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Abstract

The problem of reconstructing an unknown input of a parabolic
equation is considered. Solving algorithm based on the constructions
of feedback control theory and theory of ill-posed problems is stable
with respect to informational noises and computational errors.
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1 Ââåäåíèå. Ïîñòàíîâêà çàäà÷è.

Ðàññìàòðèâàåòñÿ ïàðàáîëè÷åñêîå óðàâíåíèå â ãèëüáåðòîâîì ïðîñòðàíñòâå (X, | · |X)

ẋ(t) = Ax(t) +Bu(t) + f(t), t ∈ T = [0, ϑ], x(0) = x0, (1)

ãäå A � èíôèíèòåçèìàëüíûé ãåíåðàòîð ñèëüíî íåïðåðûâíîé ïîëóãðóïïû ëèíåéíûõ îãðàíè÷åííûõ îïå-
ðàòîðîâ X (t) : X → X (t ∈ T ), f(·) ∈ L2(T ;X) � çàäàííîå âîçìóùåíèå, B � ëèíåéíûé íåïðåðûâíûé
îïåðàòîð (B ∈ L(U ;X)), U � ãèëüáåðòîâî ïðîñòðàíñòâî ñ íîðìîé | · |U è ñêàëÿðíûì ïðîèçâåäåíèåì (·, ·)U ,
ϑ = const ∈ (0,+∞).

Ñëàáûì ðåøåíèåì óðàâíåíèÿ (1), îòâå÷àþùèì óïðàâëåíèþ u(·) ∈ L∞(T ;U) è íà÷àëüíîìó ñîñòîÿíèþ
x(0) = x0, íàçûâàåòñÿ íåïðåðûâíàÿ ôóíêöèÿ x(t) : T → X, îïðåäåëÿåìàÿ ðàâåíñòâîì

x(t) = X (t)x0 +

t∫
0

X (t− τ){Bu(τ) + f(τ)} dτ.

Êàê èçâåñòíî, äëÿ ëþáûõ x0 ∈ X, u(·) ∈ L2(T ;U) ñóùåñòâóåò åäèíñòâåííîå ñëàáîå ðåøåíèå x(·; 0, x0, u(·)) ∈
C(T ;X) óðàâíåíèÿ (1).

Ðàññìàòðèâàåòñÿ ñëåäóþùàÿ çàäà÷à. Èìååòñÿ óðàâíåíèå (1), íà êîòîðîå äåéñòâóåò íåèçâåñòíîå âõîäíîå
âîçäåéñòâèå u(·) ∈ P (·) = {v(·) ∈ L2(T ;U) : v(t) ∈ P ïðè ï.â. t ∈ T}, P ⊂ U � âûïóêëîå, îãðàíè÷åííîå è
çàìêíóòîå ìíîæåñòâî. Ðåøåíèå óðàâíåíèÿ (1) òàêæå íåèçâåñòíî. Â äèñêðåòíûå äîñòàòî÷íî ÷àñòûå ìîìåíòû
âðåìåíè τi ∈ T , τi = τi−1 + δ, τ0 = 0, τm = ϑ, δ = ϑ/m, èçìåðÿþòñÿ ñ îøèáêîé h ôàçîâûå ñîñòîÿíèÿ
x(τi) = x(τi; 0, x0, u(·)), ò.å. ñòàíîâÿòñÿ èçâåñòíûìè ýëåìåíòû ξhi ∈ X, êîòîðûå óäîâëåòâîðÿþò íåðàâåíñòâàì

|ξhi − x(τi)|X ≤ νhi , (2)
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ãäå νhi ∈ (0, 1) � âåëè÷èíà îøèáêè èçìåðåíèÿ â ìîìåíò τi, ÷èñëî h ∈ (0, 1) õàðàêòåðèçóåò òî÷íîñòü èçìå-
ðåíèÿ. Íåîáõîäèìî óêàçàòü àëãîðèòì äèíàìè÷åñêîãî âîññòàíîâëåíèÿ íåèçâåñòíîãî âõîäíîãî âîçäåéñòâèÿ
u(·).

