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DIAGRAM REPRESENTATION FOR THE OPERATOR APPROACH OF ONE-STEP
PROCESSES STOCHASTIZATION

ABSTRACT

By the means of the method of stochastization of one-step processes we get the simplified
mathematical model of the original stochastic system. We can explore these models by standard
methods, as opposed to the original system. The process of stochastization depends on the type
of the system under study. We want to get a unified abstract formalism for stochastization of
one-step processes. This formalism should be equivalent to the previously introduced. To unify
the methods of construction of the master equation, we propose to use the diagram technique.
We get a diagram technique, which allows to unify getting master equation for the system
under study.
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BBeaeHue

[Ipy MojenMpoBaHUM pa3HbIX (QU3MYECKHX U TEXHUYECKHX CHCTEM HMX 3a4acTyl0 MOXHO
MoJeJUpPoBaTh B ¢opMe oJHOWAroBbIX mporeccoB [1-4]. Torma BcTaéT 3azavya aZieKBaTHOTO
npeacTtaBJIeHUA U U3YYEeHUA l'IOJIy‘-IeHHOI\/‘I MozAeJIH. [l.}IH CTAaTUCTUYECKUX CUCTEM KpoMe NpeCTaBJIeHUA
BEKTOPOB COCTOSIHUS (KOMOHWHATOPHBIN mojaxox) [1, 2] Takxke HCHOIb3yeTCsl W IMpeJCTaBJeHUE YHCE
3anoJyiHeHHs (omepaTopHbId moaxon) [5-10], oco6eHHO XOpOoIIo MOAXOAsAIee AJs OMUCAHUS CUCTEM C
InepeMeHHbIM 4YHCJIOM 3JIEMEHTOB. OAHaKO, TEeXHHKa I0JIy4eHUudA Moaeneﬁ AJIA KOM6I/IHaTOpHOI‘O
JIOCTAaTOYHO CUJIbHO OTVIMYAeTCs OT TEXHUKH JJI OIepaTOPHOTO NMoAxoAa. B JaHHOM paboTe Mbl XOTUM
MpeAJIOXUTh YHUPUITMPOBAHHYIO METOAUKY AJIsi 000MX ITOAX0/I0B Ha OCHOBE AMArpaMMHOM TEXHUKH.

O011ee onMcaHVE METOAUKH

Hama ™MeToauka mosHOCTbI0O ¢$opMajM30BaHa TaKUM 06pa3oM, 4YTo [AJs eé NpHUMeHEeHUs
JlOCTaTOYHO CHOPMYIMPOBATH UCXOJAHYIO 33/la4y COOTBETCTBYIOIIMM o6pa3oM. CieayeT 3aMeTUTh, YTO
OOJIIIMHCTBO HCCAEAYEMbIX HaMH Mofeneldl MOXHO 6bl1o0 ¢$opMairM30BaTh KaK OJHOLIAroBble
nporecchl [12, 13]. CoGCTBEHHO, /Jisi 3TOr0 TUIIA MOJeJie U pa3BUBajaCb HAMU 3Ta MeToAuKa. UTo He
HCKJIIOYaeT BO3MOXKHOCTH paclIupeHus e€ U Ha Apyrye nporecchl. UTak, mepBbIM IIaroM Mbl MPHUBOAUM
Hallly MoJieJib K BU/Iy OJHOLIAroBoro npouecca. /lasnee Heo6xouMo GopMaIu30BaTh 3TOT IPoOLECC B BU/IE
CXeM B3aUMOJENCTBUSA. AHAJIOTaMU CXeM B3aUMOJENCTBUA SABJSIOTCA YPaBHEHUS XUMUYECKON KUHETHKY,
peakiuu d4actun, U T.A [1,2,5]. Kaxaoil cxeme B3auUMOAEHCTBUS MNPUIHCHIBAETCS COOCTBEHHAs
CeMaHTHKAa. 3Ta CeMaHTHUKA NPUBOAUT HENMOCPEACTBEHHO K OCHOBHOMY KHHETHYECKOMY YpPaBHEHHIO.
OaHaKo OCHOBHOe KMHeTHYecKkoe ypaBHeHHUe [12, 13]. UMeeT 06bIYHO JOCTATOYHO CJI0XKHYIO CTPYKTYDY,
YTO 3aTPYJHSET €ro pelieHre U ucciaenoBaHue. Torga BO3MOXKHBI iBA My TH:

e BBIYHCJUTEJbHBIA MOAXOJ — pellleHHe OCHOBHOTO KMHETHYEeCKOr0 ypaBHEHHUS, Hallpumep, 1Mo

TEOPUH BO3MYILLEHUH;

® MOJIeJIbHBIN MOAX0A — TOJy4yeHHe MPUOIKEHHBIX Mojeseld B BUAe ypaBHeHHH @Pokkepa-

[l1aHka u Jlan<eBeHa.

