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Waveguide Modes in a Regular Homogeneous Open Waveguide
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The work is dedicated to the problem of numerical simulation of the propagation of guided
modes in a planar three-layer dielectric waveguide.

Maxwell’s equations in a Gaussian system of units, material equations for linear isotropic
dielectric media and boundary conditions corresponding to guided TE modes were chosen
as a mathematical model of the waveguide propagation of polarized monochromatic electro-
magnetic radiation. Properties of this regular homogeneous open waveguide with three layers
having different refractive indices were investigated.

The formulation of such waveguide task consists of the Helmholtz equation obtained by re-
ducing the Maxwell equations, the boundary conditions for the TE modes and the asymptotic
conditions for the guided modes for the Helmholtz equation. To solve such waveguide prob-
lem, we used the wave coupling method which consists of the following steps: the method
of separation of variables is used to solve the Helmholtz equation, after that the solution
represented as a product of two functions (each depends only on one variable) and then we
substitute it into the boundary coupling conditions and form a system of linear algebraic
equations for further solving and finding the coefficients of phase deceleration and amplitude
coefficients. In addition to this method we used the method of separation of variables used to
solve the Helmholtz equation, the Gauss method, adapted for solving homogeneous system
of linear algebraic equations.

The work presents a scheme of a three-layer planar open waveguide, a graph of dispersion
curves showing the dependence of the phase deceleration coefficients on the thickness of the
waveguide and the graph of the transverse parts of the guided waveguide modes. All numerical
calculations and the described algorithm of symbolic numerical simulation are presented in
the computer algebra system called Maple.
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B nacrosmeil paboTre paccMaTpuUBaeTCsd 3ajatda YHCICHHOIO MOJEINPOBAHUA PACIPOCTPa-
HEHHUs HaIpaBJISAEeMbIX MOJ B IJIOCKOM TPEXCJIOMHOM JM3JIEKTPUYECKOM BOJIHOBOJIE.

B kauecTBe MaTeMaTHYECKOIl MOJEIN BOJIHOBOJHOTO PAaCHPOCTPAHEHHS IOJISPU3aIHOHHOTO
MOHOXPOMAaTHUYECKOI'O 3JIEKTPOMAIHUTHOI'O U3JIydeHHus ObLIM BbIOpaHbl ypaBHeHUs MaKcBeJ-
Jla B rayCCOBOH cucTeMe eJWHUI], MaTepHUajbHble ypaBHEHUs JJIs JIMHEHHBIX U30TPONHBIX JH-
9JIEKTPUYECKUX CPEeJi U IPaHUYHbIEC yCIOBUsI, OTBedaloliue HanpasiaseMbiM TE-monam. Bouin
U3y4eHbl CBOMCTBa JAHHOTO PEryspHOro OJHOPOJHOIO OTKPBLITOIO BOJIHOBO/IA C TPeMs:d CJIOsA-
MM, UMEIOIIMMH pa3JIndHbIe NTOKa3aTe/ U MMPeJOMJICHUS.

ITocranoBKa TakKoil BOJIHOBOJHOI 3aJauMd COCTOUT U3 ypaBHEHUs [eJbMrosblia, IIOJIyYeH-
HOTO IIyTeM peJlyIHpOBaHHs ypaBHeHHil MakcBesaa, IDaHHUYHBIX YCJIOBH, BBIJEJIAIONINX
TE—-MO/bI, 1 aCHMIITOTUYECKUX yCJIOBUIl, BBIIEJISIONNX HAIIPABJIsieMbI€ MOJBI, JIJIsI Y PABHEHUS
Tenpmrosbua. st pemenust JaHHOW BOJIHOBOJHON 3a/adl UCIOJIL30BAJICA METOJ BOJIHOBOI'O
COIIPSI’KEHUsI, COCTOSAIINM B CJIeyIOIeM: JJIsl PelleHus] ypaBHeHus ['eJIbMroJiblia HCIoIb3yeT-
Ccs1 METOJ] pa3/ie/IeHusl IePEMEHHBIX U Jajiee pellleHne, IpeJCTaBJIeHHOe B BU/Je MPOU3BeJeHUA
aByx dbyHKIui (Kax/1as 3aBUCUT TOJIBKO OT OJIHOI IIePEMEHHOI1), IOCTaBJIsAEeM B IPDAHUYHbIE
YCIOBUSI CONpPsi?)KEHHsT U (POPMUPYEM CHCTEMY JIHHEHHBIX aiarebpamvecKnx ypaBHEHMH JIs
JaJIbHERIIEro pelleHns] 1 HaxXOXKIeHns1 KodddunneHToB (a30BOro 3aMeJIEHUsI U aMILIATYI-
HBIX KO3ddunuenTos. [ToMumo naHHOTO METOAa B pabOTe UCIOJIb30BAJINCH METOJ, Pa3/1e/IeHN
IepeMeHHbIX, IIPUMEHEHHBIN /I8 pellleHust ypaBHeHnust esbMrosibiia, meros [aycca, ajganrTu-
POBAHHBIH JJIsl PEIIeHNs] OJHOPOJSHBIX CUCTEM JIMHEHHBIX aJrebpandecKux ypaBHEHUMH.