Áóäåì ïðåäïîëàãàòü, ÷òî íà ïîìåõè, ðåàëèçóåìûå â êàíàëå íàáëþäåíèÿ, íàêëàäûâàþòñÿ îãðàíè÷åíèÿ
¾ìàëîñòè¿ èõ ñðåäíèõ çíà÷åíèé çà âåñü ïðîìåæóòîê âðåìåíè ôóíêöèîíèðîâàíèÿ ñèñòåìû.

Îïèøåì êðàòêî ñõåìó ðåøåíèÿ ðàññìàòðèâàåìîé çàäà÷è, ñëåäóÿ ïîäõîäó, êîòîðûé ðàçâèò â [1�4]. Â ñî-
îòâåòñòâèè ñ ýòèì ïîäõîäîì çàäà÷à ïðèáëèæåííîãî âû÷èñëåíèÿ íåèçâåñòíîãî âõîäíîãî âîçäåéñòâèÿ u∗(·)
(çàäà÷à ðåêîíñòðóêöèè) çàìåíÿåòñÿ íîâîé çàäà÷åé, à èìåííî çàäà÷åé óïðàâëåíèÿ ïî ïðèíöèïó îáðàòíîé
ñâÿçè âñïîìîãàòåëüíîé ñèñòåìîé M, íàçûâàåìîé ìîäåëüþ. Â äàëüíåéøåì ôàçîâóþ òðàåêòîðèþ ìîäåëè ìû
îáîçíà÷àåì ñèìâîëîì wh(·), à óïðàâëåíèå â ìîäåëè � ñèìâîëîì vh(·). Ïðîöåññ óïðàâëåíèÿ ìîäåëüþ îðãà-
íèçóåòñÿ òàêèì îáðàçîì, ÷òîáû ïðè ïîäõîäÿùåì ñîãëàñîâàíèè ðÿäà ïàðàìåòðîâ ôóíêöèÿ vh(·) ÿâëÿëàñü
ïðèáëèæåíèåì u(·).

Èòàê, ðåøåíèå çàäà÷è ðåêîíñòðóêöèè ïî ñóùåñòâó ðàâíîñèëüíî ðåøåíèþ ñëåäóþùèõ äâóõ çàäà÷:
à) çàäà÷è ïîäõîäÿùåãî âûáîðà âñïîìîãàòåëüíîé ñèñòåìû (ìîäåëè M) è
á) çàäà÷è âûáîðà çàêîíà ôîðìèðîâàíèÿ óïðàâëåíèÿ vh(·) ýòîé ìîäåëüþ.
Ïóñòü âûáðàíî ñåìåéñòâî {∆h}, h ∈ (0, 1), ðàçáèåíèé

∆h = {τh,i}mh
i=0, τh,0 = 0, τh,i+1 = τh,i + δ(h), δ(h) =

ϑ

mh
(3)

ïðîìåæóòêà T . Â êà÷åñòâå ìîäåëè âîçüìåì ¾êîïèþ¿ óðàâíåíèÿ (1), ò.å. ïàðàáîëè÷åñêîå óðàâíåíèå âèäà

ẇh(t) = Awh(t) +Bvh(t) + f(t), wh(0) = ξh0 , t ∈ T. (4)

Ïîä ðåøåíèåì óðàâíåíèÿ (4), ïîðîæäåííûì óïðàâëåíèåì vh(·) ∈ L∞(T ;U), áóäåì ïîíèìàòü ôóíêöèþ
wh(·) = w(·; 0, wh(0), vh(·)) ∈ C(T ;X) � ñëàáîå ðåøåíèå óðàâíåíèÿ (4), ò.å.

wh(t) = X (t)wh(0) +

t∫
0

X (t− τ){Bvh(τ) + f(τ)} dτ.

Ñèìâîëîì Ξ(x(·), h) îáîçíà÷èì ìíîæåñòâî âñåõ ôóíêöèé ξh(t) = ξhi ∈ X, t ∈ δi = [τh,i, τh,i+1), òàêèõ, ÷òî
ýëåìåíòû ξhi óäîâëåòâîðÿþò íåðàâåíñòâàì (2) (ïðè τi = τh,i).

