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Abstract 

The problem of the development of the state information stimulation system of Russian citizens’ socio-optimal actions is considered according 

to the optimum of collective utility function as criterion. Conceptual model of the system is formed according to the conditions of individual 

rationality, Pareto efficiency, nonmanipulability and dynamic quasi-optimality. The algorithms of the information system are developed such 

as a process of  step-by-step approximations. The system’s criterion on each approximation does not decrease and the constraint on the 

stimulation fund is fulfilled. 
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1. Introduction 

In a transitional economy [1,2] trends of individual rationality are growing in the society. To overcome this trends the state 

develops the moral improving programs [3,4]. In this case, the purpose of the state is the social effect of citizens’ acts, 

performing on the basis of maximization of collective but not individual utility function, hereinafter referred to as socio-optimal 

actions. Achieving this purpose requires the involvement in socially useful activity of large group of the population and 

personified registration of socio-optimal actions. It needs to organize the state information system, based on the information 

resources of currently working in Russia programs [5-7]. 

The concept of socio-optimal actions’ stimulation provides for the establishment of information system of personified 

registration of the actions of citizens (hereinafter, agents). The system also includes the distribution of state stimulation fund in 

the form of incentives between agents according to certain mechanisms. The dynamics of the system is a two-period. In the first 

period (registration period) performed socio-optimal actions are recorded, and in the end of this period the stimulation fund is 

distributed. In the next period (period of stimulation) the earlier distributed incentives are used. 

In addition to the utilitarian stimulating function information system also solves the problem of the formation of the agent’s 

status in the hierarchy of the citizens, used for non-material motivation. On a longer time horizon, the state’s social priorities 

could changed by varying the attributes of socio-optimal actions and their monetary valuation can be varied as a result of 

inflation. Therefore, to comparability of agents’ statuses the system accumulates not only incentives as the current cash 

equivalent of social activity, but also agents’ rating in comparable dimension. 

The object of stimulation is socio-optimal actions of citizens, that is, actions that correspond to certain attributes. The actions 

should maximize collective utility function without increasing the individual utility function. Therefore, the attributes correspond 

to the terms of gratuitousness, public utility and unconnectedness with professional activities of citizens. Consequently, socio-

optimal actions do not require special qualification, whereby the stimulation object’s dimension is duration of action excluding 

the content of the action. The subject of stimulation is citizen, performing a socio-optimal action in certain period. The apparatus 

of stimulation is the state represented by certain ministries (departments). 

2. The object of the study  

The system under consideration is constructed outside еру architecture of market relations. Therefore, formed by market 

equilibrium relationship between the socio-optimal actions and incentives as their monetary valuation does not exist. For this 

reason, in this system it is possible some disproportions. Firstly, dynamic inconsistencies between the stimulation fund and the 

cash equivalent of the socio-optimal actions leads to a deficit or proficit of the fund; the deficit will not allow; the proficit 

expresses disinterest of citizens in stimulation. Secondly, the impossibility of compliance control between registered in the 

information system and the actual socio-optimal actions leads to inaccurate registration (overcharged) information. Therefore, 

for system’s equilibrium incentive distribution mechanism must meet the following conditions: 1) individual rationality, in 

which the agents’ utilities with the incentives are not lower than any alternative, that is, agents are interested in stimulation; 2) 

Pareto efficiency, which means that stimulation fund if distributed fully between agents, that is, there is no deficit and proficit; 3) 

nonmanipulability (compatible with incentives), in which each agent reported accurate information about its action according to 

criterion of individual rationality; 4) optimal distribution according to criterion of collective (additive) utility function. Thus, the 

object of study is the state information system providing equilibrium humanitarian goals of the state, the tools of their realization 

in the form of incentive distribution mechanism, as well as socio-optimal actions performed by citizens. 
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3. Methods 

The investigations of stimulation systems and distribution mechanisms produce the following mechanisms corresponding the 

individual rationality. Competitive mechanism is developed with noncooperative [8] and cooperative [9] behavior of agents, its 