B pabore npescraBienbl cxeMa TPEXCJIOMHOIO IMJIAHAPHOI'O OTKPBITOIO BOJIHOBOJA, IpaduK
JUCIIEPCUOHHBIX KPHUBBIX, IIOKa3bIBAIOI[NI 3aBUCUMOCTb KOdMMUINEHTOB (Hha30BOro 3aMeJie-
HHUs OT TOJIIHHBI BOJHOBOJA, M I'PadUK IOMNEPEYHBIX YacTell HallpaBJIseMbIX BOJIHOBOJHBIX
Moz, Bcee umnciieHHBIe pacyeThl M ONMMCAHHBIM aJrOPUTM CHMBOJBLHO YHCJIEHHOTO MO/IeJTMPOBa-
HUSsI IPEICTaBJIEHbl B CHCTEME KOMIIBIOTEPHOI anrebper Maple.

[Iy6sinkanus nogroros/eHa npu puHaHcoBoi nojaepxxke Munobpuayku Poccuu (corsaie-
uue Ne 02.A03.21.0008) u npu dbunancosoii nojnepxkke PO@®PV B paMKax HaydHBIX NPOEKTOB
Ne 15-07-08795 u Ne 16-07-00556.

Kﬂlo‘{eBbIe CJIOBa: MaTeMaTHUYeCKOe MOJAeJIMpOBaHHUE, YHUCJIEHHbIE MeTO/bl, CUMBOJIBHO
YUCJIEHHOE MOJeJIMpOBaHUEe, YpaBHEHUE ]._‘BJ'ILMI"OJ'II>Lla7 METOJ[ BOJIHOBOT'O COIIPAXXKEHUA, TUC-
JIEHHO€ MOJEJIMPOBaAHHUE HaIIPaBJ/JIAEMBIX BOJIHOBOJHBIX MO/, OTKprTbeI BOJIHOBO/.

1. Bsenenue

B xone macrosmero mccienoBaHus pacCMOTPeHB! ypaBHeHHsl MakcBessa, MaTepu-
aJbHble yPABHEHHUS U IPAHUYHBIEC yCJIOBHUS Ha OECKOHEYHOCTH B PAMKaX 3aJa<Id MOJe-
JIMPOBAaHUS PACIPOCTPAHEHUsS HAIIPABJISEMbIX BOJIHOBOJHBIX MOJ, B JIH3JIEKTPHIECKOM
BOJTHOBO/IE, IIPEIIIOJIarasi F'aApMOHNYECKYO 3aBUCUMOCTb OT BPEMEHH U MHBAPUAHTHOCTb
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KOMIIOHEHT IToJIsI 110 y. B pamkax JaHHO# 3a7a4u ypaBHeHHsT MaKcBesIa peLyupyoT-
cs K ypaBHeHusIM ['esibMrosibra. Tak»ke pacCMOTPEHBI METObI PENIEHUsT BOJIHOBOIHOM
3a/1aqu.

MaremaTn4ecKoil TOCTAHOBKOW 3aJa4M JIJIsi HAIIPABJISIEMBIX MO/, OIMCAHHON BBIIIIE,

ABJIAETCHA:
8 o )
(7 + 52z +eom) B =0
(1) (2)
E. = F,
Y le=n0 Y e=n,0’
oE(M OB
oz - oz ’
x=h,0 x=h,0
Ey ——0,
r—+oo

rae )y — KOMIIOHEHTa BEKTOPA HAIIPSI?KEHHOCTH JIEKTPUIECKOTO 110JisI, kg — BOJIHOBOE
9UCJIO B BaKyyMe, n(z) — MoKa3aTesb IIPeJIOMJICHHS.

