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Abstract. Answer Set Programming (ASP) has become an established logic-
based programming paradigm with successful applications. In this paper, through
the study of a direct and natural modeling of the Stable Marriage Problem (SMP)
via ASP, we apply the same approach to the Stable Roommates Problem (SRP).
However, unlike the SMP, the modeling proposed may lead to lack of answer sets
due to cyclic default negation occurring in the ASP program. Hence, the proposed
modeling of the SRP can lead to a first benchmark in the ASP competions with
consistent, but incoherent ASP programs.
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1 Introduction

Answer Set Programming (ASP) is a premier formalism for knowledge representation
and non-monotonic reasoning. It is a declarative programming paradigm oriented to-
wards difficult search problems. Indeed, ASP combines a comparatively high knowledge-
modeling power [16, 2, 15] with a robust solving technology [17,23-26, 33, 8, 12-14,
37,36]. The idea of ASP is to represent a given computational problem by a logic pro-
gram whose answer sets correspond to solutions, and then use a solver to find them.
For these reasons ASP has become an established logic-based programming paradigm
with successful applications to complex problems in several areas, such as Artificial
Intelligence [29, 28, 7, 4], Bioinformatics [21], Databases [35], Game Theory [11], In-
formation Extraction [1].

Recently, ASP programs have been used to encode a number of variations and gen-
eralizations of the Stable Marriage Problem (SMP) [19]. The SMP requires to find a
way to arrange the marriage for the men and women with respect to mutual prefer-
ences [31]. Given a set of men M and a set of women W of the same size, and a set of
preferences, a solution to SMP is a bijective function S from M to W such that there
is no pair (m,w) € M x W, where m prefers w to S(m), and w prefers m to S~ (w). Tt
is well-known that it is always possible to solve the SMP and make all marriages sta-
ble [22]. The SMP has been addressed from an abstract argumentation perspective by
Dung in its pioneering work [20].

In this paper, first we show that the modeling approach proposed by Dung can be
ported to ASP, and it represents a direct and natural encoding of the SMP. The main
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feature of this modeling is the absence of constraints in the logic program. Then, we
consider a variation of the SMP, known as the Stable Roommates Problem (SRP). Given
a set of 2n persons, each one ranks the others in strict order of preference. A solution to
the SRP is a set of n disjoint pairs of persons so that there are no two persons p; and p,,
each of whom prefers the other to their partner. As the SRP has a structure similar to
the SMP, the modeling of the SMP via ASP remains a direct and natural encoding for
the SRP. However, unlike the SMP, a solution to the SRP may fail to exist for certain
sets of persons and their preferences, and so no answer set could exist.

Since no constraint appears in the encoding, the lack of answer sets is due to the
cyclic default negation. It is noteworthy to mention that in all the benchmarks appearing
in the ASP competitions [26], the lack of answer sets is always due to the violation of
some constraint. Hence, the proposed modeling of the SRP can lead to have a first
benchmark with consistent, but incoherent ASP programs.

2 Preliminaries

We start with recalling syntax and semantics of answer set programming. We concen-
trate on logic programs over a propositional signature X. A disjunctive rule r is of the
form

aiV---NVaj < by,....by,not cy,...,not c,, @)

where all a;, bj, and ¢ are atoms (from X); I,myn >0, and [ + m+n > 0; not repre-
sents negation-as-failure. The set H(r) = {ay,...,a;} is the head of r, while BT (r) =
{b1,....,b,} and B~ (r) = {c1,...,c, } are the positive body and the negative body of r,
respectively; the body of ris B(r) = B™ (r) UB™ (r). We denote by At(r) = H(r) UB(r)
the set of all atoms occurring in r. A rule r is a fact, if B(r) = 0 (we then omit <); a
constraint, if H(r) = 0; normal, if |H(r)| < 1 and positive, if B~ (r) = 0. A (disjunctive
logic) program P is a finite set of disjunctive rules. P is called normal [resp. positive]
if each r € P is normal [resp. positive]. We set Af(P) = J,cpAt(r), that is the set of
all atoms occurring in the program P. Finally, the dependency graph of a program P
is defined as follows. Its nodes are the atoms in Az(P), and it contains a directed edge
(a,b) if and only if there exists a rule r € P such that a € H(r) and b € B(r). The edge
is labelled positive if b € BT (r), and negative if b € B(r).