BbIuMC/IUTENbHBIA TOAX0 I03BOJISET OJIY4aTh KOHKPETHOE pellleHue I/ U3y4aeMON MO/ eJIH.
B nHaeil MeTo/jvKe JaHHBIN MOJX0/| CBSI3aH C pellleHHeM 10 TeOpUuU Bo3MylieHUH [14-16]. MojenbHbIN
M0/IX0/1, IIO3BOJISIET MOJIYYUTh MOJEJ/IH, KOTOpbIE yJ060HO HCCIe/0BATh YUCJEHHO U KaYeCTBEHHO.

[lo MeTomaM TMOCTPOEHUS OCHOBHOI'O KHHETHYEeCKOTO ypaBHeHHs (MU, COOTBETCTBEHHO,
MOCJIeIyIOIIHX YITPOLUIEHHBIX MOZIeJiel) MOXKHO BbIEJUTD JBa MOX0/A:

® KOMOWHATOPHBIN MOAXO;
® OIepaTOPHbIN NOAXOA,.

B KOMOMHATOPHOM IOJIX0/ie BCE JIEUCTBUSA BBINOJHAKTCA B MPOCTPAHCTBE BEKTOPOB COCTOSAHUSA
CHUCTEMBI, TO €CTb Mbl Ha MPOTSHKEHUU BCEX MOJEJNbHBIX MAaHUNYJIAIUN MUMeeM JeJio C KOHKPEeTHOH
HccaeyeMOU CUCTEMOM.

B onepaTopHOM 1nojxo/ie Mbl OTBJIEKAEMCSI OT KOHKPETHOW peasiM3alli UCCIeAyeMON CUCTEMBI,
paboTas c abCTPaKTHBIMH ONepaToOpaMu. B mpocTpaHCTBO BEKTOPOB COCTOSIHUN MbI ITEPEXOUM TOJBKO B
KOHIle BBIYHCJeHUN. KpoMe TOro, KOHKpPETHYIO OINEpPaTOPHYH ajredpy Mbl BbIOMpaeM, HCXOJs WX
CHUMMETPHH 33Ja4H.

OCHOBHO€E KMHETHYEeCKoe YpaBHEHHE

JJ1s onMcaHMs CUCTEMBI UCII0JIb3yeTCsI OCHOBHOE KHHETHYECKOoe YpaBHeHUe (master equation):
(@2, t3; 01, t1)
ot = f[W((Pzi Y, ), ty; 01, 6) —w(@; 3, £)p(@2, 65 91, 8] A,

rae w(@|,t) ecTb BEpOATHOCTD IEPEXo/ia U3 COCTOSHUSA | B COCTOSTHHE (P 33 €JUHUIY BPEMEHH.

[Ipu AucKpeTHOUN 06/1aCTH ompeje/ieHUs] MHOXKeCTBA COCTOSIHUM CHCTEMBI (p MOXKHO 3alMcaThb
(mpoHyMepoBaB COCTOSTHUSA YUC/IAMH N U m):

Ipa ()
ot - Wnm Pm (t) ~ WmnPn (t),

IJl€ Pn — BEPOSATHOCTb HAXOX/IEHUs CUCTEMbI B COCTOSTHUH N B MOMEHT BPEMEHH t, Wnm — BEpPOSITHOCTD
nepexo/ia CUCTEMBI U3 COCTOSIHUS M B COCTOSIHUE N 32 €JUHULY BPEMEHU.