B pamkax macrosiieit paboThl HCCIEIOBAHBI CBONCTBA OTKPBITOrO BOJTHOBOJAA: IOJIST
¥ JUCIIEPCUOHHOT'O COOTHOIIIEHMUS.

2. OcHOBHas 4acTb

Bynem paccMarpuBaTh CxeMy IJIAHAPDHOTO TPEXCIOWHOIO OTKPBITOTO BOJIHOBO/IA,
CTPYKTypa KOTOPOIr'O IIpeJiCTaB/IeHa Ha pHC. 1.

IMokpoBHbIi
cioit (}'lc )

/

Bonnosoanbii
cioit (nf)

Moanosxka (71,)

Puc. 1. CxeMa IJIOCKOrO TPEXCJIOWHOIO JAU3IEKTPUIECKOTO BOJHOBOA

IIpeobpasyst ypaBHenus MakcBesaa ¢ MOMOMIBIO MATEPUAJIBLHBIX YDPABHEHUH, MOJLY-
9UM CHCTEMY, KOTOPYIO MOXKHO IPEICTaBUThL B BUAe AByX momcucreM mjasa TE- u TM-
Mmoz. B pamkax qaHHO paGoThl OyayT paccMaTpuBarbes ToabKo TE-moznpt [2]. Pexynm-
pOBaB JAHHYIO MOACUCTEMY, IoTy4daeM ypasuenue [esbmrosbua gy TE-moner [1]:

((Z+25) +etom) B, =0 M



Hpesunguii A. C., Cepacrbanos JI. A., Jlusaxkos /1. B. 25

FpaHI/I‘{HbIe " aCHUMIITOTUYIECKHUE YyCJIOBUA JIJId YPABHEHUA (1) HNMEIOT BUI:

(1) (2)
E =F

Y le=h,0 Y le=h,0’
oE(M OB

ox T oz ’

xz=h,0 xz=h,0
Ey ——0
r—+o00

IIpumensieM MeTo[ pa3ziejieHnst IePeMEHHBIX K ypaBHenuio [esbMmrosbia (1). B pe-
3yJbTaTe, MBI [IOJYYaeM [Ba YPABHEHUsI: JJIs MIONEPETHONH 1 IPOOILHON JacTeil [2]:

U 4 k2n? (z) U = k2820, (2)

U" = —k25%U, (3)

rae ¥ — pyHKIUS TOJIBKO ITepeMeHHOro ¢, U — yHKIMS TOJIBKO IEPEMEHHOIO Z, kg B2
— IIOCTOSIHHAsI, KOTOPYIO JIsI yA00CTBa IIOCIEAYIOMNX BEIKJIAI0K OepeM CO 3HAKOM MU-
HYyC, IPX 9TOM HHUYEro He Ipeanosaras o ee 3Hake. CHavaga pacCMOTPUM MPOJIOTILHYIO
qacTh. [I0CKOIbKY B paMKax BOJHOBOIHON 3aJa9i PACCMATPUBAETCS PEryJIsIPHBINA OJ1-
HOPOJHBIIl BOJIHOBOZ, TO pelieHne ypasHeHus (3) nmeer sun [5):

U = Aexp (tkoBz) + Bexp (—ikoBz) .

Tenepb paccMOTpuUM IONIEpedHyIO 4acTh. Pemtenne ypasHenusi (2) IOJIKHO yJI0BJIe-
TBOPATH ACUMIITOTUYIECKHM U I'DAHUYHBIM ycJIOBHAM. JIjIsl KarKI0# 1omo06J/IacT BBINIU-
CBIBAEM DEIIEHNe ypaBHEHUs (2) co CBOMM IOKa3aTeseM IpesioMieHus [7]:

Pe = Aceiko B27n217

= Aysin (ko,/n? — ,8%) + By cos (ko\/fo - B%) )
s = AgeboVBT-nie,

rie 1. — peIenue JJist TOKPOBHOTO CJIOA, ¢ f — PeIeHue /i BOTHOBOJHOTO CJIOfA, s —
pellleHne JJIsl MOIOMXKKHM.

