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Abstract

We study the dynamics of quantum system interacting with electromagnetic field. We present density matrix and transition
probability as a path integrals in energy state space without resonance and rotating wave approxinations. By the use of obrained
equations we develop an algorithm for numerical simulations of the dynamics of quantum system interacting with electromag-
netic field. Using this approach we consider rotational dynamics of nitrogen molecules '“N, and N, which interact with a
sequence of ultrashort laser pulses. Our computer simulations indicate the complex dependency of the high rotation states ex-
citation probability upon ultrashort laser pulses sequence periods. We observe pronounced resonances, which correspond to the
results of some experiments.
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1. Introduction

The modern development of laser radiation technologies induces theoretical and experimental investigations of the dynamics
of quantum objects (such as atoms or molecules) under the action of intense electromagnetic field of different forms.

This dynamics is principally non-linear, because the probability is high of multiphoton processes (absorption and emission
more the one photon) and nonresonant processes (electromagnetic field frequency is far from quantum transitions frequency).
We note the recent studies of different rare gases multiphoton ionization [1, 2, 3], of multiphoton photoemission of the Au(111)
surface state with 800-nm laser pulses [4], of multiphoton transitions in GaSb/GaAs quantum-dot intermediate-band solar cells
[5], of three-photon electromagnetically induced absorption in a ladder-type atomic system [6].

There are certain difficulties for theoretical studies of these processes and for simulations of quantum objects dynamics that
interact with laser field. Thus, different approximations are used. For example, there are two- or three-level quantum system
models [7] and rotating wave approximation [8]. For high-intensity laser field the perturbation theory runs into problems. It is
necessary to calculate the large number of terms. High-order perturbation theory for miltilevel quantum system dynamics was
considered in [9]. For theoretical researches of this processes the numerical solution of time-dependent Schrodinger equation is
used [10]. For this reason different schemes of space-time discretization is realized. The discretization parameter should be small
enough for simulations of a minute error.

We present original non perturbative method of transition probability calculation in path integral approach [11]. In this paper
we present original approach for numerical simulations of the dynamics of a quantum system, interacting with laser radiation by
path integration in energy states space.

Recent experimental [12] and theoretical [13, 14] investigations point at possibilities of selective excitations of nitrogen
isotopes by a sequence of ultrashort laser pulses (a pulse train). We have developed and are applying numerical algorithm to
quantum resonances problem in molecule rotational excitation by ultrashort laser pulses.

2. Mathematical model of quantum system interacting with electromagnetic field

We consider interaction of multilevel quantum system (such as an atom or a molecule) with electromagnetic field. The
Hamiltonian H,; describing our model is given as

[:Ifull = [:Isyst + "‘/’ (D

where FIWS, is Hamiltonian of the investigated quantum system. We define stationary eigenstates |/) with energies E; having the
following properties:
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A

V — the interaction operator.

Our main goal is to define the probability P(Iy, #|l;,, 0) of investigated quantum system transition from eigenstate |/;,) at the
moment ¢ = 0 to the one |/;) at the moment ¢ > 0.

We describe the investigated system by statistical operator p(¢). The evolution equation of p(¢) in Dirac (interaction) picture
[15] is as follows:

p(t) = Up(p) U3 @), 4)

where p(0) — statistical operator at initial time moment ¢ = 0,

t

N 1 ~
0t = Texpl— [ To(rir )
0
— the evolution operator in Dirac picture,
N I A A U~
Vp(1) = eXp[f—iHmT] V(1) exp[_ﬁHsystT] (6)

— the operator of quantum system and electromagnetic field interaction in Dirac picture.
Eq. (4) in energy representation on the base of eigenvectors Eq. (3) is

Ptem, () = Z AU pOWin Y1 my (Minl U Ol ), (7N
LinsMin
where
Piem, () = Lelp@lme),  p1,m, = Linl0(O)m],,) (3

are density matrix elements in energy representation at time moment ¢ = 0.

The probability of a quantum state observation is to define as diagonal matrix element. At initial time moment ¢ = 0 it is
equal to py, 1, (t = 0) = p;,. At final time moment ¢ it is equal to o1 )= o1 (0.

Eq. (7) describes evolution of the probability of a quantum state observation:

P, (1) = Z(lflU(t)llm(lmlmllf)pzm, )

I,-,,
where l;,, [ =1,2,....

