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Abstract. In this paper we study the approximation ratio of the solu-
tions achieved after an e-approximate one-round walk in non-atomic con-
gestion games. Prior to this work, the solution concept of one-round walks
had been studied for atomic congestion games with linear latency func-
tions only [Christodoulou et al. 2006, Bilo et al. 2011]. We focus on polyno-
mial latency functions, and, by exploiting the primal-dual technique [Bilo
2012], we prove that the approximation ratio is exactly ((1+¢)(p+1))?*+*
for every polynomial of degree p. Then, we show that, by resorting to
static (resp. dynamic) resource taxation, the approximation ratio can be
lowered to (1 4+ €)™ (p + 1)? (vesp. (1 + €)?T*(p+ 1)!).

Keywords: computational social choice, algorithmic game theory, con-
gestion games

1 Introduction

Since the end of the Twentieth Century, the computer science community has
been interested in the study of complex systems populated by (numerous) selfish
agents interacting with each other, and in how their selfish behavior impacts on
the social welfare [24]. As examples, one may think to web users greedily sharing
limited resources, or to drivers who want to move as fast as possible from a
location to another along a street network.

These systems are often modeled by congestion games [25]. In these games,
there is a set of non-cooperative selfish players sharing a set of resources and
each resource incurs a certain latency to the players using it. Each player has an
available set of strategies, where each strategy is a non-empty subset of resources,
and aims at choosing a strategy minimizing her cost which is defined as the sum
of the latencies experienced on all the selected resources. A congestion game is
called atomic when the set of players is finite, and it is called non-atomic when
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the set of players is infinite and the contribution of each player to the social
welfare is infinitesimally small.

In congestion games, selfish behavior always leads to stable outcomes, called
Pure Nash Equilibrium [23], in which each player cannot improve her utility by
unilaterally deviating from her strategy. In general, Pure Nash Equilibria do not
yield an optimal social welfare, hence, to measure the quality of these outcomes,
two metrics have been successfully proposed: the price of anarchy [21] and the
price of stability [2]. They are defined as the highest and the lowest ratio between
the social welfare at any Nash equilibrium and the social optimum, respectively.

Besides Pure Nash Equilibria, in the setting of atomic congestion games,
the notion of one-round walks starting from the empty state has been widely
investigated due to its simplicity and effectiveness. This concept assumes that,
starting from the situation in which no strategy has been specified yet, the players
are processed sequentially and, at each iteration, the selected player irrevocably
chooses her strategy so as to minimize her cost based on the choices of the
previous ones. The approximation ratio of one-round walks starting from the
empty state, an analogous of the price of anarchy instantiated to one-round walks,
measures the quality of the outcomes produced at the end of this process [22,14].

Our Contribution. In this work, we translate the solution concept of one-round
walks from atomic congestion games to non-atomic ones. We define the solution
concept of e-approrimate non-atomic one-round walk starting from the empty
state, in which there is a continuous flow of selfish players (instead of a discrete
number of players) greedily selecting their strategies with the aim of approxi-
mately (up to a factor of 1+ €) minimizing their costs, given the choices of their
predecessors. The e-approzimation ratio of a non-atomic one-round walk starting
from the empty state is the highest ratio of the the social value achieved by the
final outcome of an e-approximate non-atomic one-round walk and the optimal
social value. In particular, we study this metric for non-atomic congestion games
with polynomial latencies, by proving a tight bound of ((1+¢€)(p+1))P*, where
p is the the degree of the polynomial functions. Given that the (exact and ap-
proximate) price of anarchy for these games has been proven to be equal to
© (max {p/log(p), (1 + €)P*1}), our result shows that outcomes generated after
one-round walks are tremendously worse (even asymptotically) than Pure Nash
Equilibria in terms of social welfare.

For such a reason, we also focus on (resource) tazation [4]: an approach that
has been intensively studied in the literature in order to improve the quality
of the outcomes resulting from selfish behavior in congestion games. We prove
that, by resorting to static taxation (taxes are constant with respect to resource
congestion), the e-approximation ratio drops to (1 + €)P*!(p + 1), thus hav-
ing a good asymptotic reduction with respect to the case without taxes. By
resorting to dynamic taxation (in which taxes can vary as a function of re-
source congestion), we lower the e-approximation ratio to (1 + €)?*(p + 1)! €
O ((1+ e)P*!(p + 1)P+3/2e7P), thus having a further improvement.



