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Abstract. We discuss the complexity of reasoning and ontology-mediated query
answering with the logics from the DL-Lite family extended by various types
(Horn, Krom and Boolean) of role inclusions. We compare the expressive power
of those logics with 1- and 2-variable fragments of first-order logic. Our most in-
teresting findings show that binary disjunctions on roles do not change the com-
plexity of satisfiability if disjunction is allowed on concepts, while still causing
undecidability of UCQ answering.

1 Introduction

Concepts (unary predicates) and roles (binary predicates) are usually treated quite dif-
ferently in description logics (DLs). For example, the basic expressive DL ALC allows
statements about concepts in the form of arbitrary Boolean formulas but disallows any
statements about roles. A notable exception is DL-Liter [9], also denoted DL-Lite?,
in the classification of [1], where concept and role inclusions take the form of binary
Horn (aka core) formulas ¢, T 95 or 91 M99 C L, where the ¥; are either both con-
cepts or both roles. On the other hand, DL-Liter  [10], aka DL-Lite;ff,m [1], allows
arbitrary Horn concept inclusions ¢1 M- - - M4, T 9,1 but only core role inclusions.

To explore what happens if concepts and roles are treated equally, we introduce
a few new members to the DL-Lite family (which could be qualified as distant rela-
tives or illegitimate children) and denote the logics in the extended ‘clan’ by DL-Lite[,,
where the parameters r, ¢ € {bool, horn,krom, core} define the allowed structure of
role and, respectively, concept inclusions. We present our observations on the com-
plexity of checking satisfiability of DL-Lite], knowledge bases and answering (unions
of) conjunctive queries mediated by DL-Lite], ontologies. It turns out that the result-
ing languages provide a new way of classifying some fundamental fragments of first-
order logic (FO). Consider first DL-Lite}°%,, which is easily seen to be contained in
the two-variable fragment FO, of FO. Using the fact that ALC %™ ™~ the exten-
sion of ALCZ with Boolean operations on roles and the identity role, has exactly the
same expressive power as FOy [16], we show that DL—LiteZZZf almost captures FOq:
it corresponds to ALC ™77, the language ALC '™~ without the identity role.
DL-Lite}! inherits from these languages NEXPTIME-completeness of satisfiability
and undecidability of CQ-answering [17, 15]. Note that DL-Lite}°% also almost cap-
tures the class of linear existential disjunctive rules with two variables [8]. On the other
hand, we show that satisfiability of DL-Lite], knowledge bases with r € {horn, krom}



Table 1. Combined complexity of satisfiability checking (all bounds are tight). For the languages
DL-Liteg, in the grey cells, the complexity is the same as for DL-Lite]. as concept inclusions in ¢
can be expressed by means of role inclusions in 7.

CIs~RIs Bool guarded Bool Horn Krom core
Bool NEXPTIME (Th.3) EXPTIME (Th.3) NP (Th.6) NP (Th.4) NP [1]
Horn P (Th. 6) NP (Th. 4) P [10]
Krom P (Th. 6) NL (th.4) NL [1]
core NL [9]

and ¢ € {bool, horn, krom, core} can be encoded in propositional logic (or in the one-
variable fragment of FO), with the complexity of satisfiability checking ranging from
NL to P and NP; see Table 1. Our most interesting findings demonstrate that binary dis-
junctions on roles do not change the complexity of satisfiability if disjunction is allowed
on concepts, while still causing undecidability of UCQ answering. Thus, satisfiability
of DL-Lite[™" knowledge bases is NL-complete, while answering UCQs mediated by
DL-Litef™™ ontologies is undecidable.

The logics introduced above leave a huge gap between those having Boolean role
inclusions and those that only admit Horn or Krom role inclusions. To ‘complete’ the
picture, we add DL-Liteﬂ'bwl, the fragment of DL-Litel(’:”"I in which Boolean role inclu-
sions are guarded. It turns out that DL-Lite? "' approximates the two-variable guarded
fragment GFs of FO, from which it inherits EXPTIME-completeness of satisfiability
and 2EXPTIME-completeness of UCQ-answering.

Our motivation to investigate the complexity of the family of languages DL-Lite?,
with 7, ¢ € {bool, horn, krom, core} stems from the observation that in the context of
answering queries mediated by temporal DL-Lite ontologies [3,2] in some cases ad-
mitting the same type of concept and role inclusions does not affect the data complexity

of query answering, while in others the effect is dramatic.