OnepaTopHbIA NOAXO0M

HpeﬂCTaB.ﬂeHI/Ie qHceJl 3alloJIHEHHU e ABJIA€TCA OCHOBHBIM A3bIKOM IIPU OITMCaHHUH (l)I/IBI/IKI/I MHOI'MX
Tea. [JIaBHBIMU 3JiIeMEHTAaMU 3TOr0 si3blKa SIBJSIOTCS BOJIHOBbIE (l)yHKU,I/II/I CHUCTEMBbI, coaepXaljre
HHCl)OpMaHI/IIO 0 TOM, CKOJIBKO YaCTHI HAXO0JUTCA B KaXXJO0M OAHOYACTHUYHOM COCTOAHHUH. AJIH HU3MEHEeHUd
COCTOAHUA CUCTEMbI HCIIOJIb3YKOT OIIepaTOPbl POXAEHHWUA W YHHUUYTOXEHHUA. MeTO[U/IKa INpUMEHEeHUA
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dopMasiu3aMa  BTOPUYHOTO  KBAHTOBAaHMUS  JJ1  HEKBAHTOBBIX  CHUCTEM  (CTaTUCTUYECKHX,
JleTepMHUHUPOBaHHBIX) OblJIa pacCCMOTpPEHA B IeJIoM psifie ctaTel [7, 19-21]. [lsis 3anucu npeiCTaBJAeHUs
Yy ceJl 3a0JIHEHUS 06bIYHO UCNOJIb3YIOT HOoTaluo Jlupaka. B HoTauuu, npeanoxeHHo# [1. A. M. lupakom
COCTOSIHHME CUCTEMbI OMUChIBAETCS 3/1eMEHTOM IIPOEKTUBHOTO I'MJIb6EPTOBOro MPOCTPAHCTRBA.
pxi=@; =(EHY=<i|=]i> .
CkasisipHOe NpOU3Be/leHUEe UMEET CAeAYIOUMNi BUA;
@0t = (ili).
TeH30pHOE IpOU3BeJEeHUE UMEET BUJ;
pipt =i ><]j|.

B dopmanM3Me yuces 3ano0JIHEHUSI OCHOBHOE KUHETUYECKOe YpaBHEHH e IEPEXOUT B ypaBHEHUE

JlnyBunns:

Elfp(t) >=L|o(t) >.

OnepaTtop JInyBujid L yi0B/1eTBOPSIET COOTHOLIEHHUIO:
< 0|L =0.

AHaI‘paMMHaH 3anuchb

Onuuiem npegsjiaraeMyro HaMUd [JUArpaMMHYK TEXHUKY [AJiId CTOXaCTHU3allMHM OJHOIIAT'OBBIX
POLIECCOB.

.
Ip —p—--p--—p—Fp

Puc. 1. [Ipsamoe 83aumodelicmeue

-— L'
I —4—-4---—4—Fy
Puc. 2. O6pamHoe 83aumodeticmeue

ByzneM 3anucbiBaTh CXeMbl B3aUMOJAENCTBUA B BUZe AuarpamMM. Kaxaoi cxeMe B3aMMOAEHCTBUSA
COOTBETCTBYET Iapa AuarpamMm (puc. 1 u 2) i npssMoro 1 06paTHOr0 B3aUMO/eHCTBHS COOTBETCTBEHHO.
JuarpamMma COCTOUT U3 CJIeAYIOLHUX 3J1EMEHTOB:

e BXOJsflLMe JUHUU (Ha pucyHKe 1 0603HA4YeHO CIJIOIIHOW JIMHUEH). ITU JIMHUM HalpaBJIeHbl K
JIMHUM B3auMOJeWCTBUA. JIMHUA NoMedaeTcd KOJMYECTBOM MU TUIIOM B3aUMMOJEHCTBYHOIIMUX
cylHocTel. MOXXHO 3alIUCBIBATh 110 OJHOU CYLIHOCTH Ha JIMHUIO WJIA IPYNIIUPOBATh UX;

e ucxoAsiye JUHUM (Ha pucyHke 1 0603HaY€HO CIJIOUIHOM JIMHUEHN). DTH JIMHUW HalpaBJeHbl OT
JIMHUM B3auMOJeWCTBUA. JIMHUA NoMedaeTcd KOJMYECTBOM M TUIIOM B3aUMMOJEHCTBYHOIIMUX
cylHocTeld. MOXXHO 3alIUCBIBATh 10 OJHOU CYLIHOCTU Ha JIMHUIO WJIK TPYNIIUPOBATh UX;

e JIMHUS B3auMojeicTBUsA. (Ha pucyHke 1 o6o3HayeHa NYHKTUPHOH JsuHHUel). HampaBieHue
BpeMeHU 0003Ha4eHO CTpeskod. JIuHUA nomedaeTcs K03QOUIMEHTOM HWHTEHCUBHOCTH
B3aMMO/JIENCTBUSI.

