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Abstract

In this work, we introduce nearest neighbour ¢-random walks on the
integers and on the two-dimensional integer lattice with transition prob-
abilities g-varying by the number of steps, 0 < ¢ < 1. These g-random
walks are defined as Markov chains discrete time stochastic processes.
Our main results characterize under which conditions the considered
g-random walks are transient or reccurent. Also, we define the relative
continuous time ¢g-random walks stochastic processes. Moreover, we
present a g-Brownian motion as a continuous analogue of the g-random
walk stochastic process on the integers. The maxima and first hitting
time of this g-Brownian motion are studied. Furthermore, we produce
simulations in R of all the considered stochastic processes, indicating
first hitting times to the origin. As further study, we propose nearest
neighbour g-random walks on the three-dimensional integer lattice.

1 Introduction

Random walks on random graphs arise among others in several models in Network science, Neuroscience and
Statistical Mechanics [AF02] [Bol01}, [FK16, [New10].

A random walk of length k£ on a possibly infinite graph G with a root 0 is a stochastic process with random
variables X1, Xs, ..., Xj such that X; = 0 and X; 1, is a vertex chosen uniformly at random from the neighbors
of X;,i=1,...,k—1. Then P{fvw(G) is the probability that a random walk of length k starting at v ends at w.
In particular, if G is a graph with root 0, POQ,’B (@), is the probability that a 2k-step random walk returns to 0.

In the context of Random Graph theory, random walks have been defined as Markov chains and their properties
have been studied in details. These include among others, the distribution of first and last hitting times of the
random walk, where the first hitting time is given by the first time the random walk steps into a previously
visited edge of the graph, and the last hitting time corresponds the first time the random walk cannot perform
an additional move without revisiting a previously visited edge, the continuous analogue of the random walk.

A question that can be arisen in real world network phenomena is what if the random selection of a neighbor
vertex is varying by the number of the previously visited vertices? The study of such random walks on random
graphs can be realized by considering random walks on d-dimensional integer lattices, d > 1, with transition
probabilies varying by the number of steps.

In this work, we introduce nearest neighbour random walks on the integers and on the two-dimensional integer
lattice with transition probabilities g-varying by the number of steps, 0 < g < 1. These ¢g-random walks are
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defined as Markov chains discrete time stochastic processes. Our main results characterize under which conditions
the considered g-random walks are transient or reccurent. Also, we define the relative continuous time ¢- random
walks stochastic processes. Moreover, we present a g-Brownian motion as a continuous analogue of the g-random
walk stochastic process on the integers. The maxima and first hitting time of this g-Brownian motion are studied.
Furthermore, we produce simulations in R of all the considered stochastic processes, indicating first hitting times
to the origin. As further study, we propose nearest neighbour g-random walks on the three-dimensional integer
lattiice.

g-Random walks in square or triangular lattices, where a vertex is added to one of the four or six directions
respectively, according to edge (transition) probabilities varying by the number of previously visited vertices,
can be applied to describe among others several real world phenomena arising in networkscience, neuroscience
and statistical mechanics.

2 Preliminaries, Definitions and Notation
2.1 Markov Chains and Classification of States

Let a discrete time stochastic process {X (t),t € T}, where T a countable set. If T is the set of nonnegative
integers, then the process is denoted as X,,, n=0,1,2,.... If X,, = ¢, then the process is said to be in state ¢
at time n. The one-step transition probability from state i to state j, say F; ;, is given by

Pj=P(Xn1=7+1/Xp=0,Xpn1=tin1,...,X0=10), (1)
for all states ig,%1,-..,%n—1, ¢,4, 7 > 0. This stochastic process is known as a Markov chain.
The n-step transition probability, say P;";, is given by
P =P (Xptm=7+1/Xpn=14),n >0, i,j >0. (2)

If P"; > 0 for some n > 0, we say that state j is accessible from state i. States i and j communicate if state j
is accesszble from state i and state i is accessible from state j. The Markov chain is said to be irreducible if all
states communicate with each other.