Ïóñòü âûïîëíåíî ñëåäóþùåå óñëîâèå.
Óñëîâèå 1. Â ïðîñòðàíñòâå X ââåäåíà ýêâèâàëåíòíàÿ íîðìå | · |X íîðìà | · |2:

c1| · |2 ≤ | · |X ≤ c2| · |2, c1, c2 = const ∈ (0,+∞), c1 < c2,

â êîòîðîé ïîëóãðóïïà X (t) ω-äèññèïàòèâíà: |X (t)x|2 ≤ exp(ωt)|x|2 äëÿ ëþáûõ x ∈ X. Íîðìà |·|2 ïîðîæäåíà
íåêîòîðûì ñêàëÿðíûì ïðîèçâåäåíèåì (·, ·)2.

Â äàëüíåéøåì, êàê ýòî ÷àñòî ïðèíÿòî, ìû îòîæäåñòâëÿåì ïðîñòðàíñòâî X ñ ñîïðÿæåííûì ê íåìó ïðî-
ñòðàíñòâîì X∗. Íèæå ñèìâîë (·, ·)2 îçíà÷àåò ñêàëÿðíîå ïðîèçâåäåíèå â X, ñîîòâåòñòâóþùåå íîðìå | · |2.

Ââåäåì äâà êðèòåðèÿ îòêëîíåíèÿ vh(·) îò u(·) íà îãðàíè÷åííîì îòðåçêå âðåìåíè T :

ω1(v
h(·), u(·)) = max

0≤τi≤ϑ
exp(−2ωτi)

∣∣wh(τi; 0, ξ
h
0 , v

h(·))− x(τi; 0, x0, u(·))
∣∣2
X
, (5)

ω2(v
h(·), u(·)) =

ϑ∫
0

|vh(t)|2U dt−
ϑ∫

0

|u(t)|2U dt, τi = τh,i. (6)

Çäåñü x(·; 0, x0, u(·)) è wh(·; 0, ξh0 , vh(·)) � ðåøåíèÿ óðàâíåíèé (1) è (4), ïîðîæäàåìûå u(·) è vh(·) ñîîòâåò-
ñòâåííî.

Êîðîòêî îñòàíîâèìñÿ íà ïðè÷èíàõ, ïîáóäèâøèõ íàñ âçÿòü â êà÷åñòâå êðèòåðèåâ îòêëîíåíèÿ vh(·) îò
u(·) íà îòðåçêå T ôóíêöèè ω1(·) è ω2(·) âèäîâ (5) è (6) ñîîòâåòñòâåííî. Ïóñòü U(x(·)) � ìíîæåñòâî âñåõ
óïðàâëåíèé, ñîâìåñòèìûõ ñ âûõîäîì x(·). Èíûìè ñëîâàìè,

U(x(·)) =
{
u(·) ∈ P (·) : x(t) = X (t)x0 +

t∫
0

X (t− τ){Bu(τ) + f(τ)} dτ ∀t ∈ T

}
,
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ãäå P (·) = {u(·) ∈ L2(T ;U) : u(t) ∈ P ïðè ï.â. t ∈ T}. Ëåãêî âèäåòü, ÷òî ýòî ìíîæåñòâî âûïóêëî è çàìêíóòî
â L2(T ;U). Ïîýòîìó îíî ñîäåðæèò åäèíñòâåííûé ýëåìåíò u(·) = u(·;x(·)) ìèíèìàëüíîé L2(T ;U)-íîðìû.
Ïóñòü âçÿòû ïîñëåäîâàòåëüíîñòè ÷èñåë {hj}∞j=1, hj → +0 ïðè j → +∞, è ôóíêöèé {vhj (·)}∞j=1 ∈ P (·),
vhj (·) ñõîäèòñÿ ñëàáî â L2(T ;U) ïðè j → +∞ ê íåêîòîðîé ôóíêöèè. Òîãäà, êàê ñëåäóåò èç ðåçóëüòàòîâ
[4], ñîîòíîøåíèÿ ω1(v

hj (·), u(·)) ≤ γ1(hj), ω2(v
hj (·), u(·)) ≤ γ2(hj), (γ2(h) ≥ 0), âëåêóò ñèëüíóþ ñõîäèìîñòü

vhj (·) ê u(·;x(·)) â L2(T ;U) ïðè j → +∞, åñëè γ1(hj) → 0, γ2(hj) → 0 ïðè j → ∞.
Çàäà÷è âîññòàíîâëåíèÿ â òåìïå ðåàëüíîãî âðåìåíè òåõ èëè èíûõ õàðàêòåðèñòèê èãðàþò âàæíóþ ðîëü