2 DL-Lite with Complex Role Inclusions

Let ag,a1,... be individual names, Ay, Ay, ... concept names, and Py, Py, ... role
names. We define roles S and basic concepts B as usual in DL-Lite:

S == P | P, B == A; | 35

2

A concept or role inclusion (CI or, respectively, RI) takes the form
Oy M0 C i Ue Ui, Bym >0, )

where the ¥J; are all basic concepts or, respectively, roles. As usual, we denote the
empty M by T and the empty LI by L. When it does not matter whether we talk about
concepts or roles, we refer to the ¥); as terms. A TBox T and an RBox R are finite sets of
concept and, respectively, role inclusions; their union O = 7 UR is called an ontology.



We classify ontologies according to the form of their concept and role inclusions.
Letr, ¢ € {bool, horn, krom, core}. We denote by DL-Lite7, the description logic whose
ontologies contain concept and role inclusions of the form (1) satisfying the following
constraints for ¢ and r, respectively:

(horn) m <1,

(krom) k£ +m < 2,

(core) m<landk+m <2,
(bool) k£, m > 0.

Note that all of our logics allow (disjointness) inclusions of the form ¢y M¥s C L.
When defining our DL-Lite logics, we treat concept and role inclusions in a uniform
way, which is usually not the case in standard DLs. In particular, the DL-Lite logics [9,
1] only allow core role inclusions of the form S; T Ss and S; M Sy £ L. Also,
standard DL-Lite logics often do not admit CIs and RIs with T on the left-hand side,
which are mostly harmless and do not affect the complexity of reasoning and query
answering. Modulo the latter insignificant difference, the logic DL-Lite’’ is known

core
under the names DL-Liter [9] and DL—theZﬁre [1], where the subscript core refers

core

to concept inclusions and the superscript H stands for ‘role hierarchies’, DL-Lite;,,.,

goes by the names DL-Liter 1 [10] and DL-Lite]’,, [1], DL-Lite{”, = DL-Lite[’,,
and DL-Lite’”, = DL-Lite}*,, [1]. Note also that the logic DL-Lite!™™ is DL-Lite!*
extended with ‘covering’ role inclusions T T S7 U Se and, in particular, the inclu-
sions T C P saying that P is the universal role. Finally, in the logic DL-Litef;"%",
we disallow role inclusions of the form T C S; U --- LU .S, for n > 1 (g stands for
‘guarded’). While DL-Lite}?’ and DL-Lite;”" turn out to behave radically different,
for DL-Lite}°™ and DL-Lite<’"" the restriction to guarded RIs (i.e., excluding universal
roles) would have no effect on the problems we consider.

As usual, an ABox, A, is a finite set of assertions of the form A;(a;) and P;(a;, ax).
A DL-Litel, knowledge base (KB, for short) is a pair X = (O, .A), where O is a
DL-Lite], ontology and .A an ABox. Interpretations are also standard, taking the form
T = (AL, T), where AT # (), af € AT, A7 C AT and PF C AT x AT. We call Z
a model of a KB K and write Z |= K if all of the assertions in .4 and inclusions in O
are true in Z. If a KB has a model, it is called consistent or satisfiable. The computa-
tional (combined) complexity of satisfiability checking for DL-Lite!, KBs is one of our
concerns in this paper.

The other is the (combined and data) complexity of answering conjunctive queries
(CQs) and unions of CQs (UCQs) mediated by DL-Lite!, ontologies. A CQ is a first-
order (FO) formula of the form q(x) = Jy ¢(x,y), where ¢ is a conjunction of
unary or binary atoms Q(z) with z C & U y. A UCQ is a disjunction of CQs with
the same answer variables @. A DL-Lite], ontology-mediated query (OMQ) is a pair
Q = (0, q(x)), where O is a DL-Lite, ontology and ¢ a (U)CQ.

Given an ABox A, we denote by ind(.A) the set of individual names that occur in A.
A tuple a in ind(.A) is a certain answer to an OMQ Q = (O, q(x)) if x and a are of
the same length and Z = g(a), for every model Z of (O, .A); in this case we write
O, A E gq(a). If the set x of answer variables is empty (that is, q is Boolean), a certain
answer to Q over Ais ‘yes’ if Z = g, for every model Z of (O, A), and ‘no’ otherwise.



The OMQ answering problem for DL-Lite, is to check, given an OMQ Q = (O, q(x))
with a DL-Lite], ontology O, an ABox A and a tuple a in ind(.A), whether a is a certain
answer to @ over A.

3 Relationship to Other Fragments of FO

Every DL-Lite,ljZ% ontology is easily seen to be equivalent to a sentence in the two-
variable fragment of FO, and every DL—Lite;;’;ﬁ‘;"l ontology is equivalent to a sentence
in the two-variable guarded fragment of FO. The converse directions do not hold. We
show, however, that both languages can be equivalently captured by natural description
logics with Boolean operators on roles (and no role inclusions). We give a concise
description of the expressivity of both DL-Lite}°’ and DL-Litel;>?" ontologies within
those more familiar description logics.