The quantum transition probability from state |l;,) or p;,, (0) = 6y,,,,,) at time moment ¢ = 0 to state I} or p;.(£) = P1m,(O)01,m,
at time moment ¢ > 0 is to describe as follows

Py, tllin, 1) = LAD DO X1 U p(0)lLin) (10)

By the use of eq. (10) we present eq. (9) in the following

P, 0 = > P (I llin,0) 1, (0) (11)

lin

For numerical calculation oy, (1), pi,(£), P(lf,#llin,0) by the use of eq. (7), eq. (9) and eq. (10) we need to know matrix
elements (/ flf/ (®)|l;») of evolution operator U@).
For that reason we use evolution operator U group properties and express the evolution operator (l_,-IU p(D|l;,) as

K+1

Op(t) = | | Obte, 1), (12)
k=1

as long as t; > t;_; and where
I
l
h

Ii—1

Up(ty, ti-1) = expl Vp(1)drl, (13)

K+1
here we introduce the notations tx..1 = ¢, g1 = lp, 10 =0, lo = Ly, X, (tx — ti—1) = 1.
k=1
By the use of eq. (12) and completeness condition Eq. (3) of eigenvectors |/;) basis the kernel (lfllA] pllin) can be expessed as

N-1 K+1

U0y = > | [0t i), (14)

ly,..lg=0 k=1
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where

Wl Up (trs tr—) k1) = (Il exp I—}%IVD(T)dT [lk-1) (15)

k-1

We consider the evolution operator kernel Eq. (15) as a series and for the time interval (¢, — #;—;) — O itis

WOty te-)Wli—1) = ey = %f(lk|VD(T)|lk—l>dT- (16)

k-1
Using eq. (6), interaction operator matrix element in Dirac picture (lkIVD(T)Ilk_1> is expressed
WlVp@llk1) = Vi, (1) expliwyy, 7. (17)

where Vi, (1) = V|- — interaction operator matrix element, wy; = (Ey — E;)/h — frequency of quantum transition
between eigenstates with eigenvalues (energies) Ey and E;.
It is possible to prove that for small time interval (f; — #;,-;) — O the evolution operator kernel LU p (e, i) V1) eq. (16)

can be expressed as
1

Ul O p (e, ti=)llry = fexp[zS Uk, lk-1; k111, (18)
0
where S [Ix, [r-1&k-1] — dimensionless (in A units) action in energy representation during time interval (f; — #;—1)

Ix

Sl Eer] = 27l — li)éior — f

k-1

Vi
’k’kT'(T)z cos[2n(ly — b1y — wyy,, Tl (19)

where Vi, (1) = IV (©)|l-y) - interaction operator matrix element.
For this proof, by using eq. (15) we transform eq. (18) into eq. (16).
By the use of eq. (15) we present eq. (14) in the following

WU p(te, ti)ll—r) =

I i
= fexp[Zm(lk = l-1)ér1] CXP[—% fVIkzk,,(T)Z cos[2n(ly — li-1)ék-1 — Wi, TldT]dER— (20
0 i
If (t; — t,_1) — O then we write
i
expl— [ Vi (920052l ~ )éucs = o, 71de] >

T-1
I

l
~1- 5 szle (M2 cos[2n(ly — li-1)ék-1 — Wi, TldT (21)
k-1
where
2 cos[2n(ly — l—1)érer — wlk]k—lT] = o 2nl=l-Dé1~wp 7y pri28l=le D1~y T (22)

Using eq. (21) and eq. (22) we present eq. (20) in the following

WU p(te, ti)ll—r) =
1

= feXP[ZHI(lk = hDér11dér- —

0
17 1
1
7 fVlklk,l(T) f(eXp[47n(lk = L—1)ék—1 — 1wy, 7] + expliwy,y, , TDdE—1dT =
Tk-1 0
1
= fexp[2m(lk = l—1)€k-11dEr—1 —
0
175 1
1
- Vlklk—](T)f{exp[lwlklk—lT] + expldmi(ly — lk-1)éx—1] - expl—iwy,_, 71} drdéi- (23)
-1 0
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We note that
1

f expl4nmi(le — lk-1)é-11dék-1 = O, 5 (24)
0
ifn=1,2,...1s integer.
Using eq. (24) we transform eq. (23) to the following

I I

N 1 i
lUp(ts tiei Mlk=1) = 011, — 7 fVIkIH(T) expliwy,_ tldt - 5 szklk,,(T) exp[—iwy,,_, Tldt (25)

T k-1

By the use of eq. (3) and V;,;,, = 0 for [ = [,_; we prove that eq. (25) is the same as eq. (16)
We note that using Eq. (14), Eq. (18), Eq. (12) quantum transition amplitude Up(ly, |l;,, 0) for any ¢ can be expressed as path
integral in energy eigenstates space

v Lol
ATl = UD(lf’t”in’O):I}i_r)rolo Z f--fexp[ls[lf,lK,fK;~-;lk,lk—1,§k—1;--;ll,lm,fo]]dfo--dfm (26)
hodx=0% %
where
K+1
Sl Ik, €k s s i1, &1 5 1y lins 0] = ZS[lk, b1, &-1] (27)
=1

— dimensionless action. It is a functional, which is defined on a path set in discrete variables /;, space of size N (quantum system
levels number) and continuous c-number variables &, space [0, 1].