Non-Atomic One-Round Walks in Polynomial Congestion Games 13

Related Work. The inefficiency of equilibria for polynomial congestion games has
been largely studied for both atomic and non-atomic congestion games. Relatively
to the non-atomic setting, Roughgarden [27] proves that the price of anarchy
for congestion games with polynomial latency functions of degree p is [1 — p(p +
1)~ (P+1)/P]=1 and characterizes the price of anarchy for other latency functions.

Christodoulou et al. [12] and Awerbuch et al. [3] prove that the price of
anarchy for linear atomic congestion games is 5/2 for unweighted games and
2.168 for weighted games. Aland. et al [1] generalize the previous results to
polynomial congestion games, and provide tight bounds asymptotically equal to
O(p/log(p))P*! on the price of anarchy for both unweighted and weighted atomic
congestion games with polynomial latency functions of degree p. Christodoulou
et al. [13] provide bounds on the approximate price of anarchy and stability for
both non-atomic and atomic polynomial congestion games, which are tight for
the former.

Among the mechanisms used to improve the quality of outcomes in congestion
games, the use of taxation has been extensively studied for several decades. The
marginal cost taxation [4] has been proven to enforce an optimal solution in
non-atomic congestion games with very general latency functions. In subsequent
works, the existence and the computation of efficient taxes in many variants of
non-atomic congestion games has been intensively studied [15,16,19,29].

Caragiannis et al. [11] study the efficiency of taxation for linear atomic conges-
tion games, and, among the obtained results, they prove that the price of anarchy
drops from to 2.168 to at least 2 for weighted congestion games. Bilo and Vinci
[8] extend the previous result to polynomial congestion games, and prove that,
by resorting to taxation, the e-approximate price of anarchy of unweighted and
weighted atomic congestion games with polynomial latency functions drops to
Tp+1(1 +€), where Tp,yq is the (p + 1)-th Touchard polynomial.

Other mechanisms used to reduce the price of anarchy in congestion games
are Stackelberg Strategies [26,29,20,7,17], in which the strategies of a fraction of
players can be controlled with the aim of reducing the price of anarchy.

Mirrokni and Vetta [22] initiate the study of the social welfare achieved after
multiple rounds of best-responses in a Nash-dynamics for a particular class of
games, and they also consider the case of a one round of best responses. Christo-
doulou et al. [14] study for the first time the quality of outcomes obtained after
a one round of best responses in linear atomic congestion games. They prove
that, if players start from an empty state, the approximation ratio is at most
2+4/5 for unweighted games and 4+ 2+/3 for weighted games. For the unweighted
setting, Bild et al. [6] prove that the previous upper bound is tight, improving
a lower bound of 4 obtained for load balancing games by Caragiannis et al. [10].
They also consider as a social function the maximum utility among all players,
and provide asymptotically matching bounds for the approximation ratio of one-
round walks starting from the empty state and from an arbitrary state. Bilo
[5] studies the approximation ratio for atomic congestion games with quadratic
and cubic latency functions. The quality achieved by multiple rounds of best
responses in linear congestion games has been studied in [14,18]. Bilo and Vinci
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[8] improve via taxation the performances of e-approximated one-round walks
starting from the empty state in unweighted and weighted polynomial atomic
congestion games.

2 Preliminaries
For any integer n, set [n] := {1,2,...,n} and [n]o := [n] U {0}.

Non-Atomic Congestion Games. A non-atomic congestion game is a tuple CG =
(N, E, (Le)ecr, (1i)ien, (Xi)ien), where N is a totally ordered set of n > 2 types of
players, E is a set of resources, £. : R>g — R is the latency function of resource
e € E, and, given i € N, 7; € R>( is the amount of players of type i and ¥; =
{Si1,.,Sim,; } C 2F is the set of strategies of a player of type 4, that is, each
player of type i has m; > 1 possible choices. A congestion game has polynomial
latencies of degree p € N when, for each e € E, £.(z) := ZdG[p]o Qe qz?, with
e g > 0 for each d € [plo; when p = 1, we speak of affine latencies.

