodynamic asymmetry. In [15] it has been shown 

that control of the level of aerodynamic asymmetry allows decreasing angular accel-

eration and providing a non-resonant mode of motion for the entire time of descent.  

Problem Statement  

In the process of separating from the base orbiting space module, the reentry space-

craft receives some angular momentum of a small magnitude [16]. As the result, the 

values of angular velocity of the spacecraft have achieved )0(),0(),0( zyx  , 

which should be considered as initial on descent of the spacecraft into the low-density 

atmosphere of Mars. The said angular velocities are given in the main body-fixed 

coordinate system OXYZ. The coordinate system origin O is the center of mass of the 

spacecraft. Let as assume that the spacecraft has a conical shape, combined with a 

spherical surface. Let the axis OX is the axis parallel to the axis of symmetry of the 

cone. At reentry, the spacecraft is oriented with cone part towards the pressure head. 

During the atmospheric descent, the spacecraft conducts a spherical motion relative to 

the center of mass. We study the case when the vectors of the mechanical moments of 

low mass and aerodynamic asymmetry of the spacecraft are collinear. It is known [7] 

that at a collinear arrangement of vectors of these asymmetries, no occurrence of sec-

ondary resonance effects would take place in the system. The resonance values of 

angular velocity at various aerodynamic parameters can be found by applying the 

method of integral manifolds [17]. The values of angular velocity x  corresponding 
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to the resonance of a lower order, called the principal resonance, are defined as fol-

lows [7]: x
r
x I 1/ . Here IqSLctgmzp / , zpm  are the coefficient of 

stabilizing moment for the angle of attack α, q is the dynamic pressure , S is the area 

of the SC's section, L is the length of the spacecraft, III xx / , ,2/)( zy III 

zyx III ,, are the principal central moments of inertia of the spacecraft. In [18] it has 

been shown that during the descent in the atmosphere with low angles of attack dur-

ing the passage through the main resonance, perturbations of angle of attack are sub-

stantially higher than at multiple resonances. Let us suppose that at the spacecraft's 

descent in the Martian atmosphere a controlled decrease in the values of parameters of 

small mass asymmetry of the spacecraft is implemented, while maintaining the same 

values of the parameters of low aerodynamic asymmetry. At reducing the mass 

asymmetry, we will not take into account the influence of non-resonant rotation on 

possible occurrence of resonance. This assumption is appropriate, in particular, if the 

vectors of moments of mass and aerodynamic asymmetries remain collinear. The aim 

of this study is to provide non-resonant motion of the spacecraft with a small aerody-

namic and mass asymmetries descending into the atmosphere of Mars. To achieve this 

objective we solve the problem of controlled decreasing of the value of mass asym-

metry of a spacecraft that also has invariable small aerodynamic asymmetry.  De-

crease in the value of mass asymmetry reduces the probability of capture into the 

main resonance [9]. To solve the problem, it is necessary to select a control law for 

the value of mass asymmetry what would allow the system to provide a passage 

through the resonance with a probability close to 1.   

Mathematical Models   

A nonlinear low-frequency system of equations of motion of a spacecraft with a small 
mass and aerodynamic asymmetry (which can be obtained through the method of 
integral manifolds [19]) has the following form [8]:  
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Here   is a small parameter, 2/ ,  is the aerodynamic roll angle, 
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are functions that determine the value of a mass and aerodynamic asymmetries, 
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ф
zm  are small aerodynamic coefficients of the spacecraft shape asymmetry, 

zy  ,  are small displacements of the center of mass related to the length of the 

spacecraft.  The generalized parameter of mass asymmetry 
A
xm  is calculated as fol-

lows: 
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In the second term on the right side of the second equation (1) the top sign should be 

selected in the case of x > 0. Bottom signs in these terms are selected at x <0. In a 

numerical simulation of spherical movement of a reentry spacecraft we consider the 

system of equations (1) together with three differential equations for slowly varying 

parameters of the center of mass: angle of inclination of the trajectory )(t , airspeed 

V(t), altitude H(t).  