CocraBuM cHCTEMY K3 OZHODOJHBIX JIMHEHHBIX AJreOpanvdecKux ypaBHEHHH (OIJHO-
pomuasi CJIAY), B KOTOpPOil ypaBHEHUSIMH OyJyT SIBJATHCS YCJIOBHsI HENPEPBIBHOCTU
pemreHnii Ha rpaHunax [1]:

Ac — Agsin (pf B) h) — By cos (pf (8) h) =0,

— Acpe (B) — Agpy (B) cos (py (B) h) + Bypy (B)sin (ps (B) h) =0,
By —As =0,

Afpf (6) — Asps (B) =0,

rae py (B) = koy/nG — B2, pe (B) = ko/B? — nZ, ps (B) = ko/B? — nZ.

[ns onpenenenus uckomeix semmuun Ac, Ap, By u As HEOOXOIUMO PEIINThb OIHO-
poxuyio CJIAY:
M(B) A=0, (4)
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rae AT = (AC7 Ay, By, AS) — BEKTOP MCKOMBIX aMILIUTYIHBIX KO3 @UINEHTOB, a MaT-
puna M (B) umeer Bus:

1 —sin (pf B) h) — cos (pf B) h) 0
M (@) = | Pe(® —preos(pr(B)h) pysin(ps (BR) 0

0 0 1 -1

0 pr (B) 0 —ps (B)

st Toro, 4Tob6sl cucreMa (4) uMesa HETPUBHAJILHOE PEIEeHHe HEOOXOAMMO, ITOOB
olpeieIuTe b MaTPUIb €€ KoaddunuenTos 661 paseH Hyio [3]. Oupegesnnm 3HadeHus
beta, 9MCACHHO HAWA PEIIEHUs] AUCIEPCUOHHOTO ypaBHEHUs [2]:

det M (8) = 0.
Fpa(bI/IK AUCIIEPCUOHHBIX KPHUBBIX ITOKa3bIBa€T 3aBUCHUMOCTH ﬁ OT TOJIIIWHBI BOJIHO-

Boguoro ciost. Ha puc. 2 mpezncrasien rpaduk AUCIEPCUOHHBIX KPHUBBLIX [JIsI HAIIPaB-
JISIEMBIX MOJ.

0 0.5 1 1.5 2
h

Puc. 2. 'paduk qucrnepcruoHHBIX KPUBBIX

Paccmorpum perieHne BoJIHOBOAHO#M 3amadn Juist HanpasisieMblx Mog. C moMomsbio
Hali/IeHHBIX [ HAXOAUM aMILINTYyHble Kodd duimenTsl. [lasee noacrasiseM HallleHHbIE
k03 bUIUEHTHl B penienne ypaBHeHus (2) Jyisi pa3HBIX CJIOEB, TEM CAMBIM IIOJIyTaeM
nornepevnyo 4actb TE-mozst [6].

Ha puc. 3 mpusenenst rpaduku nomepeunsix dacreit TE-moxsr ans peryisiproro
OJIHOPO/IHOTO TPEXCJIORHOI0 OTKPBITOrO BosHOBOHMA (ne = 1, ny = 2,10, ns = 1,47,
h = 0,55 MM, A = 0,55 MKM).

B pamkax perienust JaHHOI BOJIHOBOJHOM 3a/1a4u ObLIa UCIIOIB30BaHA CHCTEMa KOM-
neioTepHOl anrebpsr Maple [4].
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-0.5 -0.5 -0.5

TEO TE1 TE2

Puc. 3. 'paduk nonepednbix yacTeil BOJTHOBOIHBIX MOJ

3. BreBoas!

B pamkax macTosimieit paboTel ObLI PACCMOTPEH METOJ, PEIIIEHUS BOJTHOBOSHOMR 3a1a-

9 ¥ OBLJIO IIPOU3BEEHO YMCJIEHHOE MOJEINPOBAHME PACIPOCTPAHEHUs] HAIPABJIEHHBIX
BOJIHOBOJIHBIX MOJI. B KadecTBe MeToja perneHusi ObLI BBIOPAH METOJI BOJHOBOI'O CO-
npsikeHus. [IpousBejieH 4UCIEHHBIN pacYeT MOJEJIbHOIO IIPUMeEPA, COOTBETCTBYIOIIETO
peryJjiapHOMY OJHOPOJHOMY TPEXCJIOMHOMY OTKDBITOMY BOJIHOBOZLY.
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