The quantum transition amplitude eq. (26) with eq. (27) and eq. (19) describes transition of quantum system under electro-
magnetic field influence. It is possible to use for high-iintensity and an arbitrary structure of field in space and time. Parameters
wy,, and Vy,;, , must be defined for investigated model.

However analytical calculation eq. (26) can not be realized on practice. Then we develop numerical approach to amplitude
eq. (26) calculation as well as for eq. (11), (10), (7).

3. Algorithm of numerical simulation of quantum system dynamics

We consider algorithm for numerical calculation of quantum transition amplitude U(I, #|I;,, 0) and probability P(l¢, #{l;,, 0).
Using eq. (14) the quantum transition amplitude calculation was made by recurrence relation

U(lk, tgllin, 0) = Z U(lk, tglli—1, ti=) U (lk=1, tr=1llin, 0), (28)
-1

where we introduce

Ul tkllin, 0) = Ukl Up(txllin)»
Uk, txlli-1, ti-1) = x| Up(tx, ti-)li-1),
Ul ti1llins 0) = Geet | Up(tr—1)Min)-

We define transition amplitude U(ly, fo|l;,,, 0) for first iteration with 7y = Aty. By the use of eq. (28) and eq. (18) we obtain
K
transition amplitude for an arbitrary time moment t = ), Aty.

k=0
For any #, t;—; the transition amplitude U(ly, t|ly—1, fx—1) is a complex number. Then for numerical calculation we need to

express real and imaginary part of amplitude:

Uk, telli=1, tre—1) = RIU U, telli=1, te=1)1 + 13[U U, tilli=1, tr-1)] (29)

For these parts eq. (28) transform into two equations:

N-1

RIU g, tellin, 0)] = Z (RIU Uk, tellg=1, tiDIRLU (=1, tr—t i, 001 = SLU U, ticlli—1, tr—)VI[U (g1, ti11lin, 0)1)  (30)
lh=0
N-1

BUU, tllin, 0)] = Z (BLU U, tellk=1, te=DIRIU (=1, tr— i, 001 + RLU Uk, tilli—1, tr-)II[U U1, ti-11lin, 0)]) - (31)
li-1=0
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We present eq. (30) and eq. (31) in matrix form

( RIT U, tillin, 0)] ) _

S0, tellin, 0)]
Z f( RIUUk, tilli=1, tim)] = BIU Uk, telli—1, ti—1)] )( RIU k=1, ti=1llin, 0)] ) 32)
W~ SLU Uk, trlli=1, tr=1)] RLU Uk, telli=1, t5-1)] IU =1, tietlin, 0] )

The initial condition for pure quantum state |/;,) is as follows

%[U(l(% 0|lim 0)] _ 6[011.'1

Quantum transition probability P(li, #|l;,, 0) of investigated system from the state |/;,) at moment ¢ = O to the state |[;) at
moment #; can be expressed as
Pl tellin, 0) = (RLU (U tellin, 0)1) + (SIU Uk el 0)1)° (34)
The transition probability P(ly, t|l;,, 0) must be normalized for each time moments f;,

N-1

D" Pl tllin, 0) = 1. (35)

=0

For this we calculate R[U (I, ti|lix, 0)] and S[U L, tillin, 0)] using eq. (34) and product them on normalizing factor A:

( RIUUk, tellin, 0)] ) _ A( RIUUk, tellin, 0)] ) (36)
LU Uk, tellin, 0)] Uk, tellin, 0)]
The normalizing factor A is calculated by the following formula:
N-1 -172
A= [Z(%w(lk, tellin, O + SO, rk|l,-,,,0)]2>] : (37)
1=0

Using Eq. (30)—(37) we calculate the amplitude U(ly, #|l;5, 0), the transition probability P(lf,|l;,,0) and the probability of
quantum state observation for any ¢.

4. Rotational dynamics of *N; and '*N, interacting with laser pulses sequences

Recent results of experimental observation of 1457, and PN, high rotational states excitation were published in [12]. Detailed
discussions of the results were in [14, 13].

In the experiments the groups of '“N, and >N, molecules were investigated. At the initial moment the distribution of
rotational population is thermal and corresponds to 7 = 6.3 K. Molecules interact with a sequence of ultrashort laser pulses with
period from 6.5 ps to 9.5 ps. Each laser pulse has duration equal 500 fs. Laser radiation intensity reaches the value I = 5 % 10'?
W/cm?. The relative populations were measured of the rotational levels of '*N, and >N, and the functional dependence of the
populations on the pulse train period was obtained.