Any subset I of X is an interpretation. An interpretation I is a model of a program
P (denoted I = P) if and only if for each rule r € P, INH(r) # 0 if B (r) C I and
B~ (r)NI =0 (denoted I |=r). A model M of P is minimal, if and only if there is no
model M’ of P such that M’ C M. We denote by MM (P) the set of all minimal models
of P. Given an interpretation /, let P! be the well-known Gelfond-Lifschitz reduct [27]
of P with respect to 1, i.e., the set of rules a; V ...V a; < by, ..., by, obtained from rules
r € P of form (1), such that B~ (r) NI = 0. An interpretation [ is an answer set of P if
I € MM(P"). We denote by AS(P) the set of all answer sets (called also stable models)
of P. Finally, we say that a program P is consistent, if it admits some model, otherwise
it is inconsistent; whereas we say that it is coherent, if it admits some answer set (i.e.,
AS(P) # 0), otherwise, it is incoherent [3, 10,9].
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Example 1. Consider the following logic program
P ={a<+ not b; b+ c, not d; c < a; d < notb}.

For instance, a model of P is {b,d}. Moreover, the set of all minimal models of P is
givenby MM (P) = {{b},{a,c,d}}. Now, let I = {a,c,d}. The Gelfond-Lifschitz reduct
of P with respect to I is P/ = {a; ¢ < a; d}. Thus, {a,c,d} is a minimal model of P'.
Hence, it is an answer set of P. On the other hand, {b} is not an answer set of P. Indeed,
P = (b« ¢; ¢ + a}, but {b} is not a minimal model of P{*} (as MM (P{%}) = {0}).

3 Stable Marriage Problem: from Argumentation to ASP

The Stable Marriage Problem (SMP) requires to find a way to arrange the marriage for
the men and women with respect to mutual preferences [31]. Given a set M of n men, a
set W of n women, and a set of preferences of the form m € M prefersw; € W tow, € W
orw € W prefers mi € M to my € M, a solution to SMP is a bijective function S from M
to W such that there is no pair (m,w) € M x W, where m prefers w to S(m), and w prefers
mto S~!(w). Note that, it is implicitely assumed that M NW = 0. It is well-known that
it is always possible to solve the SMP and make all marriages stable [22].

The SMP has been addressed from an abstract argumentation perspective by Dung
in its pioneering work [20]. An argumentation framework AF is defined as (Ar,art),
where Ar is a set of arguments and att C Ar X Ar is a set of attacks. For instance, if
AF = ({a,b,c},{(a,b),(b,c)}), then argument a attacks argument b, and argument b
attacks argument c¢. Dung introduced the so-called stable semantics for argumentation
framework. A set of arguments A is a stable extension, if (1) each argument in A does
not attack an argument in A; and (2) each argument outside A is attacked by some
argument in A. For instance, if we consider the previous argumentation framework AF,
we have that A = {a,c} is a stable extension. Indeed, (1) (a,c) and (c,a) do not belong
to att; and (2) the argument b (not in A) is attacked by a € A.

In [20], Dung proposed a modeling of the SMP via abstract argumentation frame-
work. Starting from M, W, and a set of preferences, defined as above, he constructs an
argumentation framework AF = (Ar,att), where Ar = M x W, and a pair (m;,w;) €
M x W attacks (mp,wp) € M x W if, and only if, (i) m; = m; and m prefers wy to wy;
or (if) w; = wy and wy prefers m; to my. Then, he was able to prove that

Theorem 1 (Theorem 39 in [20]). A set S C M x W constitutes a solution to the SMP
if, and only if, S is a stable extension of the corresponding argumentation framework.