A strategy profile is an n-tuple A = (A4,...,4,), where A; : ¥; - R>p isa
function denoting, for each strategy S; € ¥;, the amount A;(S;) of players of type
i selecting strategy S;, so that ) ¢ s A;(S) = r;. For a strategy profile A, the
congestion of resource e € E in A, denoted as ke(A) := 3, \ sex,.ces Ai(S), I8
the total amount of players using resource e in A. The cost of a player selecting
a strategy S; € ¥; is defined as cs,(A) = Y g le(ke(A)) and each player aims
at minimizing it.

Non-Atomic One-Round Walks. For any type ¢ € N of players, we extend the
set X; of strategies with the empty strategy @;, so as to include also the cases in
which some players have not chosen their strategies yet; in particular, we denote
with @ the empty state, that is, the strategy profile in which none of the players
has chosen a strategy.

For any € > 0, a strategy S; € X; \ {0;} is an e-approzimate best-response
(e-best-response, for brevity) for players of type i in A if, for each S} € ¥; \ {0;},
cs:(A) < (1+¢€)esi(A). Let M =3, \ri and let f: [0, M] — N be a right-
continuous function such that ff—l[{i}] dr = r; for each i € N. We call f an
ordering function. Let (A ’t)te[m M) be a family of strategy profiles such that:
(1) Xsexpo AT (S) = Jio.qns-1(qiy 4o for each i € N and ¢ € [0, M] (then,
ALY D) = — f[o -1 [{i)] dz), (2) AI*(S) is non-decreasing in t. Such a family
of strategy proﬁleé is called a weak one-round walk starting from the empty state.

Observe that A'lf "(S) has to be necessarily a non-decreasing and Lipschitzian
function with respect to t. Informally, a weak one-round walk models a family
of strategy profiles generated by a flow of players sequentially selecting their
strategies, in such a way, for any ¢ € [0, M], there is an amount Alf’t(S) of players
of type ¢ which have already selected strategy S (Point 1), and these players
cannot change their strategy (Point 2). Moreover, observe that f defines the
ordering in which the players appear in the game.
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A weak one-round walk is simple if t <t' = f(t) < f(¥'), and, for each i € N,
there exists a strategy S; € ¥; such that A{’M(Si) = ff*l[{i}] dz. Informally, a
weak one-round walk is simple if all players select their strategy according to
the ordering by which their types are defined in N, and if players of the same
type play the same strategy. A simple weak one-round walk can be univocally
represented as a sequence of strategies (S;);en such that S; is the strategy played
by a player of type i. The strategy profile generated by a weak one-round walk
is ATM

A weak one-round walk (Af’t)te[QM] is an e-approximate non-atomic one-
round walk starting from the empty state (e-one-round walk, for brevity) if, for any
t € [0, M], A;’(tt) (S) is right-increasing at ¢ only if strategy S is an e-best-response
in A/t for player f(t). Informally, an e-one-round walk is a weak one-round walk
in which all players sequentially select an e-best-response.

Efficiency Metrics. A social function that is usually used as a measure of the
quality of a strategy profile in non-atomic congestion games, is the total latency,
defined as TL(A) = > iy s,ex Qi(Si) - c5,(AQ) = 3o cpke(AQ) - Le(ke(A)). A
social optimum is a strategy profile A* minimizing TL. The approximation ratio
of e-approzimate non-atomic one-round walks starting from the empty state (e-
approximation ratio, for brevity) of a congestion game CG (resp. a class of
congestion games) with respect to the total latency is the supremum of the ratio
TL(A)/TL(A*), where A is the strategy profile generated by an e-one-round
walk for CG (resp. for some game CG in the class) and A* is a social optimum
for CG.