â òåîðèè óïðàâëåíèÿ ïðè äåôèöèòå èíôîðìàöèè. Àíàëîãè÷íàÿ îïèñàííîé âûøå çàäà÷à äëÿ ñèñòåì îáûê-
íîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé, áûëà ðàññìîòðåíà â ðàáîòàõ [9,10], à äëÿ ïàðàáîëè÷åñêîãî óðàâ-
íåíèÿ áûëà ðàññìîòðåíà â ðàáîòàõ [11�13]. Ïðè ýòîì â óêàçàííûõ âûøå ðàáîòàõ ïîëàãàëîñü ðàâíîìåðíîå
îòêëîíåíèå ξhi îò x(τi), ò.å. âìåñòî (2) âûïîëíÿëîñü óñëîâèå |ξhi − x(τi)|X ≤ h, ãäå h � ìàëî.

2 Àëãîðèòì ðåøåíèÿ.

Ââåäåì ñëåäóþùåå óñëîâèå
Óñëîâèå 2. Ñåìåéñòâà ðàçáèåíèé (3) è âåëè÷èíû îøèáîê èçìåðåíèé νhi òàêîâû, ÷òî èìåþò ìåñòî ñîîò-

íîøåíèÿ

νh0 ≤ c∗h, δ(h)

mh∑
i=0

νhi ≤ φ1(h) → 0 + ïðè h → 0 + .

Äî íà÷àëà ðàáîòû àëãîðèòìà ôèêñèðóþòñÿ âåëè÷èíà h ∈ (0, 1), ðàçáèåíèå ∆h (ñì (3)) è ÷èñëî α = α(h),
ãäå α(h) : (0, 1) → (0, 1) � íåêîòîðàÿ ôèêñèðîâàííàÿ ôóíêöèÿ. Ðàáîòà àëãîðèòìà ðàçáèâàåòñÿ íà îäíî-
òèïíûå øàãè. Â òå÷åíèå i-ãî øàãà, îñóùåñòâëÿåìîãî íà ïðîìåæóòêå âðåìåíè δi = [τi, τi+1), âûïîëíÿþòñÿ
ñëåäóþùèå îïåðàöèè. Ñíà÷àëà â ìîìåíò t = τi èçìåðÿåòñÿ ôàçîâîå ñîñòîÿíèå x(τi), ò.å. íàõîäèòñÿ ýëåìåíò
ξhi ∈ X ñî ñâîéñòâîì (2). Çàòåì âû÷èñëÿåòñÿ èçìåðèìàÿ (ïî Ëåáåãó) ôóíêöèÿ vh(·):

2 exp(−2ωτi+1)(B
∗(X ∗(τi+1 − τ)s̃i, v

h(τ))U + α|vh(τ)|2U ≤ (7)

≤ min{2 exp(−2ωτi+1)(X ∗(τi+1 − τ)s̃i, u)U + α|u|2U : u ∈ P}+ dνhi ,

ïðè ï.â. τ ∈ [τi, τi+1). Çäåñü d = const > 0, B∗ � ñîïðÿæåííûé îïåðàòîð,

s̃i = X (τi+1 − τi)si, si = wh(τi)− ξhi .