A state i is recurrent if with probability 1, the process will reenter state i. A state i is transient if with
probability< 1, the process will reenter state i. A state 4 is recurrent if ZZO o P = 00, A state i is transient if
> o P < oo. If state i is recurrent and state ¢ communicates with state j, the state j is recurrent.

2.2 g¢-Series Preliminaries, 0 < ¢ <1

The g-binomial coefficient is defined by

<n) _ @gs 0]y
ko @okg - [Kgln— K,

where @) T ( k)
¢ d)n k=1 —4q
ot = ol nly = 0 — Temil
is the g-factorial number of order n with [t], = 11_—:1;.
The g-binomial coefficient (Z)q, for n and k positive integers, equals the k-combinations {mq,ma,...,my} of

the set {1,2,...,n}, weighted by gmitmat = (1)

S itmat b () _ (Z) (3)

1<mi<mao<---<mp<n

Let n be a positive integer and let x,y and g be real numbers, with ¢ # 1. Then, a version of g-Cauchy formula

(x—l-y)q kioqky n+k)( >q(nyk>q' ()
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The g-multinomial coefficient is defined by

( n ) _ [n]q!
k17k27"'7k’r71 q [kl]q![k2]q!"'[krfl]q![kr]qp
where k., =n—ky —ko —--- —kp_q,for k;, =0,1,2,....n,i=1,2,....,rn=0,1,2,....

Kyriakoussis and Vamvakari [KV13], have established the following ¢-Stirling formula for n — oo, of the
g-factorial number of order n,

(5)

[n],! = (27r(17q))1/2 q(g)q—nm[n]?/zl/z .
T (alogg ) IE (4 (e - D@

Let a sequence of g-Bernoulli trials with varying probability of success at the ith trial,

gqifl

=——F7F1=12,...,0< 1, 0<40 .
1+9q1—1’Z 5y 4y ’ qg<l, <0 <oo

Di

Then the probability function (p.f) of the number X of successes at n such trials is given by

(3)ge
n) il x=0,1,...,n, (7)

v) = (1 +0g771)

for > 0,0 < g < 1. The distribution of the random variable (r.v.) X is called g-binomial distribution of the
first kind, with parameters n, 6 and ¢ (see Charalambides [Chal6]).

fla) = P =) = (

3 Main Results
3.1 ¢-Random Walks on the Integers

In this section, we introduce a nearest neighbour ¢g-random walk on the integers with transition probabilities
g-varying by the number of steps, 0 < ¢ < 1. This random walk is defined as a Markov chain discrete time
stochastic process.

Definition 3.1. The Markov chain whose state space is the set of all integers with g-varying transition proba-
bilities, 0 < ¢ < 1, given by

eqifl ]
H’i—‘rl:m = 1—Pi,i_1,'L:O7:|:1,i27...,O<q<1,0<0<OO (8)

is called g-random walk on the integers.

At each state of the g-random walk the chain either increases or dicreases by 1, with respective probabilities
Piiy1 and P;—1,1=0,1,2,..., of independent g-Bernoulli trials. Because all states communicates, they are
either all transient or recurrent. Therefore, we consider state 0 and determine whether Y o Pf', is finite or
infinite. Because it is impossible to be back in the initial state after an odd number of transitions, we have
that > 7 ngé“ = 0, n > 0. But the chain will be back in initial state after 2n transitions if n of them
were increases and n of them were decreases. Because each ¢-Bernoulli trial results in an increased state with
probability P; ;41,1 =1,2,...,2n, by the p.f. 7 the desired probability is the g-binomial probability of the
first kind

(3)gn
Pg’g:(%) _— i ——, 0>0,0<q<1 9)
n qHJ:l(l—’_eq‘]i )

By using ¢-Stirling formula (6]), the next theorem is concluded.

Theorem 3.2. The g-random walk on the integers after 2n steps, starting from the origin 0, for 6 constant or
for0=q " 0<a<1l, n=0,1,2,... is recurrent, while for 0¢q™ — oo, as n — 0o, is transient.
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Remark 3.3. 1 Possible realizations of the transience condition considered in the above theorem are among

others the next two ones
0=qg ", ¢>1or 6 =exp(O(n)).