Tazes. A dynamic taz-function T := (T.)eck is a class of functions T, : R>g —
R>( increasing the latency function perceived by each player. The presence of
T determines a new congestion game CG(T) = (N, E, (£.)ccE, (17)ien, (Xi)ien),
equal to CG except the latency functions, such that ¢, (z) := l.(z) + T.(x) for
each e € E. However, the total latency function is still evaluated with respect to
the initial latency functions #.s. T' is a static tazx-function if each T, is a constant
function (with respect to the resource congestion).

3 Approximation Ratio of One-Round Walks

3.1 Upper Bound

We prove our upper bound on the e-approximation ratio by using the primal-dual
method: a technique introduced by Bilo in [5] to prove bounds on the performance
guarantee of self-emerging solutions (such as approximate pure Nash equilibria
and their generalizations, approximate one-round walks, and so on) in atomic
and non-atomic congestion games.

In our setting, we want to establish an upper bound on the worst-case per-
formance guarantee of e-one-round walks with respect to the total latency in the
class of polynomial congestion games. For a general, but fixed, congestion game
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CG, the method requires the construction of a linear program LP(CG) based on
the following steps: (1) the objective function is TL(A), where A is the strategy
profile generated by an arbitrary fixed e-one-round walk for CG, (2) add the
constraint TL(A*) = 1, where A* is an arbitrary fixed social optimal for CG, (3)
relate A and A* by adding, for each i € N, suitable constraints that need to be
satisfied by the choices performed by all players of type 4, (4) the coefficients of
the latency functions are treated as variables, while all the other quantities (e.g.
resources congestions) are treated as fixed parameters.

By the generality of CG, it follows that the optimal solution of LP(CG) is
an upper bound on the e-approximation ratio in polynomial congestion games.
By the weak-duality theorem [9], any feasible solution to the dual formulation
of LP(CG) yields an upper bound on the e-approximation ratio in polynomial
congestion games. The more the constraints defined during step (3) provide an
accurate characterization of the properties of e-one-round walks, the more the
achieved upper bound will be significant (and possibly tight).

Theorem 1. The approximation ratio of e-approximate one-round walks starting
from the empty state in congestion games with polynomial latency functions of
degree p is at most (14 ¢€)(p+1))PTL.

Proof. For an integer p > 1, fix a congestion game CG having polynomial la-
tencies of degree p. Let f be an ordering function such that (Af’t)te[o,M] is an
e-approximate one-round walk starting from the empty state, and let A := AS/M .
Let A* be an optimal strategy profile, and let (o(t))¢cjo,as) be a family of strate-
gies such that o(t) is right-continuous with respect to ¢, o(t) is a strategy of player
f(t) and fo*l[{s}]nffl[{i}] dt = A%(S). Observe that such a family of strategies
always exists. For the sake of conciseness, we set k. := k.(A) and o, := k.(A*).
By applying the primal-dual method, we get the following linear program LP(CG):

P
max aedkd“ 1
D2 ek (1)

ecE d=0

TL(A)
st (8%, 0(t), AI") <0, VS* e X§, (A, Vielo,M] (2)

p
DD et =1 (3)

ecE d=0

TL(A*)
Qe,q >0, Vee E,Vdeplo (4)

where Y5(A’) is the set of all e-best-responses of players of type ¢ in a strategy
profile A’) and ¢°(S, 5", A’) is defined as follows:

(8,8, A4") =" ekl (A)—(1+€) > > acakd(A) (5)

e€S d=0 e€S’ d=0

cs(A’) csr(AY)
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The constraints (2) come from the definition of e-best-responses and e-one-round
walks. By replacing constraint (2) with

p
&(S%,o(t), ATty ==Y Zae k(AP = (1+6) Y ) e dk?(A) <0 (6)
e€S* d=0 eco(t) d=0

we obtain a relaxation of LP(CG). Given i € N and S € ¥; \ 0;, &(S, 0(t), AT+t)
can be defined as a function of Alf *(S) except for the intervals on which A{ (S
is constant. By exploiting (6), we obtain

A'(S)A It fit
0= [T (s AMaal(s) (7)

ieN,Sex;