Kaxkzio¥l JIMHUM TpUNMCBIBAeTCs omnpefenéHHbI ¢akTop (B 3aBUCHMOCTH OT BBIGPAHHOIO

nozaxosa). PesynbTupytoiiee BoIpaXkeHUE MOJyYaeTcs IepeMHOXKeHHEeM 3TUX GaKTOPOB.
[Ipy nprMeHeHUM ONepaTOPHOrO NOAXOJA C MOMOIIBI AMarpaMM B3aWMOJENCTBHUA Mbl I0JIy4aeM
onepaTtop JlnyBusisa. Kaxxzol JTMHUM IPUCBOUM COOTBETCTBYIOIUM daKTOop. Pe3ynbTUpyOIuN YeHOM
OyzeT noJy4eH U3 HOPMaJIbHOI'0 TPOoM3BeZieHUs (HOpMabHOE TPOU3BeIeHHE eCTh 3allChb IPOU3BEEeHUS
0IIepaToOpOB B BUJE, KOTZAa BCe ONlepaTopbl pOXKJAEHUS CTOAT CJIeBa OT BCEX ONEpPaTOPOB YHUYTOXKEHUS.
daxTopoB).

+L.
Ip —p—--p---—p»— Fp
al L aF

Puc. 3. [Ipsamoe 83aumodeiicmsue (onepamopHbili n0dxod)

-k
Ip —4—-<4---—a— Fyp
el —k af

Puc. 4. O6pamHoe 83aumodeticmaue (onepamopHbsiti nodxod)

ByneM ncrnosib30BaTh ciaeaytouie GakTopbl A/ KOKA0r0 TUIA JUHUY (puc. 3).
e Bxoasamas muHUA. JIMHUS COOTBETCTBYET BBIBOAY OJIHOM CYIIIHOCTU U3 cUCTeMbI. CJie/loBaTeIbHO,
el COOTBETCTBYET ONEepPaTOp YHUUTOXKEHUS a. O4eBUJHO, YTO KOMOUMHHUPOBAHHOHW JIMHUU
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MOILHOCTH | COOTBETCTBYeT onepaTop al.

e Hcxopsmas uHusA. JIMHUS COOTBETCTBYET MOSBJEHHUIO B CUCTEME HOBOH CYI[HOCTH.
CyieoBaTeJIbHO, €M COOTBETCTBYET ONlepaTop PoXxaeHUs T. O4eBUIHO, YTO KOMOMHUPOBAHHOU
JINHUU MOLHOCTHU F cooTBeTcTByeT onepaTop .

e JluHUA B3aUMOAENCTBUSA. ITOM JIMHUU COOTBETCTBYET COOCTBEHHO KO3PPULIEHT
WHTEHCUBHOCTU B3aUMO/IeMCTBUS.

+l\'
Iop—»—--p--—p»— Fop
(I.I +k ﬂ,F
alal +i 1

Puc. 5. [Ipsamoe 83aumodeiicmsue (onepamopHbili nodxod), paculupeHHass Homayusi

-k

Ip —4—-<4---—a4— Fyp
el —k af

1 -k aFaF

Puc. 6. 06pamHoe 83aumodeticmeue (onepamopHbsvlli nodxod), pacwupeHHass Homayus

JlJ1s1 KOpPEKTUPOBKU AuarpaMMbl 3 Mbl JOJDKHBI BbIY€CTb KOJIMUECTBO CYIIHOCTEH, BCTYMUBIINX
BO B3aMMO/IeMCTBUE, IOMHOXXEHHOE Ha MHTEHCUBHOCTb B3aUMOJENCTBUS. Toraa Mojy4uM Cleayroudu
YJieH onepaTtopa JInyBuJLIS:

*knFa' — “tknlal = tk(@#F —nhdl.

JlJ1s1 06paTHBIX B3aUMOIeCTBUH (pUC. 4) UCITOJIb3YIOTCS 3TH Ke NMpaBUIa.

Juia y4éTta JomoJHUTeNbHOTO dakTopa 6yAeM HCIOJIb30BaTh pacliMpeHHble AuarpaMMbl (CM.
puc. 5 u 6). 3ech U3 HOPMaJIbHOI'0 NPOU3BEIEHUs] YUCIUTENEeN BEIUYUTAETCS HOPMaAJbHOE IPOM3Be/ieHre
3HaMeHaTeJIeH.