Next, we present the relative continuous time g-random walk stochastic process. Analytically, consider the
time interval (0,¢], t > 0, and partition it into parts which are geometrically decreasing with rate ¢, defined by
di(n;t) = (n);'¢""'t, i = 1,2,...,n, n > 1. Also, consider the process generated by making a step of length
0 = 1 to the right and a step of length § = 1 to the left at every time period (n)q_lqi_lt, 1=1,2,...,n, with
probability of success (right step) and probability of failure (left step) given respectively by

O(n):1qi—1t 1

g AdP(X;=—6)=—
and P )= T b,

_ ‘ 10
14+ 0(n)g tgi=1t (10)

P(X; =9)
where 0 < ¢ < 1,0 < 6 < oo. Then, at time Y., §;(n;t) = ¢ the position of the process is the r.v. X, ,(¢) =

Z?:l Xi.

Definition 3.4. The continuous time stochastic process {X,, 4(t),t > 0}, is called g-random walk stochastic
process with parameters ¢, n and @, if the following properties hold

(a) In each of the consecutive mutually disjoint time intervals of length &;(n;t) = (n);'¢""'t, i =
1,2,...,n, n > 1, at most one event (right or left step) occurs and

i—1
1—¢ A WS R O
P(X”’q (1—q”t> _X”’q< 1—qn t) _6) IR

1—q° 1— ¢gi—1 1
P(X"’q (1—§t> " (1—qqt) - _5) = Tpam = hi=hhm
(n)q

0<6<oo.

(11)

(b) The increments X, 4(t;) — Xp q(ti—1), where t; —t;_1 = (n);'¢"~'t, i =1,2,...,n are independent.
(c) The process starts at time ¢t = 0 with X, 4(0) = 0.

Remark 3.5. 2 The above g-random walk stochastic process, has been recently defined by Vamvakari [Vam17].
This g-random walk stochastic process, has been proved that is approximated, as n — oo, by a continuous
analogue one {Y,(t),t > 0}, where the r.v. Y (¢) is the position after time ¢ with probability density function

o @) -9 ) |
fly,t) = o(2m)1/2 (1ogq_1)1/2( e >

¢*/? Ot
1 2 ( —3/2 1/2 (y — ) -1
. —1 1-— S 12
exp (21qu og (q (1-q) il : (12)

—1/2

y >y — oiq/?(1— )72,

where the mean value p and the variance o2 of the r.v. Y,(t) are given by

pe = B, (1)) =t 0 = VIY,(1) = (et + . (13)

Definition 3.6. The continuous stochastic process {Y;(t),t > 0}, is called g-Brownian motion with parameters
q, s and o2, if the following properties hold

(A) The distribution of the increment Y, (t2) — Y (t1), with to — ¢ = (1 — ¢)t, ¢t > 0, is the linear transformed
standardized Stieltjes-Wigert distribution with p.d.f , where ji,—¢, = ¢(1 —¢q)t and 07, _, = 1%qq(c(l -
0)t)* + (1 - q)t.

(B) The increments Y, (t) — Yy (tx—1), where ty —t—1 = ¢*"1(1 —¢)t, k = 1,2,..., are independent.
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(C) Y,(0) > 0 and Y, (t) is continuous at t = 0.

Using suitably the above properties of the g-Brownian motion, the pdf of the r.v.Y,(¢), and its mean
value and variance 7 as well as the reflection principle, the following theorem is proved.

Theorem 3.7. Let W,(T') = maxo<i<71 Yy (t) the r.v. of the maxima in the q-Brownian motion and Ty the first
time passage of the process Yy (t) from the point b with b > j; — 0,q"%(1 — q)~'/2. Then

P(Wo(T) 2 b) = ¢ "% (1 — erf(By)) (19)
and the p.d.f of the first time passage from b is given by
_dBi 27

_ _p2
(1) = = ey (< BY). (15)
where
1 —
By = ———— <log ((J‘?’/Q(l _qielThe q‘l) + logq) : (16)
v/2logq—1 o 2

3.2 ¢-Random Walks on the Two-Dimensional Integer Lattice

In this section, we introduce a nearest neighbourg- random walk on the two-dimensional integer lattice with
transition probabilities g-varying by the number of steps, 0 < ¢ < 1. This random walk is defined as a Markov
chain discrete time stochastic process.