Example 2. Consider the following instance of the SMP: M = {m,my,m3,m4} and
W = {wi, w2, w3, w4} with the basic prefence relations:

my prefers wy to wy;
my prefers ws to wy;
mj3 prefers wy to ws;
my prefers wy to wy;
wi prefers myp to my;
wy prefers my to ms;

m prefers wy to wy;
my prefers wy to wa;
m3 prefers w3 to wy;
my prefers wy to ws;
wi prefers my to my;
wy prefers m3 to my;

m prefers wy to ws;
my prefers wy to wo;
m3 prefers wy to wy;
my prefers wz to wo;
w1 prefers my to m3;
wy prefers my to my;
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ws prefers my to myg;  wa prefers my to m3;  ws prefers m3 to my;
wy prefers mp to my;  wy prefers my to ma;  wy prefers my to ms.

We reported basic preference relations only. However, they imply others. For instance,
from m; prefers w, to wq and m; prefers wy to wy, one can deduce that m; prefers w» to
wi. Hence, the corresponding argumentation framework is formed by Ar = M x W and

((m1,w2), (m1,wa)), ((m1,wa), (my,wi)), ((m1,w1), (m1,ws))
((m2,w3), (m2,w1)), ((m2,w1), (m2,w4)), ((m2,wa), (ma,w2))
((m3,w2), (m3,w3)), ((m3,w3), (m3,w1)), ((m3,w1), (m3,wa))
((m47 )7 (m47W1 ))’ ((m4,w1), (M4,W3)), ((m4,W3), (m47W2))
((m27wl)v (mlvwl))v ((mlvwl)a (I’I’l4,W1)), ((WM,W]), (m3,w1))
((ma,w2), (m3,w2)), ((m3,w2), (m1,w2)), ((m1,w2), (ma,w2))
((m1,w3), (ma,w3)), ((ma,w3), (m3,w3)), ((m3,w3),(m2,w3))
att — ((m2,wa), (my,wa)), ((m1,wa), (ma,wa)), ((m4, ws), (m3,ws))
((ml )’ (ml yW1 ))’ ((ml 7W2)’ (ml 7W3))v ((ml 7W4)v (ml 7W3))
((}112,W3), (m2’ ))a ((mz,W3), (m27W2))a ((m27wl)a (mz,Wz))
((m3 )7(m3 ))7 ((m37w2)7(m37w4))ﬂ ((m37W3),(I7137W4))
((m47 )’ (M47W3)), ((M4,W4), (I’H4,W2)), ((I’)’l4,W1), (I’I’l4,W2))
((m2,w1), (ma,w1)), ((m2,w1), (m3,w1)), ((m1,w1),(m3,w1))
((m4,w2), (ml 7W2))’ ((m4,w2), (m27w2))v ((m37W2)v (mz,Wz))
((ml 7W3)7 (m37W3)), ((mlaw3)a <m27w3))a ((m4,W3), (m27w3))
((m2,wa), (ma,wa)), ((m2,wa), (m3,w4)), ((m1,wa),(m3,w4))

It can be checked that there are exactly two solutions to the SMP instance: {(m,ws),
(m27w3)7 (m37W2)7 (m4,W1)}, and {(m17W4)7 (m27W1)7 (m37W2)7 (m4,W3)}, which cor-
respond to the stable extensions of the argumentation framework (Ar, att), according to
the Theorem 1.

Recently, relations between abstract argumentation semantics and logic program-
ming semantics has been studied systematically in [18]. These can be highlighted by us-
ing a well-known tool for translating argumentation frameworks to logic programs [39].
In particular, given an argumentation framework AF one can build an ASP program, Pyr
as follows. For each argument a in AF, if ¢y, c2, ..., ¢y 1s the set of its defeaters (i.e., the
set of arguments that attack a), we construct the rule

a<—notcy, notcy, ..., NOtCy,.

Intuitively, each of these rules means that an argument is accepted (inferred as true) if,
and only if, all of its defeaters are rejected (inferred as false). More formally, given an
argumentation AF = (Ar,art). For each argument a € Ar, we build a rule r, such that
H(rq) = {a}, BT (r,) =0, and B (r,) = {c € Ar| (c,a) € att}. Then, we define Py
as the set of all rules of the form r,, i.e., Psr = {r, | a € Ar}. It is well-known that the
answer sets of Pyr correspond to the stable extensions of AF [20].

