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Abstract 

This study considers a class of double finite Hankel transforms that describes the transmission of a vortex optical signal through a two-lens 

system with limited aperture radii in the object and spectral flats. The eigenfunctions of the given transform are calculated for different orders 

of vortex m. The functions obtained are an orthonormal system of functions, which can help expand an unspecified limited optical allocation 

with high accuracy. Approximation of optical signals without radial symmetry is also performed in this paper. 
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1. Introduction 

The current use rate of optical fiber in terms of time and frequency characteristics tends to the bandwidth limit [1]. However, 

the requirements to increasing the volume of global traffic are constantly growing. For the purpose of ensuring the 

correspondence of communication networks to ever-growing bandwidth requirements, additional approaches are considered for 

the multiplexing of optical fiber channels. One of such approaches is mode division multiplexing (MDM) [2,3]. Special 

advantage for increasing the bandwidth of the information channel is achieved with the help of optical beams with an orbital 

angular momentum and an infinite number of available quantum states [4]. The significant success of such method of channels 

multiplexing has already been demonstrated in optical fibers [5] and in free space [6,7]. For the purpose of forming and analysis 

of vortex beams, diffractive optical elements are used [8,9], and lens systems are used to place them into optical fiber [10, 11].  

Transmission of a vortex laser beam of the m
th

 order through the spherical lens can be described using the Hankel transform 

of the m
th

 order. In real lens systems, there is a spatial limit, and finite (spatial-limited) transmission operators [12, 13] are used 

to describe the transmission of an optical signal. Due to the spatial limit both in the object and in the spectral region, it is 

impossible to obtain an ideal image in a two-lens system. In order to understand how the optical signal is distorted, it is 

necessary to expand them according to the eigenmodes of the lens system. As such, the concept of communication modes [14, 

15] is widely used. Communication modes for square apertures and Fresnel transforms are prolated angulous spheroidal 

functions [16,17], which are widely examined and used in optics [18-21]. Communication modes for round apertures and finite 

Hankel transform are circular [22] and generalized [23] spheroidal functions.  

The studies [24,25] show the possibility of approximation of both one-dimensional and two-dimensional limited signals by 

spheroidal functions passing through the lens system without distortion. 

For the purpose of superresolution development, the study [26] also examines spheroidal modes and generalized spheroidal 

functions, instead of which there were used the Zernicke polynomials in the calculation. For the record, the Zernike polynomials 

have a well-defined analytical form and they are often used in analysis problems of wave front and adaptive optics [27-29]. In 

contrast to the Zernike basis, spheroidal functions do not have an analytic representation and they are calculated as the 

eigenfunctions of an operator connected with a certain optical system. Expansion in the eigenfunctions of the system makes it 

possible to estimate the distortion of the transmitted signal in general, i.e. to assess the quality of information transmission by the 

system.  

This study considers the transmission of optical signals through a two-lens imaging system based on a double finite Hankel 

transform of the m
th

 order. We performed the calculation of an eigenfunctions set, which allows analyzing the distortion of an 

optical signal during transmission on the basis of approximation in functions of this set. Approximation of some signals with a 

good level of accuracy was performed. 

2. Brief theoretical information 

Let us consider the optical system in Figure 1. The optical beam passes through an aperture of radius R in the region D1, , at 

the focus distance of which the lens is located. Then in the output focal plane of the lens (in the spectral plane D2) , it is located 

one more aperture of radius P. The output image of the beam is considered in the output focal plane of the second lens. 

Let us consider vortex beams represented in the form: 

( , ) ( ) exp( ),f r f r im     (1) 

ere m  is an integer number presenting the order of the optical vortex. 
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Fig. 1. Scheme of the optical system. 

For vortex beams (1), the transmission of an optical signal through the two-lens system shown in Figure 1 can be written as 

follows: 
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where J1 – Bessel functions, k – wavenumber,  f – focus distance of both lens. Thus, if a vortex allocation is specified at the input 

of a given optical system, then there will be a vortex allocation at the output, as well, while the order of the vortex m does not 

change. 

 The eigenfunctions of the expansion operator HR, P represent an orthogonal system which it is used to expand optical signals 

that do not necessarily have a radial symmetry. 

3. Calculation of eigenfunctions and approximation 

The calculations will be performed with the following parameters: k / 2πf = 1, R = 1 and P = 5. Tables 1 and 2 show images 

of some functions and superpositions, respectively. The number n corresponds to the number of the eigenfunction in the 

decreasing order of the moduli of eigenvalues. 

Table 1. The examples of eigenfunctions. 

Indices Amplitude Phase 

m = 2, n = 1 

  

m = -7, n = 2 

  

Table 2.  The examples of superposition of eigenfunctions. 

Indices Amplitude Phase 

m1 = 2, n1 = 1 

+ 

m2 = -7, n2 = 2 
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m1 = 3, n1 = 2 

+ 

m2 = -3, n2 = 2 

 

  

Table 3 shows which optical signals were approximated with the use of the calculated eigenfunctions. As such, there are 

approximation errors expressing the intensity standard deviation of an optical beam from its approximation by the eigenfunctions 

of the system. The expansion is performed only by those functions, which have the eigenvalue greater than 0.5 and in addition, 

|m| ≤ 8. 

Table 3.  The approximation of optical signals with the eigenfunctions of the system. 

Name Signal amplitude Approximation Deviation 

“Square” 

  

0.0534 

“Window” 

  

0.0868 

“Triangle” 

  

0.0982 

4. Conclusion 

The calculation of the eigenfunctions of a given optical system is a complicated computational problem, especially at large 

values of the order of the vortices m. The operator HR,P written in the expressions (2) and (3) is self-adjoint, therefore its 

eigenfunctions must be real, and, consequently, their phase must be binary. However, the errors in the calculations introduce 

additional phase values. 

Nevertheless, even in the presence of errors, the realization of the expansion of non-radial-symmetric signals along radial-

vortex eigenfunctions turned out to be possible, as it was demonstrated in this study. In this case, the deviations of the 

approximated functions from their originals were no more than 10%. 

It is worth noting that, for good approximation, the allocation of optical signals in the spatial region D1 of the first aperture 

should not be larger than the dimensions of the aperture itself. 
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