Pareto efficiency and optimality according to additive utility function criterion are proved. The step-by-step resource distribution 

mechanism (SRDM) is obtained [10], for which proved [11] that nonmanipulability and Pareto efficiency simultaneously only 

for SRDM; also SRDM, as shown in [12], is equivalent to mechanisms of direct and reverse priorities. It was shown [13] that 

unique SRDM exists, in which the incentive is distributed [14] as minimum of agent’s information and the average undistributed 

rest of incentives. The approach to the distribution based on the penalty and incentive functions [15] showed the Pareto 

efficiency and optimality according to additive utility function criterion for compensatory mechanisms; according to a 

compensatory mechanism incentives are equal to agents’ costs. Thus, only SRDM satisfies [16] all above conditions. Since 

SRDM implies consistent registration of agents’ actions and further distribution of the incentives, it is impossible to use in the 

system, where actions perform independently and record simultaneously. Therefore, the development of adaptive distribution 

algorithm, satisfying the individual rationality, Pareto efficiency, nonmanipulability and additive optimality is important. 

The model of information system of stimulation is considered. We introduce the following sets. The set of socio-optimal 

actions attributes 

 IizZ i ,...,1,     

defines the attributes of action to be stimulating; index I is the number of the types of actions. The set of agents 

    tntK ,...,1     
includes citizens, performing in the period t actions corresponding Z; index n(t) is the number of agents. The vector of socio-

optimal actions 

    KktZatZA k  ,,,
    

includes quantitative estimates of k-th agent’s actions corresponding Z in t-th period in terms of time taken to perform these 

actions. The vector  tZA ,  is  contained in allowable set 

  KkaaaA k  ,0,,0 maxmax ,
    

where the symbol maxa  denotes the upper limit of agents’ disposable time. For example, the vector Z may include attributes such 

as z1= «carrying out socially useful activities», z2=«provision of free services to the citizen»; the components of the vector 

 tZA ,  express the time registered in the t-th period. 

The stimulation fund in the t-th period is 

    0,,0 maxmax  FFtF .  
 

Then we omit the index t, assuming that all the parameters of the model correspond to a specific period. 

We introduce the dimensionless registration function of socio-optimal actions 

  Kkau kk  , ,
    

which the score value u  corresponds to  a time value a.  Thus, the vector of action A corresponds to the vector of scores 

  UKkuU k  , ,
    

where U  – allowable set of scores. Let a function    is continuously differentiable, satisfies the conditions of saturation and 

set is defined U  as follows: 

           .0,,0,,0,,0,0: maxmaxmaxmax///  auKkuuuUKkau kaakk   (1) 

We introduce the social utility function of agent  xaf ,  as the sum of the individual utility function and distributed incentive 

 xaf ,       Kkuxafxaf kkkkkkk  ,, 0 , 
 (2) 

where  0f  - individual utility function;  ux  - distributed incentive. 

For the function (2) property of individual rationality is defined as: the social utility function of agent performing the action a 

must be no less than the individual utility function when such action does not perform ( 0a ), that is, 

    Kkfxaf kkkk  ,0, 0

 
.
   

Therefore, incentives at the individual rationality must satisfy to 

  Kkfux kkk  ,min
,
   

where  

    00 00min  kkkk afff
   

characterize the loss of individual utility when making the socio-optimal action. Agents can’t have individual utility losses when 

making socio-optimal action, for example, performing it in their spare time from gainful activity. Therefore, guaranteed estimate 

of these losses, the same for all agents, is 
minmin maxarg k

Kk
ff


 .

   
We introduce the stimulation function  ux  , which the incentive in cash corresponds to the score u. Let the function    

is continuously differentiable, satisfies unsaturation condition on u and saturation condition on the sum of u, individual 

rationality and Pareto efficiency: 

http://www.multitran.ru/c/M.exe?t=3494673_1_2&s1=%EF%F0%E8%ED%E0%E4%EB%E5%E6%E0%F2%FC
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          .,,0,0,0: min/// KkFuxfuxux
Kk

kkkkuukk
Kk

kk
 






  (3) 

Generally formulas (1) - (3) are the stimulation system model S that represents the list of agents’ set, agents’ scores set and 

agents’ utility functions set: 

     KkuxafaKS kkkkkk  ,,,, .
  (4) 

We introduce the additive criterion of social efficiency of the stimulation system as the sum of the socio-optimal actions of 

agents in the t-th period 

   .



Kk

k SaSE   (5) 

Definition: a nonmanipulability - is a property of the system S having the Nash equilibrium, that is, a state in which there is 

no agent, for which the social utility function for some action vector AA
~

 is greater than the equilibrium Nash vector 

AAN  : 

        ,,
~

,,~~
,

~
: AAAaaAAxfAxfKk N

kk

N

kkkk    (6) 

where symbol «-k» denotes environing, i.e. agents other than k-th. 