Therefore, the modeling offered by Dung of the SMP through abstract argumen-
tation frameworks, leads to a natural and direct modeling of the SMP through ASP.
Starting from M, W, and a set of preferences, defined as above, we constructs an
ASP program P as follows. The set of atoms of P is At(P) = M x W. For each pair
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(m,w) € M x W, we build a rule r(,,,, such that H(r(, ) = {(m,w)}, B* (r) =0,
and (m,w') € B~ (r(,)) if m prefers w' to w; and (m',w) € B~ (r(y,,) if w prefers m’ to
m. Hence, P is defined as the set {r(,,,, | (m,w) € M x W }. Therefore, it can be shown
that

Theorem 2. A set S C M x W constitutes a solution to the SMP if, and only if, S is an
answer set of the corresponding ASP program.

Example 3. Consider again the SMP instance of the Example 2. Hence, the correspond-
ing logic program P is given by the following set of rules:

(m1,w1) « not(my,wa), not(my,wy), not(my,wi)
(m1,w2) < not(mz,wy), not(mg,wr),
(my1,w3) < not(my,w1), not(my,ws), not(my,ws)
(m1,wa) < not(my,wy), not(my,ws)
(ma,w1)  not(mp,w3)
(ma,wy)  not(my,wa), not(my,wi), not(my,ws), not(my,ws), not(ms,wy),
not (mg,wy)
<« not(m3,ws), not(ma,w3), not(mj,ws)
my,wq ( ), not(mp,w3),
m3,w1) < not(mz,w3), not(mz,wy), not(ma,wi), not(my,w), not(mj,ws)
( )
( )

(ma,w3)
( )
( )
(m3,wn)  not(ma, wr
( )
( )

< not(my,wi

m3,w3) < not(mz,wy), not(my,ws), not(mi,ws)

m3,wa) < not(ms,wy), not(ms,ws), not(ms,wy), not(ma,ws), not(mi,ws),

not( )
( ) < not(ma,ws), not(my,wy), not(my,wi)
(ma,wr) < not(mg,w3), not(mg,wy), not(ms,ws)
( ) < not(ma,wi) (ma,wa), not(my,ws)
( ) ( ), not( )

It can be checked that {(Wll,W4), (I’I12, W3)7 (m3, Wz), (m4, w1 )}, and {(ml7W4), (n’ZQ, W]),
(m3,w7), (ma,ws)} are the answer sets of P, according to the Theorem 2.

We stress that the ASP modeling of the SMP introduced above is a direct and natural
representation of the problem [20].

4 Stable Roommates Problem via Incoherent ASP Programs

In the literature, there exists several variants of the SMP [30, 32, 38, 34], those are also
studied from a modeling perspective using ASP [19]. In the previous Section, we have
pointed out that the sets M and W were disjoint. What happens if M "W # 0? In partic-
ular, we can assume that the two sets coincide, we call A this set, and each person in A
ranks all the others persons in order of preferences. This variant of the SMP is known
as the Stable Roommates Problem (SRP) [22]. Clearly, to have a stable roommates a
necessary condition is that the cardinality of A is even, otherwise no stable matching
could exist.
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More formally, let A be a set of 2n persons. For each person p € A, we consider a
bijective map 7, : A\ {p} — {1,2,...,2n — 1} that assigns to each other person in A a
number from 1 to 2n — 1, denoting the ranking. For instance, if n = 2, we have a set of
4 persons A = {p1, pa, p3, P4 }. Assume that person p prefers person p, to person p3,
and prefers person p3 to person p4. Then, we will have that 7, (p2) = 1, 7, (p3) = 2,
and 7, (p4) = 3. The goal is to find a set S of n pairs, say Ay, A,, ..., A, that form a
partition of A (i.e., AfUA2U...UA, =A,and A;NA; =0, for each i 2 j) such that no
two persons who are not roommates both prefer each other to their actual partners.

Now, the SRP has a structure similar to the SMP. Hence, the modeling of the SMP
via ASP can be applied as it is to the SRP. There is no substantial motivation to change
it. It remains a direct and a natural encoding also for the SRP.