Denote by FO4 the fragment of first-order logic with unary and binary relation sym-
bols, the equality symbol, no function symbols, and the individual variables = and y
only. FO4 is well understood [13], in particular, it is known to have the finite model
property, and the satisfiability problem for FO,-formulas is NEXPTIME-complete. It is
straightforward to show that DL-Lite}?% is a fragment of FO, in the sense that every
DL-Lite}°% CI and RI is equivalent to a sentence in FO,. Moreover, the translation is
linear, and so the satisfiability problem for DL-Lite}°% KBs is in NEXPTIME. To an-
swer the question how much of FO, is captured by DL—thegzgﬁ, we consider another
description logic in which roles have a similar status to concepts.

Denote by ALC'® "™~ the DL whose roles are built according to the rule
S5,81,8 == T | id | P | SiNSy | =S | S,
and whose concepts are built according to the rule
C,C,Cy == T | A | 3S.C | Ci1nCy | —C,

where S is an ALCY T role. An ALCY T -CI takes the form O T Cs,
where Cy, Cy are AECid’T’m’ﬂf-concepts. The semantics of ALCY ™77 is as ex-
pected, with id interpreted in any interpretation Z as the relation {(d,d) | d € AT}.
ALCY T ™ was introduced in [16], various fragments had been considered be-
fore [15, 11]. It is easy to see that every ALCH TN Cls equivalent to a sentence in
FOq, and the translation is linear. The converse inclusion holds as well: every sentence
in FOs is equivalent to an AECid’T’m’ﬁ’f-CL but the known translation introduces an
exponential blow-up [16]. In fact, despite having exactly the same expressive power,
ALCY TN~ behaves differently from FO, in that satisfiability is still NEXPTIME-
complete but becomes, in contrast to FO2, EXPTIME-complete if the signature of unary
and binary relation symbols is fixed.

The relationship between ALC'" """~ and DL-Lite}?’) can be stated in a pre-
cise way: DL-Lite}% is ALC'* """~ without the relation id. Observe that we clearly
cannot express ALC'S T 7_Cls such as A £ 3-id.A in DL-Lite}°”!. Denote by
ALC "™ the language ALCY ™™™~ without the relation id. We say that an ontol-
ogy O is a model conservative extension of an ontology O’ if O |= O, the signature



of @’ is contained in the signature of O, and every model of @’ can be expanded to
a model of O by providing interpretations of the fresh symbols of O and leaving the
domain and the interpretation of the symbols in (' unchanged.

Theorem 1. (i) For every DL-Lite}?%) ontology, one can compute in linear time an
equivalent ACCT""77 ontology.
(i) For every ALCT "7 ontology, one can compute in polynomial time a model

conservative extension in DL-Lite}’%).

Proof. Clearly, every CI in DL-Lite}?% is also in ALC ™™™~ (35 abbreviates 35.T).

Every role inclusion S; M --- M S, © Sk U -+ U Skgy in DL-Litengf is equivalent

tothe ACCT " T-CI3(S1 M- M Sk M= (Sky1 U+ LU Skim)). T E L.
Conversely, assume an ALC 0= ontology O is given. Using standard normali-

sation one can construct in linear time an ALC ™™~ ontology with Cls of the form
ACVSB, VSBCA A nNACB, AC-B, -ALCB,

where A, B, A1, A5 range over concept names and T, which is a model conservative
extension of O. Now we can replace any CI A C VS.B by

SCQUR, 3Q"CB, AL 3R,
where ) and R are fresh role names, and any CIV.S.B C A by
-AC3dR, RCS, dR C-B,

where R is a fresh role name. It remains to observe that we can replace the Boolean
role S by a role name and DL-Lite}?} role inclusions to obtain a model conservative

extension.

The two-variable guarded fragment of FO, denoted GF,, is the fragment of FO,
defined as follows:

— every atomic formula in FOs is in GFy;

— GF; is closed under A and —;

— if v € {x,y,zy}, ¥ is in GF,, and G is in atomic formula in FO, containing all
free variables in ¢, then Jv (G A %) is in GFs.