We introduce the notation for the resonant frequency ratio 1,2x  . The full 

derivative of the function 
)(t

, calculated taking into account of (1) is equal to: 

dt

d

dt

d

dt

d
P

dt

d x

x
x























),,( . We perform the replacement of 

variables: t ,  ,  / . As a result, the system (1) is written in the 

"pendulum" form: 

),,,,(
d

d





E              

),,,,(
d

d





P                                                                                                       (3)                                    



Mathematical Modeling                                Lyubimov V.V., Kurkina E.A.  Simulation of the… 

 

Information Technology and Nanotechnology (ITNT-2016)                                                    614 

,
d

d





                            

where ),(  , 





d

d
E . Here the functions E and P are periodically in phase   

with the period 2 . Consider the possibility of the existence of resonant modes of 

motion, corresponding to the equality 0 . When 0 , then the system of equa-
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Here .0 const Movement in the vicinity of the resonance 0  is performed with 

a small perturbation of the system (4). The trivial solution of the unperturbed system 

(4) has the form: 
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Therefore, in the unperturbed case, the equation 1)sin( 3
*
0  takes the form:  

),,(),,(  xfx mf .                                                                                  (7) 
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From the solution of equation (7) can be used to find minimal values of the asym-

metry parameters of the spacecraft, in which the resonance 0  is realized. We will 

denote these values of the asymmetry parameters as: 
Ak
xm , 

Ak
m . 

Research of Dynamics and Control of Spacecraft Motion  

Let the angular velocity x
change from some initial positive value according to the 

first equation of the system (1) to the resonance values
r
x

 . In addition, we assume 

that during the descent of the spacecraft the ratio 
2/321 

 remains unchanged, 

which corresponds to the collinear arrangement of vectors of moments resulting from 

mass and aerodynamic asymmetries. 

The value of the asymmetry parameter 
2/ A

x

A
x mm  under which the passage 

through the main resonance at small angles of attack is guaranteed, must satisfy the 

condition: 2

/

1 




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dtd

I

I
mm

x

xAk
x

A
x  [9]. In another form, this condition can be 

written as: 0 A
xm , where  A

xm k
x

A
x mm  . When calculating the expression con-

tained in the right part of this condition it is necessary to make the calculation of val-

ues dtd /,,  on the separatrix that divides the resonance area of the oscillations 

and the area of non-resonant rotation [20].  

We introduce the following control law for the parameter of mass asymmetry: 

))(sin())(exp( 321 tHktHkkm
A
x  ,                                                                     (8) 

where 321 ,, kkk  are positive small constant control coefficients.  

The control law (8) is an analytical dependence of the parameter of mass asymmetry 
A
xm  of flight altitude H. Therefore, we can apply properties of analytic functions to 

this law [21]. During the descent in the atmosphere, the flight altitude H is decreasing. 

As the result (in accordance with the control law (8)), the value of the parameter mass 

asymmetry 
A
xm  is decreasing. If during the descent in the atmosphere the decreasing 

of the parameter of asymmetry
A
xm  reaches a value at which the condition 

Ak
x

A
x mm   

is fulfilled, then at small angles of attack α a guaranteed passage through the main 

resonance occurs.  

Fig.1 is a functional block diagram of a control system for the parameter of mass 

asymmetry )(tm
A
x . In this control system, only one control channel is provided: an-

gular velocity x . During operation of the said control system, a decrease in mass 

asymmetry parameter )(tm
A
x  is achieved, ensuring fulfillment of the conditions 
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Ak
x

A
x mm  . As a result, there is a guaranteed passage of the system through the main 

resonance. In the following, there is no control of the value )(tm
A
x  in accordance with 

the law (8) and the parameter )(Hm
A
x  is calculated according to expression (2). This 

control system   is   based   on   the   assumption    that    at    spherical movement at 

atmospheric of a spacecraft a non-resonant evolution of the angular velocity caused 

by occurrence of the secondary resonance effects would not occur. Therefore, the 

control system is operable, for example, on condition of 0Am  or in the case of a 

special form of asymmetry (
2

3
,

2
21


 ). 

 

Fig. 1. Functional block diagram of a control system for the parameter of asymmetry )(tm
A
x  

Numerical results  

In numerical simulation of evolution of the angular velocity )(tx we use the math-

ematical model of motion of the spacecraft, including: the system of equations (1), 

three differential equations of motion for changing the center of mass of the reentry 

spacecraft [2] and the control law (8). Equation (7) defines a three-dimensional space 

(
A
xm , ,

A
m

2/f ) the surface of critical values of the asymmetry parameters 
Ak
xm , 

Ak
m , shown in Fig.2. 

It is possible to show that the points of this space, lying below the surface provide a 

guaranteed passage of the system through resonance 0 . If the points belong to that 

surface or are above it, then the probability of capture into resonance is not zero in 

cases 
2

3
,

2
21


 .  



Mathematical Modeling                                Lyubimov V.V., Kurkina E.A.  Simulation of the… 

 

Information Technology and Nanotechnology (ITNT-2016)                                                    617 

 

Fig. 2. The surface of critical values of asymmetry parameters 

Some representative results of numerical simulation in case of small angle of attack 

are shown in Fig. 3-6. Fig. 3 and Fig. 5 show the variation of the asymmetry parame-

ter )(tm
A
x and the critical values of the parameter )(tm

A
x  defined in case of small 

angles of attack. Fig. 4 and Fig. 6 show the angular velocity )(tx  and resonance 

values )(tr
x . The initial value of the angular velocity (0)x  in drawing up the Fig. 