Theorem 3. A set S C A X A constitutes a solution to the SRP if, and only if, S is an
answer set of the corresponding ASP program.

Example 4. Consider the following instance of the SRP: A = {p1, p2, p3,pa}, and

p1 prefers py to pa;  pj prefers p4 to p3;
pa prefers p3 to p1;  pa prefers py to p4;
p3 prefers pi to ps;  p3 prefers py to po;
p4 prefers p3 to pa;  pa prefers ps to p.

So that, 7y, (p2) = L, iy, (p3) = 3, 7y, (pa) = 2. 7y (p1) = 2. Ty (p3) = L. 7y (pa) =
3, Tps(p1) = L, Wpy(p2) = 3, Tpy(pa) = 2, mp,(p1) = 3, Tp,(p2) =2, Tp,(p3) = 1.
Therefore, the ASP program associated to this SRP instance is given by the following
set of rules:

(p1,p2) < not(p2,p3)
(p1,p3) < not(p1,pa), not(p1,p2)
p_ ) (P1,pa) <= not(p1, p2), not(p2, pa), not(p3, pa)
(P2, p3) < not(p3,ps), n t(m,ps)

(Pz,p4) — 'wf(Pl,Pz), not(pz,p3), not(p3, pa)
(p3,pa) < not(p1,p3)

It can be checked that {(p1, p2), (p3,pa)} is the unique solution to this SRP instance as
well as the unique answer set of P, according to the Theorem 3.

However, unlike the SMP, a stable matching for the SRP may fail to exist for certain
sets of persons and their preferences. In this case no answer set of the modeling program
exists.

Example 5. Consider the following instance of the SRP: A = {p1, p», p3, p4}, and

p1 prefers py to p3;  pj prefers p3 to p4;
p2 prefers p3 to p1;  po prefers pp to pa;
p3 prefers py to pa;  p3 prefers p; to pa;
pa prefers pj to po;  ps prefers p; to ps.

So that, Tp, (pZ) =1, mp, (p3) =2, 7y, (]74) =3, ﬂﬂz(pl) =2, Epz(p3) =1, ”}72(]74) =
3, Tps (p1) = 1, Rps (p2) = 2, Wps(pa) = 3, M, (1) = 1, Wp,(p2) = 2, 7y, (p3) = 3.
Therefore, the ASP program associated to this SRP instance is given by the following
set of rules:
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(p1,p4) >~ (p2,p4)

\ /

(p1,p2)

RN

(p1,p3) — (p2,p3)

\\W4

(p3,p4)

Fig. 1: Dependency graph of the program P of the Example 5.

(p1,p2) < not(p2,p3)

(p1,p3) < not(p1,p2)

p_ ) (P1.pa) <= not(p1, p3), not(pi,p2)

(P2, p3) < not(p1,p3)

(p2,p4) < not(p1,p2), not(p2,ps), not(p1, pa)

(p3,pa) < not(pa2,p3), not(p1,p3), not(p2, pa), not(p1, pa)

To highlight the negative dependecies of each atom of the program, the dependency
graph of P is reported in Figure 1. It can be checked that there is no solution to this SRP
instance as well as no answer set of P exists, according to the Theorem 3.

Note that the lack of answer sets is not due to the violation of some constraint. In-
deed, no constraint appears in the encoding above. But, it is caused by cyclic default
negation. We point out that the absence of answer sets is not due to a wrong modeling
approach. It concerns the intrinsic characteristics of the notion of answer set. However,
it is noteworthy that in literature and, in particular, in all the benchmarks appearing in
the ASP competitions, the lack of answer sets is always due to the violation of some
constraint [26, 5, 6].

5 Conclusion

In this paper, we investigated a modeling of the SMP via ASP, by showing its natural-
ness through its relations with abstract argumentation modeling. However, the modeling
proposed may lead to lack of answer sets due to cyclic default negation, when we move
from the SMP to the SRP. Hence, this modeling approach to the SRP leads to have a
first benchmark with consistent, but incoherent ASP programs.
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