Y S [ K (aths) )

ecE d=0 ieN,Sex;:eeS
M
7(1+e)/ > Zaedkd dt (9)
0 e€o(t) d=0
_ZZaed/ kLA d(ko (A7) — (1+€) Z/ <Zaedk>
ecE d=0 cck V {tie€o(t)}
(10)
p
zzzae,d/ kddk — (1 + €) Z/ (Zaedk‘ >dk (11)
e€cE d=0 0 ecE
722 1+eZeraedk (12)

ecE d=0 eceE d=0

The equivalences between all pairs of integrals in the above derivation (along
with the fact that they are well-defined) come from the properties of the A{ *(9)s
as functions of ¢, and, more generally, from the Lebesgue theory of integration
[28]. In conclusion, by replacing the left-hand side of (2) with (12), we obtain the
following relaxation of LP(CG):

> zp: e, gkdt? (13)

ecE d=0
s.t. ZZ (1+e¢) ZO(,Zaedk <0 (14)

eeFE d=0 eeE d=0

Z Z O‘e,donrl =1 (15)

ecE d=0
e q >0, Vee E,Vde [plo (16)
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The dual of this problem is the following linear problem LP’(CG):
min vy (17)

fd+1
st x <d:— T~ (1+ e)oekg) + vt > kI Ve e B d € [plo (18)

z,v7>0 (19)

Clearly, any feasible solution for LP’(CG) is an upper bound on the e-approxima-
tion ratio. We show that, by setting v := ((1 + ¢)(p + 1))P™* and z := (p + 1)?,
the constraints (18) are always satisfied. Indeed, if o, = 0, the constraints (18)
are satisfied. Conversely, if o, > 0, by rewriting the constraints (18) in terms of
the quantity t. := ke/o., we get the following inequality:

d+1
glte,d) ==t 4 (p+1)2 ( 2

Frwi (1+ e)tj) +((1+e)(p+1)PH >0 (20)

for each e € E, d € [p]o and t. > 0. This inequality is always satisfied for each
d € [plo and t. > 0 (see the full version), and this fact completes the proof of the
theorem. a

3.2 Lower Bound

Theorem 2. For each § > 0 there exists a congestion game having polynomial
latency functions of degree p such that the approzimation ratio of e-approximate
one-round walks starting from the empty state is higher than ((14€)(p+1))PT1 —6.

Proof. Let n,m € Nand ¢ := [(1+¢€)(p+ 1)n| — 1. Let CG,,,, be a congestion
game such that the set of players’ types is N := {a] ..., a; 1,0, a1,...,a;,,am},
the set of resources is E := {e1, ..., €ntm+q—1}, the amount of players of type
aj and types a}s is 2, while the amount of players of the remaining types is 1.
Players of type a; can only select the strategy sf := {e1,ea,...,enti—2}, players
of type a} can only select the strategy s, := {en+i—1}, and players of type a;
can select s; := {€n4i,€ntit1s- -, Entitq—1} OF 0; = {€;,€i41,...,€nti—1}. The
latency function is /. (k.) := kP /nPT? for each resource e € E.
Consider the simple weak one-round walk

(Af’t)te[(),M] =(s]..., 5;+1, Sy 815ty Sy Sm)-

To prove that (Af");c0, s is an e-one-round walk it is sufficient to show that s;
is an e-best-response in A7+ for each t such that f(t) = a;. Given such a t, we
get

q - A+ +n 1 o p (1+€)(p+1)
o (A1) SZ e HOREY vy 21

n\n

4+ 1) < (149 (q“) (22)

n

= (1 +ems (qﬂ = (1+ O)co, (A7) (23)
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We conclude that s; is an e-best-response in the strategy profile A for a player
of type a; = fi(t). Therefore, (Af ")iejo,m] is an e-one-round walk, and generates
a strategy profile A,, , in which all players of type a; select the strategy s;. Let
A%, . be the strategy profile in which each player of type a; selects the strategy
0;.