4 and Fig.6 had a value greater than )0(r
x  and was equal to 0.8 rad/s. The numerical 

results show that up to angles of attack of 0.6 rad the value 
2

/

1 






dtd

I

I
m

x

xAk
x  is 

virtually equal to the corresponding critical parameter of the asymmetry obtained for 

arbitrary angles of attack. Numerical results of control of the value of angular velocity 

)(tx  are determined by the choice of the coefficients 321 ,, kkk . Fig. 3 shows a case 

where the initial values of )0()0(
Ak
x

A
x mm  . However, controlled decrease of the 

parameter )(tm
A
x  provides for achievement of values )(tm

A
x  smaller than the current 

values 
Ak
xm . Fig. 4 indicates that the said decrease in )(tm

A
x  is accompanied by a 

gradual decrease in the frequency of resonance oscillations, followed by leaving the 

resonance. 

Fig. 5-6 shows the results corresponding to another case. Here the choice of parame-

ters 321 ,, kkk  contributes to the following conditions: )0()0(
Ak

x

A

x mm  . In this case, 

at controlled reduction of the parameter )(tm
A

x , the condition )()( tmtm
Ak

x

A

x   re-

mains true within the entire time of descent of the spacecraft in the atmosphere. This 

is shown in Fig. 5. The results in Fig. 6 correspond to the variation of the angular 
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velocity shown in Fig. 5. Here, the small value of the parameter )(tm
A

x  contributes to 

implementation of two passages of the system through the main resonance as ob-

served at the intersection of the curves )(tx  and )(tr
x .  

 

Fig. 3. Reducing the value of the asymmetry parameter )(tm
A
x  when 003.0

A
m , 

))(10sin())(105exp(001.0 54 tHtHm
A
x  

 

 

Fig. 4. Long-term resonance changing into a non-resonant motion in the case of 003.0
A

m , 

))(10sin())(105exp(001.0 54 tHtHm
A
x  
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Numerical results shown in Fig. 3-6 describe the process of continuous control of 

rotational motion of a reentry spacecraft based on the use of the law of reduction of 

the mass asymmetry parameter (3). In this sense, these results do not fully correspond 

to the operation of the control system shown in Fig. 1. These numerical results are not 

to describe the operation of a control system, but to demonstrate the important aspects 

of the behavior of angular velocity from a theoretical point of view. In addition, we 

consider the case where the control of the value of the parameter of mass asymmetry 

)(tm
A
x  is implemented under the following constant values of generalized asymmetry 

parameters:  21  and )(tm
A
x = 0.003. It is known that at the value  21  

in the systems equations of motion of a spacecraft it is possible for non-resonant evo-

lution to occur, )(tx caused by the secondary resonance effects. However, in Fig. 3 

spherical movement begins from resonant oscillations, and the subsequent movement 

is not accompanied by non-resonant evolution of )(tx  as small values )(tm
A
x  are 

achieved (in the non-resonant area). The results of numerical simulation displayed in 

Fig. 6 also show that there is no distinctive non-resonant evolution of )(tx  associ-

ated with occurrence of secondary resonance effects during the fulfillment of the con-

dition )()( tmtm
Ak
x

A
x  . Therefore, in the cases considered in the numerical simula-

tion, the control system shown in Fig.1 can be used for implementation of non-

resonant descent of spacecraft in the low-density Martian atmosphere. 

 

 

Fig. 5. Reducing the value of the asymmetry parameter )(tm
A
x  when 0015.0

A
m , 

))(10sin())(10exp(001.0 55 tHtHm
A
x

  
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Conclusion  

In this study, spherical controlled movement of a reentry spacecraft was considered 

without taking into account non-resonant evolutions of angular velocity caused by, for 

example, the influence of the secondary resonance effects. Control of angular motion 

of a spacecraft providing non-resonant motion of the spacecraft based on the evolu-

tion of non-resonant angular velocity ( )x t  is beyond this study. However, this issue 

can be explored in the following studies. 

 

Fig. 6. Double passage through the resonance when  0015.0
A

m , 

))(10sin())(10exp(001.0 55 tHtHm
A
x

  

 

From the standpoint of practice, the problem of controlled reduction of the angle of 

attack at descent of a spacecraft with a small asymmetry in low-density atmosphere is 

also of immediate interest. To solve this problem, in addition to taking into account 

the damping aerodynamic moments, it is possible to investigate the influence of vari-

able asymmetry at limiting values of the angle of attack. 
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