Definition 3.8. The Markov chain in which at each transition is likely to take one step to the right, left, up or
down in the plane with ¢-varying transition probabilities given respectively by

P B alqifl
(4,5),(i+1,5) — (1+91qi—1)(1+92qj—1)’
1
) =R _ '
(4,5)(i—1,5) (1+91q171)(1+02qu)’
f2q7 1

P iy (i = : i
(4,5),(4,5+1) (1461411 + 02(]371)7
019" 10271
(1 + elqi_l)(l + eij—l)’

where 0 < 01 < 00,0 < 0y < 00, 0 < ¢ < 1, is called g-random walk on the two-dimensional integer lattice.

P(Lj)(i,j—l) = 1,7 =0,£1,£2,..., (17)

We now study if this Markov chain is also recurrent as the g-random walk in one-dimension. Because the ¢-
random walk in two-dimensions is irreducible, it follows that all states are recurrent if state 0= (0, 0) is recurrent.
Now after 2n transitions the chain will be back if for some z, x = 0,1,...,n, the 2n steps consist of x steps to
the right, x to the left, n — x up, and n — x down. Each step will be independenlty in any of these directions
with varying probabilities given respectively by .

Let X be the number of “right steps”, X~ be the number of “left steps”, Y be the number of “up steps” and
Y~ be the number of "“down steps” after 2n steps. We need to find the probability function of the 4th-variate
random variable (X, X, Y+ Y ).

Let A; be the event of “right step” at the ith step, ¢« = 1,2,...,n, and consider a permutation
(41,92, ... iz, ipt1,. .-, 0n) Of the n positive integers. Also, let B; be the event of “up step” at the jth step,
j=1,2...,n with i + j = n, and consider a permutation (j1,jo,. .., Jn—zsJn—a+1,---,in) of the n positive

integers. Then using the independence of each step, the g-varying transition probabilities , the relations
, and (3) = (5) + ("3%) + @(n — x), we derive the following lemma.
Lemma 3.9. Let the 4th-variate random variable (X, X~ YT, Y ™) , where X T be the number of “right steps”,

X~ be the number of “left steps”, YT be the number of “up steps” and Y~ be the number of *“down steps” after
2n steps in the two-dimensional qg-random walk starting from the origin 0. Then, it holds that

P(ZL’O:P(XJr:a?,X_::E,Y+:n—x,Y_:n—gg):

O ) o ()

= o : 1 , 2=0,1,2,...,n. (18)
[[E (A +61¢71 + 62¢" 7L + 010297 2)
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By the above lemma the ¢-Cauchy formula and the ¢-Stirling formula @, the next theorem is
concluded.

Theorem 3.10. Let the g-random walk on the 2D dimensional integer lattice after 2n steps, starting from the
origin 0, with 01/05 = ¢?, n=0,1,2,.... Then for 0y constant or for 03 =q °", 0<a<1, n=0,1,2,...,
the 2D q-random walk is recurrent, while for 02¢™ — 0o, as n — 0o, is transient.

Remark 3.11. 3 Possible realizations of the transience condition considered in the above theorem are among
others the next two ones
Oy =q~ ", ¢>1or 6y =exp(O(n)).

Next, we introduce the relative bivariate g-random walk stochastic process. Analytically, let the time interval
(0,¢], t > 0, and partition it into parts which are geometrically decreasing with rate ¢, defined by §;(n;t) =
(n);'¢""'t, i = 1,2,...,mn, n > 1. Also, let the process generated by taking one step, of length § = 1, to the
right, left, up or down in the plane at every time period (n);"
transition probabilities

¢, 1 =1,2,...,nn > 1, with ¢-varying

elqi_lt/(n)q
(1+01g71t/(n)) (1 + O2q" 1t/ (n)q)’

1
pip=P(Xi=-0Y;=0) = (1+ 0141t/ (n)g) (1 + 02"~ 1t/ (n),)’