TakuMm o6pa3oMm, noJiyyaeM onepatop JIMyBUILIA:

L= Z [ kg ((ﬂi)pia - (ﬂi)lia) (ai)lia + Tk, ((ni)li“ _ (ni)pia) (ai)Fia]-

Mogenb Pepx10JbCTa

B KayecTBe AEMOHCTpalMH METOAA PacCMOTPUM MoJjiesib PepxioyibeTa [24-26], ONHUCHIBAKOILYIO
OTpaHUYEHHBIN pocT (MpUBJIEKATENBHOCTb 3TOM MOJeJM B TOM, YTO OHA OJHOMEpHA U HeJIMHEeMHa).
M3HayaJIbHO 3Ta MO/IeJ/Ib OIIMChIBAETCS CIeAyI0IUM AuddepeHalbHbIM ypaBHEHHUEM:

de
2 =0~ Be—ve?,
34ecb A — K03$OUIIMEHT HWHTEHCHBHOCTH pasMHOXeHHUs, [ — K03pPULMEHT HHTEHCUBHOCTHU

BbIMUPaHUS, Y — K03GUIIMEHT UHTEHCUBHOCTH YMEHbIIEHUs MONy/IsALMH. 3/1eCb Mbl OCTaBJ/IsIeM Te Ke
0603HayeHUs], YTO U B UCXOAHON Mojesu [24]. [locTpouM CTOXacCTUYECKUH BapHaHT JAHHOU MoOJeJsiu.
3amnuieM cxeMbl B3aUMO/IeCTBUSA:

pe 29,

p=> Po.

[lepBoe coOOTHOLIEHHE O3HA4yaeT, 4YTO HHJAUMBHUJYYM, KOTOPBIH CbeJaeT eJUHULY MHILY,

HeMeJJIEHHO peNnpoAyLHUpyeTcs, B OOPATHYIO CTOPOHY - CONEPHHUYECTBO MEXAYy HUHAUMBUAYYMaMHU.
BTopoe — cMepTh HHAUBUAYYMA.

A
¥

I

Yf
Puc. 7. [lepsoe npsimoe 83aumodeticmsue
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=

Puc. 8. [lepsoe o6pamHoe 83aumodeticmaue
.
P —— -
Puc. 9. Bmopoe g3aumodeticmsue

[IpuMeHMM onepaTOpHbIN noaxoA. s cxem B3aumojeicteud (10, 11 u 12) nosydaeM onepaTop
JlnyBunns:
L=Am?*—-ma+ym—n?)a’?+ B —m)a =
=A(a*)2—aPa+y(at — (@)?a?> +p(1l—at)a =
=Aa*—Data+pA—-aP)a+y(d —a)ata?

"

=

k)

1 ¥

wa ¥

Puc. 11. Ilepeoe o6pamHoe 83aumodeticmaue (onepamopHbdvlli nodxod)

3
- ®
& 3
wa A
Puc. 12. Bmopoe 83aumodeiicmegue (onepamopHbwiii nodxod)

3anuuieM 0OCHOBHOE KMHETHYECKOe YpaBHeHHUe yepe3 onepaTop JIMyBUIIS:

op.(t) 1 3
o - E(Tlm(l’) =

1
=—(n|-[Aata+ Bata +yatataal + [Ba +yataa] + latatap) =
n!

=—[An+pn+ynn—Dl(nle) + [f(n + 1) +y(n + Dnl{n + 1@} + A(n — D{n — 1l¢) =
=—[An+pn+yn(n—D]p, @) +[B(n+ 1) +y(n + Dnlp, + 1(t) + A(n — Dp,, — 1(¢).
Pe3ysibTaT MOJIHOCTBIO COBNA/ZIAET C GOPMYJIOH, OJyYeHHON KOMOUHATOPHBIM METO/IOM.
3akjdenue

ABTOpaMI/I npeaJoXxeHa JuarpaMMHad TEXHHUKA AJI CTOXaCTU3alWKi OAHOIIAroBbIX PO EeCCOB. Ha
AaHHbIﬁ MOMEHT 3Ta TE€XHHKaA II03BOJIAET ITIOJIYyYUTb OCHOBHOE€ KHWHETH4YeCKOe YpaBHEHHE. Takxke aTa
TEeXHHKaA MO3BOJIAET yHI/Iq)I/IL[I/IpOBaTb pa3Hble MOAX0AbI K CTOXaCTU3AlMH OAHOILIAr OBbIX MPOLeCCOB.
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