Ïîñëå ýòîãî óïðàâëåíèå vh(t) ïîäàåòñÿ íà âõîä ìîäåëè (4) ïðè t ∈ [τi, τi+1). Ïîä äåéñòâèå ýòîãî óïðàâëåíèÿ
ôàçîâàÿ òðàåêòîðèÿ ìîäåëè ïåðåõîäèò èç ñîñòîÿíèÿ wh(τi) â ñîñòîÿíèå w

h(τi+1) = wh(τi+1; τi, w
h(τi), v

h(·)).
Òåîðåìà 1. Ïóñòü âûïîëíåíû óñëîâèÿ 1, 2. Òîãäà

ω2(v
h(·), u(·)) ≤ ν(h), (8)

ãäå u(·) � ïðîèçâîëüíàÿ ôóíêöèÿ èç ìíîæåñòâà U(x(·)). Êðîìå òîãî,

ω1(v
h(·), u(·)) ≤ ν(h) + b2α(h), (9)

ãäå ν(h) = b1(h
2 + φ1(h) + δ(h)), b1 è b2 � ïîñòîÿííûå, íå çàâèñÿùèå îò h, vh(·), u(·), êîòîðûå ìîãóò

áûòü âûïèñàíû â ÿâíîì âèäå.

Äîêàçàòåëüñòâî. Ïóñòü ξh(·) ∈ Ξ(x(·), h). Îöåíèì èçìåíåíèå ôóíêöèîíàëà

εh(t) = exp(−2ωt)|wh(t)− x(t)|22 + α

t∫
0

{|vh(τ)|2U − |u(τ)|2U} dτ. (10)

Ïðè t ∈ δi, i ∈ [0 : m− 1], m = mh, èìåþò ìåñòî ðàâåíñòâà

wh(t) = X (t− τi)w
h(τi)+

t∫
τi

X (t− τ){Bvh(τ)+ f(τ)} dτ, x(t) = X (t− τi)x(τi)+

t∫
τi

X (t− τ){Bu(τ)+ f(τ)} dτ.
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Ïîýòîìó ïðè âñåõ i ∈ [0 : m− 1] âåðíà îöåíêà

εh(τi+1) ≤ exp(−2ωτi+1)|X (τi+1 − τi)(x(τi)− wh(τi))|22 + λi + µi + α

τi+1∫
0

{|vh(τ)|2U − |u(τ)|2U} dτ, (11)

ãäå

λi = 2

(
Si,

τi+1∫
τi

X (τi+1 − τ)B{vh(τ)− u(τ)} dτ
)

2

, µi = k0δ(h) exp(−2ωτi+1)

τi+1∫
τi

|B{u(τ)− vh(τ)}|22 dτ, (12)

Si = exp(−2ωτi+1)X (τi+1 − τi)(w
h(τi)− x(τi)).

Íåòðóäíî âèäåòü, ÷òî
µi ≤ k1δ

2(h), (13)

λi ≤ 2 exp(−2ωτi+1)

(
s̃i,

τi+1∫
τi

X (τi+1 − τ)B{vh(τ)− u(τ)} dτ
)

2

+ k2ν
h
i δ(h). (14)

Êðîìå òîãî, ñïðàâåäëèâî ðàâåíñòâî

(
s̃i,

τi+1∫
τi

X (τi+1 − τ)B{vh(τ)− u(τ)} dτ
)

2

=

τi+1∫
τi

(s̃i,X (τi+1 − τ)B{vh(τ)− u(τ)} dτ)2 = (15)

=

τi+1∫
τi

(X ∗(τi+1 − τ)s̃i, B{vh(τ)− u(τ)} dτ)2.

Ó÷èòûâàÿ ïðàâèëî îïðåäåëåíèÿ óïðàâëåíèÿ vh(·) (ñì. (7)), áóäåì èìåòü

2 exp(−2ωτi+1)

(
s̃i,

τi+1∫
τi

X (τi+1 − τ)B{vh(τ)− u(τ)} dτ
)

2

+ α

τi+1∫
τi

{|vh(τ)|2U − |u(τ)|2U} dτ ≤ dνhi δ(h). (16)

Ñëåäîâàòåëüíî, â ñèëó (10)�(16), âåðíû íåðàâåíñòâà

εh(τi+1) ≤ εh(τi) + k1δ
2(h) + (k2 + d)νhi δ(h) ≤ εh(τi) + k3δ(h)(ν

h
i + δ(h)), i ∈ [0 : m− 1].

Òàêèì îáðàçîì, ïðè âñåõ i ∈ [0 : m− 1]

εh(τi) ≤ εh(0) + k3δ(h)

m∑
i=0

(νhi + δ(h)), (17)

ãäå â ñèëó (2) è óñëîâèÿ 2 εh(0) ≤ k4h
2. Èç (17), ñíîâà ó÷èòûâàÿ óñëîâèå 2, ïîëó÷àåì ïðè âñåõ i ∈ [0 : m]

εh(τi) ≤ b1(h
2 + φ1(h) + δ(h)).