The results of these experiments show that there are quantum nonlinear resonances i.e. the nonlinear increase of rotational
excitation efficiency under specific values of the pulse train period. The most efficient population transfer up the rotational ladder
occurs around 8.4 ps for '*N, and 9 ps for S N,.

We analyse these experiments using the method developed by us which is based on path integral formulation in energy states
space.

We calculate the energy E; of investigated molecules rotational levels for quantum rigid rotor model [16]

2
S LSINGSLYYi(0) = EY(O) (38)
where I = uR?> — moment of inertia,
u — molecule reduced mass,
R — atom distances,
Y,(0) = YIO(G, #), where Y["(6, ¢) — spherical harmonics.
Eq. (38) defines the rotational energy spectrum of a diatomic molecule

hz
E; = El(l + 1), (39
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where [ — azimuthal quantum number.

It is known, that nonpolar molecule dipole moment is equal to zero. However, strong laser fields induce the molecular dipole
by exerting an angle-dependent torque.

The interaction is described by the potential [17, 18]

V() = —%ACKEZ(T) cos> 6, (40)

where Aa describes the molecular polarizability, € is the angle between the molecular axis and the field polarization.
Matrix elements of interaction operator are

1
Vi(t) = —ZAa/EZ(T)(l’I cos? o)1), 41)
where .
('l cos®O|l) = 2n f Y;(6) cos® 6Y(6) sin 6d6. (42)
0

Matrix elements (/| cos? 6]/) were numerically calculated by Eq. (41) and Eq. (42).

The investigated molecules parameters are [19]: Aa = 1.97 = 10740 Cxm?/V, I = 1.4 % 1074 kg*m2 for “N,, I = 1.5 % 1074
kgxm? for P N,.

We consider a sequence of ultrashort laser pulses which was used in [12]. The electric field value is as follows

3 I
E® = J@Eexpl- k) 43)
n=-3 pul

were J,(A) is Bessel function of the first kind,
A = 2.5 is the spectral phase modulation amplitude,
Ey ~ 6 x 10° V/m is electric field value,
7,u = 500 fs is each laser pulse duration,
7.98 ps < Tper < 9.38 ps is pulse train period.
We are considering the model of N, with N = 8 rotational levels (I = 0,1,...,7). This model is a good approximation,
because in experiments [12] higher rotational states are practically not excited.
The initial distribution of rotational population is thermal and corresponds to 7 = 6.3 K:

P, = Lexpl-Eln | (44)
= 7 P T
where
N-1 El
Z= el 45
l;exp{ il (45)

— particle function,

k — Boltzmann factor,

T — absolute temperature,

N — rotational states number in the theoretical model.

By the use of Eq. (44)-(45) and numerical simulation algorithm we calculate the probability of excitation from the initial state
(Boltzmann distribution) to different rotational states having interacted with a sequence of ultrashort laser pulses as a function
of pulse train period. The absolute error of our probability calculation was not more than 1073, The results of our numerical
simulations are given in fig. 1, fig. 2 and agree well with experimental data as for '*N, both for >N, molecules.

In fig. 1 we present the population of '*N, molucels on diffent rotational quantum level / after interaction with pulse train.
For the pulse train period equal to 2.79 ps, 5.58 ps and 8.38 ps for *N, the population is efficiently transferred from the initial
(thermal distribution) states [ = 0, 1,2 to the higher states / = 3,4,5,6,7. The resonanse train period value 7 = 8.38 ps was
observed in experiment [12].

In fig. 2 we present normalized probability of '*N, molecules rotational state observation after they have interacted with 7
laser pulses with period 7 = 8.38 ps and different values of laser pulses maximum intensity 0.5/y, Io and 2y, where Iy = 5 * 10'2
W/cm?. We note the population of high rotational state is depend on intensity of laser pulses non-linearly.

5. Conclusion

In this paper we present new method of calculating the transition probability of a quantum system interacting with electro-
magnetic field by the path integral formalism. We construct the amplitude and probability of quantum transition as path integrals
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Figure 1: Rotational population of 14N, molucels on diffent rotational quantum level [ after interaction with pulse train with period T
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Figure 2: The distribution of observation probabilities of 14N, molucels on diffent rotational quantum level [ after interaction with pulse train (7 = 8.38 ps)

in energy states space. The algorithm of path integral calculation was developed. This approach enables us to perform computer
simulations of molecule dynamics induced by a laser field.

By the deduced formulas we describe quantum resonances in dynamics of nitrogen molecules, that interact with a sequence

of ultrashort laser pulses. The obtained results are in good agreement with the experimental data [12] and the theoretical investi-
gations [14, 13] by Schrédinger equation numerical solution.

The approach developed is appliable to nonperturbative studies of different multiphoton and nonresonant processes.
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