20,

19)

18

17 V|
16| V|

15 V|

14

13 V| v V|

12

1 V| V| V|
10} V| V|
9 v

8 V|

7 v v/

6 V|

4

3

2

1

1 T 7 |
0 t t2 t3 M

Fig. 1. The figure depicts a lower bounding instance with n =4, m = 6, £(k.) = k. /4
and € = 0.4. Observe that ¢ =[1.4-2-4] — 1 = 10 and the total amount of players is
M = 3m + 2 + g = 30. The abscissa represents the amount of players which already
selected their strategy, and the ordinate represents the resources. The ordinate values of
coloured squares having abscissa z € [30] denote the strategies of all players of type f(t)
with t € [z—1, z). The squares labeled with a cross/a black square/a dark grey square/a
tic are related to the resources selected in the the strategies s;/s;/0;/s;. For instance,
when an amount ¢1 /t2/t3 of players have already entered in the game, a player of type
a}/as/a} can select the strategy si = {e1,ea,...,es} (crosses)/ss = {es,e7,...,€e15}
(tics) or 02 = {ea,e3,...,e5} (dark grey squares)/sy = {er} (black squares).

We get (o(m) is related to the usual asymptotic notation):

o T Ams) a2 (£)" (m = o(m)) + o(m)
lim lim ———+ lim lim i
n—»00 M—00 TL(A*m,n) = N—00 M—00 (niz)m_l (m —o(m)) + o(m)
o\t (A + o+ Dn] -1\
= i (7)< i )

n n

(24)

n—oo

=((1+e(p+1)PH (26)

which completes the proof. O
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4 Efficiency of Taxation

In the following theorems, we prove that by resorting to static or dynamic taxation
the e-approximation ratio can be consistently lowered.

Theorem 3. The approximation ratio of e-approximate one-round walks starting
from the empty state in congestion games with polynomial latency functions of
degree p is at most (1 + €)PT1(p + 1)P by resorting to the static tax-function:

(+ 97+
2T

Proof. For an integer p > 1, fix a congestion game CG(T'), where T is the tax-
function defined in (27). Define (A"),c0.a1, 0(t), A, A*, k. and o, as in the
proof of Theorem 1. As done in the proof of Theorem 1, by applying the primal-
dual method and by relaxing the constraints modelling e-best-responses (which
take into account taxation in this case), we get the following linear program:

max Y Qe Ulkd+1 28
DD ek (28)

Te = e pog€, with &:=

(27)

e€E d=0
P ko d+1
s.t. Z (Z Qe d (d:_ s (1+ e)oekg> + aep (o’;fke - 0@“5)) <0
ecE \d=0
(29)
p
3 a0ttt =1 (30)
ecE d=0
e q >0, Vee E,Vde [plo (31)
The dual program is
min vy (32)
d+1
st x (de«k T~ (1+ e)oekg) + 70l > kI Yee Eidep—1)o (33)

p+1
x (§+ 7 €ocke — (1 +€Joe (K +§0€)) +yoftt > kP Vee B (34)

z,7 20 (35)
By setting v := (1 + €)P*1(p + 1)P and z := (p + 1)p, the constraints (33) and

(34) are satisfied (see the full version), and the claim follows. O

Theorem 4. The approximation ratio of e-approximate one-round walks starting
from the empty state in congestion games with polynomial latency functions of
degree p is at most (1 + €)PT(p + 1)! by resorting to the dynamic taz-function

(set (d); == d!/(d—j)!):

P d
To(ke) = acalea(ke) with Toa(ke):=> (1+€)(d);k¢ 7ol (36)
d=0

Jj=1
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Proof. By reconsidering the proof of Theorem 3, but with the tax (36) instead
of the tax (27), we get a dual program having the following constraints:

Ld+1 ke
— kI 4y <d6+ T +/ T.a(w)du — (1 + €)oc (ke + T.4(k)) | +~v0l™ >0
0
(37)
for each e € E and d € [p]p. These constraints are always satisfied if © :=p+ 1
and 7 := (1 + €)PT!(p + 1)! (see the full version), and the claim follows. O

Remark 1. Observe that finding an optimal strategy profile requires to solve a
convex minimization problem. Therefore, for each § > 0, one can compute in
polynomial time a strategy profile whose social value is at most 1 + § times the
social optimum [9]. Then, if . is the congestion of resource e in that strategy
profile, by using the tax (27) (resp. (36)) with &, in place of o., one can easily
prove that the resulting e-approximation ratio is at most (1 + ) times that of
Theorem 3 (resp. Theorem 4).
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