Îòñþäà ñëåäóþò íåðàâåíñòâà (8), (9). Óòâåðæäåíèå òåîðåìû äîêàçàíî.
Èç ýòîé òåîðåìû â ñèëó òåîðåìû 2.1 èç ðàáîòû [4] ñëåäóåò îñíîâíîé ðåçóëüòàò ðàáîòû.
Òåîðåìà 2. Ïóñòü âûïîëíåíû óñëîâèÿ òåîðåìû 1. Ïóñòü òàêæå

h2 + δ(h) + φ1(h)

α(h)
→ 0 ïðè h → 0.

Òîãäà èìååò ìåñòî ñõîäèìîñòü

vh(·) → u(·) (u(·) = u(·;x(·))) â L2(T ;U) ïðè h → 0.
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Ïóñòü ìíîæåñòâî P èìååò âèä P =
∑N

j=1 ωjuj , ωj ∈ U , uj ∈ R, ãäå u = {u1, . . . , uN ) ∈ P1 ⊂ RN , P1

� âûïóêëîå, îãðàíè÷åííîå è çàìêíóòîå ìíîæåñòâî, óïðàâëåíèå u(·) â ïðàâîé ÷àñòè óðàâíåíèÿ (1) èìååò

ñëåäóþùóþ ñòðóêòóðó u(t) =
∑N

j=1 ωjuj(t). Â ýòîì ñëó÷àå åñòåñòâåííî âûáèðàòü óïðàâëåíèÿ vh(·) òîé æå
ñòðóêòóðû. Èìåííî, âû÷èñëÿòü ïî ïðàâèëó

vh(t) =

N∑
j=1

vhjiωj ïðè ï. â. t ∈ [τi, τi+1),

ãäå

vhi = {vh1i, . . . , vhNi}, 2
N∑
j=1

vhji(X ∗(τi+1 − τi)[w
h(τi)− ξhi ], Bωj)2 + α

∣∣∣ N∑
j=1

vhjiωj

∣∣∣2
U
≤

≤ min
{
2

N∑
j=1

vj(X ∗(τi+1 − τi)[w
h(τi)− ξhi ], Bωj)2 + α

∣∣∣ N∑
j=1

vjωj

∣∣∣2
U
: v = {v1, . . . , vN} ∈ P1

}
+ dνhi .

Èìååò ìåñòî
Òåîðåìà 3. Ïóñòü âûïîëíåíû óñëîâèÿ òåîðåìû 2. Ïóñòü òàêæå âûïîëíåíî óñëîâèå

µ(δ(h))

α(h)
→ 0 ïðè h → 0+, (18)

ãäå µ(δ) = supt∈[0,δ]

∣∣∣X (t)
∑N

j=1 Bωj −
∑N

j=1 Bωj

∣∣∣
X
. Òîãäà ñïðàâåäëèâî óòâåðæäåíèå òåîðåìû 2.

Äîêàçàòåëüñòâî. Ïóñòü u(·) � ïðîèçâîëüíàÿ ôóíêöèÿ èç ìíîæåñòâà U(x(·)). Íåòðóäíî âèäåòü, ÷òî
âåðíî íåðàâåíñòâî

τi+1∫
τi

{
2
(
X (τi+1 − τi)[ξ

h
i − wh(τi)],X (τi+1 − τ)Bu(τ)

)
2
− α|u(τ)|2U

}
dτ −

−
τi+1∫
τi

{
2
(
X (τi+1 − τi)[ξ

h
i − wh(τi)],X (τi+1 − τ)Bvh(s)

)
2
− α|vh(τ)|2U

}
dτ ≤

≤
τi+1∫
τi

{
2
(
X (τi+1 − τi)[ξ

h
i − wh(τi)], Bu(τ)

)
2
− α|u(τ)|2U

}
dτ −

−
τi+1∫
τi

{
2
(
X (τi+1 − τi)[ξ

h
i − wh(τi)], Bvh(τ)

)
2
− α|vh(τ)|2U

}
dτ +K(0)µ(δ)δ, δ = δ(h),

ãäå K(0) = const > 0. Ñëåäîâàòåëüíî, âìåñòî íåðàâåíñòâà (14) áóäåì èìåòü

λi ≤ 2 exp(−2ωτi+1)(s̃i,

τi+1∫
τi

B{vh(τ)− u(τ)} dτ)2 +K(1)(νhi + µ(δ))δ.