We define the set of allowable stimulation systems S  based on the conditions of Pareto efficiency and individual rationality 

(3), nonmanipulability (6) in the form of: 

      .
~

:,,: min









 


UxfUxfKkFxfxSS kkkk

Kk

kk  (7) 

The problem of selecting the model S from the set S  is considered as the optimal control problem 

 SES
SS

 maxarg* .
  (8) 

The control parameters in the problem (8) is a functions      , . So the criterion and constraints in problem (8) implicitly 

depend on the control parameters, and the problem (8) does not, in general, the analytical solution. In these cases, the 

approximate methods are used [17-21] for solution of optimal control problem, and the resulting solution was called quasi-

optimal [22]. 

Definition: a model of stimulation system S is called a dynamic quasi-optimal if 

  SStEt  0/ .
  (9) 

The dynamic quasi-optimality means that in t-th period additive criterion system (5) is no less the value at (t-1)-th period 

when the constraints (7). Therefore, the condition (9) defines the process of step-by-step approximations for system (4), on each 

of which the criterion (5) does not decrease. We pose the problem of developing an algorithm that implements the model (4) as a 

dynamic quasi-optimal. Subsequently, the problem of developing an algorithm that implements the model (4) as a dynamic 

quasi-optimal, is considered. 

 

Fig. 1. Conceptual model of information system. 
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4. Results and discussion 

Conceptually, the projected information system (Fig. 1) implements the processes of interaction between state and citizens 

based on the goal of maximizing the total number of socio-optimal actions [23,24].  

 

Fig. 2. Algorithm of one-period cycle of the information system. 

The state defines such parameters of information system as a set of actions’ attributes, the form of registration function, the 

form of stimulation function, the stimulation fund and the number of system work periods. The agents’ actions are parameterized 

via the vector of action, a set of social utility functions and the vector of used incentives. The information system is the 

infrastructure of the state and citizens, consisting of five blocks. The action registration block identifies actions in the score 

values. The stimulation block is designed to distribute the fund, depending on the vector of score ratings. The incentives use 

block implements the functions of analyzing the dynamics of accrued and used incentives, as well as control the deficit (proficit) 

of the stimulation fund. The effectiveness analysis block controls the dynamics of change in the social effectiveness criterion of 

system test on the selected time interval of up to the maximum number of work periods. The system parameters adaptation block 

implements a process of successive approximations for quasi-optimality. 

A degree registration function    satisfying the conditions (1) is considered in the form 

        ,,1,0,,0,,0, maxmaxmax Kkaa kk   

 (10) 

where ,  are constant coefficients. 

http://www.multitran.ru/c/M.exe?t=3500067_1_2&s1=%F1%F2%E5%EF%E5%ED%ED%EE%E9
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We introduce the stimulation function    relating to the class of direct compensatory priority functions [25]: 

  ,,min Kkuubafu k

Kk

kk 







 



   (11) 

where a,b are constant coefficients, a,b>0, are selected to satisfy    the conditions (3). Substantially compensatory function 

(11) defines guaranteed incentive minf  of non-zero agent’s action on the principle of "any socially useful action is rewarded", 

beyond which the incentive is distributed in proportion to the score u in accordance with the "cost" p  





Kk

kubap ,
   

decreasing with increasing the total number of agents. 

It can be shown that if the coefficients a, b are defined by the formulas  




















Kk

k

Kk

k

Kk

k uu

nfF
b

u

uu

u

nfF
a

2
,

2

2 minmin

, 



Kk

ku
n

u
1

, (12) 

the system S provides firstly Pareto efficient distributed of stimulation fund, that is, the full distribution without deficit or proficit 

and, secondly, the agents are not interested in the overstated information about performed actions, that is, the system is non-

manipulable. 

The algorithm for static (one-period) cycle of the information system in shown in Fig. 2. The one-period cycle does not 

include the incentives use phase, since the distribution of incentives is possible only after the registration of all actions of all 

agents in that period. The one-period cycle information system algorithm includes the action registration block, the stimulation 

block and the effectiveness analysis block. 

The one-period cycle does not allow to achieve the stimulation system optimality according to criterion (5), in particular, to 

adapt the parameters of the blocks «  au  », «  ux  » so that the quasi-optimality condition (9) is performed in dynamics. 