_ 0V sy fag" "'t/ (n)q
Ps=P(X;=0Y;=0) = (1+91qi*1t/?n)q)(1 ey
9192q”_2t2/(n)3
(14 01¢"1t/(n)g)(1 + 0271t/ (n)y)’

where 0 < 6; < 00,0 < s < 00, 0 < ¢ < 1 with 6; /6, = ¢™/%. Then, at time Yo, 8i(n;t) = t, the position of
the process is the bivariate r.v. (X, 4(t), Y5,4(t)) with X, o(£) = Y7 | X; and Yy, ,(t) = >0, Vi

pin=P(X;=0,Y;=0) =

P4=P(X;=0Y;,=—-06) = (19)

Definition 3.12. The continuous time bivariate stochastic process {(Xp ¢(t), Yo, ¢(t)) ,t > 0}, is called bivariate
g-random walk stochastic process with parameters n, 61, 65 and ¢, 0 < g < 1, if the following properties hold

(a) In each of the consecutive mutually disjoint time intervals of length d;(n;t) = (n);'¢'"'t, i =
1,2,...,n, n > 1, at most one event (right or left or up or down step) occurs and

1-¢" )\ _ 1-¢7" )\ _ 1-q )\ _ 1-¢7 )\ _
r (Xn’q (1 - q"t) A ( 1—gn t) =0 (1 —gt) TGz t) =0
alqiilt/(n)q
(L4 01g"1t/(n)q) (1 + O2g" =1t/ (n)q)’

1-q" )\ _ 1—q¢70\ _ -4\ 1-¢7")) _
r (X"'q <1 —q"t) Ko < 1—gn t) =0 Yna (1 —gt) e T ) =0
1
(1+01g°=1t/(n)q)(1 + O2q"~ 1t/ (n)q)’

1—g 1— gt 1—¢ 1— gt
Pl Xpgl—2t) = Xng(————t)=0,Yng| ——t) —Yny | ——t)=
( ’q<1—q”t) ’q<1—q” t) 0 ’q(l—q”t 'q l—q"t g
02" """t/ (n)g
(1+01g1t/(n)q)(1 + b2q"~ =1t/ (n)q)’

1—¢ 1— ¢! 1—g¢ 1—g!
P (Xn,q <Wt) — Xn,q <Wt = O,Yn,q Wt — qu Wt Bl
01624" %12/ (n);

= . . 5=1,i=1,2,...,n,0< 61,02 < o0, 01 /02 = q"/>.
(T + 0101/ (1)) (1 + B2g" 14/ (n)q) ' n, 0< 1,02 <00, 61 /02 = ¢

(b) The bivariate increments (X q(t:) — X q(ti—1), Yoq(t:) — Yo g(ti—1)), where t; —t;y = (n);'¢"'t, i =
1,2,...,n, are independent.

(c) The process starts at time ¢t = 0 with (X, 4(0),Y, 4(0)) = (0,0).
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3.3 ¢-Random Walks Processes and ¢g-Brownian Simulations in R

Using definition the g-random walk process has been simulated in R. Figures 1-6 represent the results of
these simulations for various values of the parameters ¢, n, 6 and ¢. There is strong indication, implied by
theorem that for 6 constant or for 8 = ¢, 0 < a < 1, even for small values of n, the 1st return to the
origin occurs before or at time ¢. While, for 8 = ¢=", ¢ > 1 or 8 = exp(O(n)), there is no return to the origin.

I

Figure 1: Generation of 5, ¢-Random Walk Processes in R with with ¢ =0.7,n =30, =¢ '°, t = 1.
Figure 2: Generation of 5, g-Random Walks Processes with ¢ = 0.7, n =30, 8 = 1, ¢ = 10.

Figure 3: Generation of 5, g-Random Walks Processes with ¢ = 0.9, n =30, 8 = 1, ¢ = 10.

Sample Paths of a Simple q-Random Walk

1A

Figure 4: Generation of 5 g-Random Walks with 8 = 10, ¢ = 0.5, n = 30, ¢ = 10.
Figure 5: ¢-Random Walk Process with ¢ = 0.7, n = 30, § = ¢ 5, t = 10.