Ïîýòîìó, ïîëó÷àåì (ñì. (17))

ε(τi) ≤ ε(0) +K(2)
mh∑
i=0

δ(h)(νhi + δ(h) + µ(δ(h))),

Îòñþäà ñëåäóåò óòâåðæäåíèå òåîðåìû. Òåîðåìà äîêàçàíà.
Ïðè íåêîòîðûõ äîïîëíèòåëüíûõ òðåáîâàíèÿõ ê ïîëóãðóïïå X (t), t ∈ T , ïðîöåäóðà âû÷èñëåíèÿ óïðàâ-

ëåíèÿ vh(τ), τ ∈ [τi, τi+1), â ïðàâîé ÷àñòè óðàâíåíèÿ (4) ìîæåò áûòü óïðîùåíà. Ïåðåéäåì ê îïèñàíèþ ýòèõ
òðåáîâàíèé. Ââåäåì
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Óñëîâèå 3. Ïîëóãðóïïà X (t) îáëàäàåò ñâîéñòâîì: êàêîâî áû íè áûëî îãðàíè÷åííîå ìíîæåñòâî X∗ ⊂ X
íàéäóòñÿ òàêèå ÷èñëà δ∗ ∈ (0, 1) è k0 = k0(X∗) ∈ (0,+∞), ïðè êîòîðûõ ðàâíîìåðíî ïî âñåì x ∈ X∗,
δ ∈ (0, δ∗), δ1 ∈ [0, δ], v(δ1) ∈ P ï. â. íà [0, δ] âûïîëíÿþòñÿ íåðàâåíñòâà

|(X (δ)x,X (δ1)Bv(δ1))2 − (x,Bv(δ1))2| ≤ k0γ(δ),

ãäå γ(·) : [0, δ∗) → R � íåïðåðûâíàÿ â íóëå íåîòðèöàòåëüíàÿ ôóíêöèÿ, γ(0) = 0.

Òåîðåìà 4. Ïóñòü âûïîëíåíû óñëîâèÿ òåîðåìû 2. Ïóñòü ôóíêöèÿ vh(·) íàõîäèòñÿ ïî ïðàâèëó

vh(t) = vhi ïðè ï.â. t ∈ [τi, τi+1),

exp(−2ωτi+1)(si, Bvhi )2 + α|vhi |2U ≤ min{exp(−2ωτi+1)(si, Bu)2 + α|u|2U : u ∈ P}+ dνhi . (19)

Òîãäà èìååò ìåñòî óòâåðæäåíèå òåîðåìû 2, åñëè âûïîëíåíî ñëåäóþùåå óñëîâèå

γ(δ(h))/α(h) → 0 ïðè h → 0. (20)

Äîêàçàòåëüñòâî. Äåéñòâèòåëüíî, â ñèëó óñëîâèÿ 3 âåðíî íåðàâåíñòâî

τi+1∫
τi

{
2
(
X (τi+1 − τi)[ξ

h
i − wh(τi)],X (τi+1 − τ)Bu(τ)

)
2
− α|u(τ)|2U

}
dτ −

−
τi+1∫
τi

{
2
(
X (τi+1 − τi)[ξ

h
i − wh(τi)],X (τi+1 − τ)Bvh(s)

)
2
− α|vh(τ)|2U

}
dτ ≤

≤
τi+1∫
τi

{
2
(
ξhi − wh(τi), Bu(τ)

)
2
− α|u(τ)|2U

}
dτ −

τi+1∫
τi

{
2
(
ξhi − wh(τi), Bvh(τ)

)
2
− α|vh(τ)|2U

}
dτ +K0γ(δ)δ,

ãäå K0 = const > 0, δ = δ(h). Ñëåäîâàòåëüíî, âìåñòî (14) áóäåì èìåòü

λi ≤ 2 exp(−2ωτi+1)(s̃i,

τi+1∫
τi

B{vh(τ)− u(τ)} dτ)2 +K1(ν
h
i + γ(δ))δ.