In addition, the one-period cycle is not taken into account the dynamics of agents’ number increasing and the dynamics of 

actions number, resulting in incentives inflation in case of constant stimulation fund, which may result in loss of efficiency. 

Also, in the one-period cycle the used incentives dynamics is not coordinated with the dynamics of stimulation fund, which 

could lead to its deficit or proficit, and causes a reduction in efficiency. 

The dynamic (multi-period) algorithm of the information system is considered. We introduce the following parameters of the 

dynamics of the system in the period  t,0 : the accrued incentives vector is  X , the components of which are defined by 

(11), the used incentives vector  is  X , the used stimulation fund  is  F , the unused incentives residues vector at the end 

of the t-th period is  tR , the total unused residue of incentives at the end of t-th period is  tR , the unused residue of 

stimulation fund at the end of t-th period is Ф. These parameters are determined by the following formulas: 

     KkuxX kk  , ;        KkxxX kk   ,,0  ;      txF
Kk

k ,2, 


  ;
 (13) 

       








 






KkxxtrtR
t

k

t

kk ,
21 

 ;    



Kk

k trtR ;      







tt

FFtФ
21 

 , 
(14) 

where  x  is incentive used by k-th agent in the period t .  

In the case of full distribution of stimulation fund (Pareto efficiency), it can be shown that if the following conditions are met 

in the t-th period 

    0 tRtФ ,      TttEtE ,2,01  ,  
(15) 

the information system is quasi-optimal. Violation of the conditions (13) indicates the non-optimality of the system (4) in the t-

the period, that is, the need to adapt such system parameters as registration function coefficients ,  and fund F. 

The algorithm of information system multi-period cycle is shown in Fig. 3. Blocks, detailed in the one-period cycle (Fig. 2), 

are shown in general. The incentives use block implements formulas (13), (14). The system parameters adaptation block is based 

on the analysis of conditions (15), the variations of system parameters are defined by the formulas: 

  1-t  max,0 ,   1-t  max,0 ,      tR1-tFFF  ,min,0 max .  
 

The algorithm provides a process of successive approximations, when the constraints are complied, resulting in the system to 

quasi-optimality state. 

Simulation of the stimulation impact on the behavior of the population was carried out by changing the skewness and kurtosis 

of probability density function of the normal distribution  

 
 

2

2

2

2

1




laaw

eaf




  .  
 

where ,a  – mathematical expectation and mean-square deviation of initial distribution; l – skewness coefficient (l<1 - left 

skewness, l>1 - right asymmetry) compared with a normal distribution (l=1); w - kurtosis coefficient (w <1 - a more uniform 

distribution, w>1 - less uniform distribution) as compared with the normal distribution (w = 1).  

 

http://www.multitran.ru/c/M.exe?t=257226_1_2&s1=%EC%E0%F2%E5%EC%E0%F2%E8%F7%E5%F1%EA%EE%E5%20%EE%E6%E8%E4%E0%ED%E8%E5
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Fig. 3. Algorithm of multi-period cycle of the information system. 

The simulation of the distribution of agents in the stimulation process was based on the following hypothesis: registration 

function coefficient β growth leads to right skewness, i.e., to increase of the expectation of the distribution of the agents’ set, 

compared with the median of range [ max,0 a ]; coefficient α growth leads to decrease in kurtosis, to increase the variance  of the 

distribution of the agents’ set in comparison with the initial value. The agents’ number changing in the stimulation process was 

not more than 20% of the initial number of citizens, which was led to constraint on the coefficients of skewness and kurtosis 

l [1,1.4], w [0.7,1]. The simulation of information system was carried out for the following initial data: 8max a  hours, 

4a  hours, 293.1  hours, 1min f   thousand rubles, n = 9727 thousand. The initial fund value was established 

1000000F  thousand rubles, the initial registration function coefficients α = 18,95, β = 0,8 were chosen from the condition 

100max u ; the value of the used incentives coefficient, i.e. share of the used incentives to stimulation fund, was taken 

8.0X . 