Figure 6: ¢g-Random Walks Process with ¢ = 0.7, n = 30, 6 = exp(30), t = 10.

Also, g-Brownian motion simulation in R has been produced by definition [3.6] Figures 7-8 represent the
results of these simulations for some values of the parameters ¢ and t.
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Figure 7: ¢-Brownian Motion Simulation in R with ¢ = 0.9, ¢t = 1.

Figure 8: g-Brownian Motion Simulation in R with ¢ = 0.9, t =10 .

Moerover, using definition the two-dimensional g-random walk process has been simulated in R-package.
Figures 9-14 represent the results of these simulations for various values of the parameters ¢, n, 61,60> and t.
Analogously as in one-dimension, there is strong indication, implied by theorem that for fy constant or for
O =q ", 0 < a< 1, with 6,/0 = ¢/, even for small values of n, the 1st return to the origin occurs before

or at time ¢. While, for 5 = ¢7", ¢ > 1 or 02 = exp(O(n)), there is no return to the origin. Note that R-codes
are available under request.

0 2 4 6 8 0 0.2040.60.8 0 2 4 6 8 10

(4
(4
o

1
2
3
y 4 y y
21 -5 2
-3 -10 !
-4X X OX
-5 -15 -1
Time Time Time

Figure 9: 2D ¢g-Random Walk Process Simulation in R with ¢ = 0.9, n = 20, 6, = ¢'°, ¢t = 10.
Figure 10: 2D ¢g-Random Walk Process Simulation in R with ¢ = 0.9, n = 20, 6, = ¢'°, ¢t = 1.

Figure 11: 2D ¢g-Random Walk Process Simulation in R with ¢ = 0.5, n = 20, 6, = ¢'°, ¢t = 10.
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0 2 4 6 8

0 0
4
-5 -5
-10
-10
y 2
0.5 y y -15
0 -15
-0.5x 0 0
-1 X X

Time

Figure 12: 2D ¢-Random Walk Process Simulation in R with ¢ = 0.7, n = 20, 6y = ¢~ ', t = 10.
Figure 13: 2D ¢-Random Walk Process Simulation in R with ¢ = 0.5, n = 20, 6, = ¢~3°, ¢ = 10.

Figure 14: 2D ¢g-Random Walk Process Simulation in R with ¢ = 0.5, n = 20, 6, = e'?, t = 10.
3.4 Further Study

g-Random walks in higher than two dimensions can also be defined. For instance, we can introduce a nearest
neighbour random walk on the three-dimensional integer lattice with transition probabilities g-varying by the
number of steps, 0 < g < 1. This random walk is defined as a Markov chain discrete time stochastic process as
follows.

Definition 3.13. The Markov chain in which at each transition is likely to take one step to the six directions
to the right, left, up, down, in, or out in the space, with g-varying transition probabilities given respectively by

[ =N Ui
(4,5,k),(i+1,5,k) — (1401 1) (1 + 02¢5=1)(1 + O5¢%—1)’
P4 s gy = 1
(4,3,k)(i—1,5,k) — (14 601¢71)(1 + 020~ 1)(1 + g3qk—1)7
gij_l

i Gt = T, ) (T4 029 1) (11 o)
02qi—193qk71
1+ 01¢" ) (1 + 0277 1)(1 + Osg"—1)’
P N _ 03(11@71 +01qi—193qk—1
PRI T (14 17 ) (1 + Oagr 1) (1 + 0ag* 1)
O1q" 02" '03q" "
L+ 0:1g D) (14 027 ) (1 + 03¢5 1)

P jry-1.0 = (

Pk i,5,6—1) = (

where 4,5,k =0,£1,+2,...,0< 61,602,035 <1, 0 < g <1, is called g-random walk in three-dimensional integer lattice.

Starting from this three dimensional g-random walk, it is interestingly to study the transience and recurrency
of g-random walks higher than two dimensions. Also, random walks in square or triangular lattices, where a
vertex is added to one of the four or six directions respectively, according to edge (transition) probabilities varying
by the number of previously visited vertices, can be applied to describe several real world network, neuroscience
and statistical physics phenomena.
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