Ïîýòîìó, ó÷èòûâàÿ (20), ïîëó÷àåì

ε(τi) ≤ ε(0) +K2

m∑
i=0

δi(h)(ν
h
i + δi(h) + γ(δi(h))).

Îòñþäà ñëåäóåò óòâåðæäåíèå òåîðåìû. Òåîðåìà äîêàçàíà.

3 Ïðèìåð.

Ðàññìîòðèì äèôôåðåíöèàëüíî-ôóíêöèîíàëüíîå óðàâíåíèå óðàâíåíèå

ẏ(t) =

l∑
i=0

Aiy(t− νi) +

0∫
−νl

A∗(s)y(t+ s) ds,+B0u(t), t ∈ T, (21)

ñ íà÷àëüíûì óñëîâèåì y(t0) = φ0, y(t0 + s) = φ1(s) ïðè ï. â. s ∈ [−νl, 0]. Çäåñü y(t) ∈ Rn, u(t) ∈ Rm,
φ0 ∈ Rn, φ1(·) ∈ L2([−νl, 0];R

n), 0 = ν0 < ν1 < . . . < νl, yt : s → y(t+ s), −νl ≤ s ≤ 0, Ai è B0 � ïîñòîÿííûå
ìàòðèöû ðàçìåðíîñòè n×n è n×m, ñîîòâåòñòâåííî, ýëåìåíòû ìàòðè÷íîé ôóíêöèè s → A∗(s), s ∈ [−νl, 0],
ïðèíàäëåæàò ïðîñòðàíñòâó L∞([−νl, 0];R), U = Rm.

Îáîçíà÷èì [9�11] X = Rn × L2([−νl, 0];R
n) ãèëüáåðòîâî ïðîñòðàíñòâî ïàð x = (x0, x1(s)) ñî ñêàëÿðíûì

ïðîèçâåäåíèåì (x, y)X = (x0, y0)Rn +
0∫

−νl

(x1(s), y1(s))Rn ds è íîðìîé | · |X èíäóöèðîâàííîé ýòèì ñêàëÿðíûì

ïðîèçâåäåíèåì.
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Óðàâíåíèå (21) (ñì. [10, 11]) ïîðîæäàåò C0-ïîëóãðóïïó ëèíåéíûõ îãðàíè÷åííûõ îïåðàòîðîâ X (t), t ≥ 0.
Â ïðîñòðàíñòâå X ñêàëÿðíîå ïðîèçâåäåíèå çàäàäèì ñëåäóþùèì îáðàçîì

((φ0, φ1(·)), (φ0, φ1(·)))2 = (φ0, φ0)Rn +

0∫
−νl

g(τ)(φ1(τ), φ1(τ))Rn dτ,

ãäå g(τ) = j ïðè j ∈ (−νl−j+1,−νl−j), j ∈ [1 : l]. Â òàêîì ñëó÷àå [11, ëåììà 2.3] ýòà ïîëóãðóïïà X (t),

t ∈ T , ω-äèññèïàòèâíà. Ïðè÷åì ω =
l + 1

2
+ |A0|∗+

1

2

l∑
i=1

|Ai|2∗+
1

2

0∫
−νl

|A∗(τ)|2∗ dτ . Çäåñü ñèìâîë | · |∗ îçíà÷àåò

åâêëèäîâó íîðìó ìàòðèöû. Íåòðóäíî ïðîâåðèòü, ÷òî ýòà ïîëóãðóïïà X (t), t ∈ T , óäîâëåòâîðÿåò óñëîâèþ 3
ïðè γ(δ) = δ1/2. Êðîìå òîãî, â ðàâåíñòâå (19) ìîæíî ïîëàãàòü (si, Bu)2 = (y(τi) − ξh)′B0u. Çäåñü øòðèõ
îçíà÷àåò òðàíñïîíèðîâàíèå.
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