Three scripts of information system dynamics were considered: the first script (Fig. 4.) – the growth β when 

constXconstFconst  ,,  led to a right skewness; the second script (Fig. 5.) – the growth α when 

http://www.multitran.ru/c/M.exe?t=259861_1_2&s1=%E4%E8%F1%EF%E5%F0%F1%E8%FF
http://www.multitran.ru/c/M.exe?t=3152463_1_2&s1=%F1%F6%E5%ED%E0%F0%E8%E9
http://www.multitran.ru/c/M.exe?t=3152463_1_2&s1=%F1%F6%E5%ED%E0%F0%E8%E9
http://www.multitran.ru/c/M.exe?t=3152463_1_2&s1=%F1%F6%E5%ED%E0%F0%E8%E9
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constXconstFconst  ,,  led to the reduction of kurtosis; the third script (Fig. 6). – the growth β when 

constFconst  ,  resulted in right skewness, and with the increase ΔX stimulation fund F reduced on the relative value ΔF. 

The dynamics of the first script is shown (Fig. 4) in the periods t = 1, ..., 7, for which the coefficient β was varied in the range 

[0.8,0.92], which led to increase in the coefficient l [1,1.4]. As a result, the maximum average value of system efficiency 

reached Eav. = 5.68, the average stimulation fund residue Rav. increased to 200, the average score uav.  increased to 111, the score 

price decreased to p=1.28. 

The dynamics of the second script (Fig. 5) for changing the coefficient α in the range [18.95,19.25] led to decrease in the 

coefficient w [0.7,1]. As a result, the following figures were found: Eav.=4.76, Rav. =121, uav. =57, р=1.48. 

The dynamics of the third script (Fig. 6) repeated the first script of the coefficient β change in the range [0.8,0.92], which led 

to growth of coefficient l [1,1.4]. However, at t=1, ..., 6 stimulation fund has been fixed (ΔF = 0) and the follow used 

incentives coefficient has been set: ΔX = 0.8 at t=1,2, ΔX = 1.1 at t=3, ..., 7. As a result, at t=6 value Rav. = 0 was reached, that led 

to the need at t=7 to finish stimulation (ΔF=1); at t=7 the following figures were obtained:. Eav.=4.91, Rav.= 0 uav.= 111, p = 0. 

The simulation showed the following results: 1) the average efficiency of the stimulation system is more sensitive to a change 

in the registration function coefficient β by right skewness of the distribution of the agents’ set than to a change in the coefficient 

α by reducing the kurtosis of the distribution, because of in the first case, the number of agents decreases, while in the second - 

increases; 2) stimulation system is non-manipulable, because of the score price decreases with increasing registration function 

coefficients; 3) stimulation fund deficit occurs when an excessive use of incentives, and deficit is compensated by fund decrease 

in the subsequent period. 
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Fig. 4. The dynamics of the information system first script, the values of the coefficient l correspond to the periods t=1,…,7. 
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Fig. 5. The dynamics of the information system second script, the values of the coefficient w correspond to the periods t=1,…,7. 

5. Conclusion 

The problem of information support of the state strategy of strengthening morality in society was considered.  The 

information system of stimulation of citizens' actions was developed based on collective utility function maximizing. In the 

article the following results were obtained. The conceptual model of information system was formed on the base of individual 

rationality, Pareto efficiency, non-manipulablity and dynamic quasi-optimality. The model includes the action registration block, 

the stimulation block, the incentives use block, the effectiveness analysis block and the system parameters adaptation block. 

The specific form of the compensatory stimulation function of the direct priorities class was proposed. In this function, the 

incentive consists of a guaranteed minimum and proportional to agent’ score "premium". The score price decreases with the 

growth of the total number of agents’ scores. This stimulation function implements the mechanism similar to the mechanism of 

oligopoly market equilibrium [26], but, unlike that, for certain function coefficients the agents’ actions vector is Pareto efficient. 

Unlike the compensatory mechanism [27,28] proposed stimulation function ensures Nash equilibrium actions vector in such case 

than the stimulation fund does not depend on the actions vector. Thus, formed stimulation system satisfies the conditions of 

Pareto efficiency and compatibility with incentives. 
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Fig.6. The dynamics of the information system third script, the values of the coefficient l correspond to the periods t=1,…,7.  

The dynamic algorithm for information system was developed as a multi-period cycle, which includes a one-period cycle of 

the actions registration and the stimulation fund distribution. The algorithm implements a process of step-by-step approximations 

with constraints, which result in a quasi-optimality system state. In this case, the system criterion does not decrease, and 

condition of stimulation fund sufficiency is fulfilled.  
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