It is not difficult to see that GF; corresponds to the fragment AEC;’;&QW* of the DL

ALCY TN 7= in which every role expression is either T or contains a guard: a top-
level conjunct that is either id, a role name, or the inverse of a role name. The fragment
DL—LiteZ(')i’)‘l’"l clearly lies within AEC;&;&;, the fragment of AEC;]’;&QW_ without the
roles id and T. In fact, similarly to the proof of Theorem 1, one can show the following:

Theorem 2. (i) For every DL—Liteij:;”Z ontology, one can compute in linear time an

equivalent AEC;’;L",;Z ontology. (ii) For every AEC;L;;;]e_d ontology, one can compute

. . . . .. .. _g-bool
in polynomial time a model conservative extension in DL-Lite] "



4 Complexity of Satisfiability

It is known [9, 1] that satisfiability checking is NP-complete for DL-Lite},,; KBs, P-
complete for DL-Lite; ., KBs, and NL-complete for DL-Lite{ ., and DL-Litelo"c KBs.
Theorem 3. Satisfiability checking is NEXPTIME-complete for DL-Lite}?”) KBs and
EXPTIME-complete for DL—Lite‘fy;)b(SOI KBs.

Proof. For DL-Lite}?”!, NEXpPTIME-completeness follows from Theorem 1 and [15,

bool>
Theorem 14]. For DL-Lite}.”%", the EXPTIME upper bound follows from the fact that
satisfiability of DL-Lite{.”%" KBs is reducible to satisfiability of guarded FO-formulas
with at most binary predicates, which is known to be in EXPTIME [12]. The matching
lower bound can be established using the encoding of A C V.S.B given in the proof of
Theorem 1 and the proof of [4, Theorem 3.27].

Now we consider ontologies with Krom and Horn role inclusions. For an ontol-
ogy O, let role™(©) = {P,P~ | Pisarole name in O}. We also set (P~)~ = P.
Suppose J = (AY,-7) is an interpretation. Denote by t7 () the concept type of
z € A7 in J, which comprises all B with z € BY and all =B with ¢ BY, for basic
concepts B of the form A, for concept names in O, and 35, for S € mlei(O). Simi-
larly, we denote by 77 (x, y) the role type of (z,y) € AY x A7 in J, which comprises
all S with (z,y) € S7 and all =S with (z,y) ¢ S7, for S € role™(O).

Lemma 1. For every satisfiable DL-Lite{™" KB K = (O, A), there exists a model
T = (A%, 1) of K such that

- AT =ind(A) U {wk | S € role* (0) and 0 < i < 3},

— ifa € (39)%, then (a,w?) € SZ, for any a € ind(A) and any S € role®(0),

— ifwly € (39)7, then (wh, w'P') € ST, for any R, S € role®(0) and 0 < i < 3,
krom

where & denotes addition modulo 3. In particular, DL-Lite,,,; enjoys the linear model
property: | AT| = |ind(A)| + 3|role™ (O)).

Proof. Suppose DL-Lite} KB K = (O, A) is satisfied in 7 = (A7,-7). We con-
struct the required model Z as follows. For arole literal L (that is, a role or its negation),
we denote by cI(L) the set of all role literals L' such that O = L C L.

For each role S in O with S # (), we pick wg € A7 with 35S~ € tJ(wS); for S
with S7 = (), we pick an arbitrary wg. Without loss of generality, we can assume that
all the selected wg are pairwise distinct. The set comprising three copies w2, wk, w%
of all those wyg together with ind(.A) is denoted by A7 (this technique with three copies
is similar to the one used in the proof of [7, Proposition 8.1.4] establishing the finite
model property of FO). Define a function f by taking f(a) = a, for all a € ind(A),
and f(wk) = wg, for all S and i. We then set t*(w) = t7 (f(w)), forallw € A7.

We now show how to define 7% (w, w’) for w,w’ € AZ. The following three cases
need consideration.



~Ifw = a v = wYand IS € t7(w), then we define 7% (w,w’) by first tak-
ing cl(S). Suppose now that T = S; LIS}, for 1 < j < n, are all disjunctions in O
such that Sj, S ; and their negations are not in c/(.5). As J is a model of O, for each
j» either S; or S must be in 7 (f(w), f(w')). Suppose for definiteness that it is
S;. Then we add cl(S;) to rZ(w,w’). Using the main property of Krom formulas
(if a contradiction is derivable, then it is derivable from two literals), we can show
that the resulting 77 (w, w’) is consistent with O and respects tZ(w) and % (w’) in
the sense that R € rZ(w,w') implies IR € tZ(w) and IR~ € t£(w’).

— Ifw = wh, w' = wiP! and IS € t7 (w), then we define 7% (w, w’) as above.

— For any other w, w’ not covered above (in particular, if w = a, w’' = wy and either
i >0or3S ¢ t7(a)), we set v (w,w’) = r7 (f(w), f(w')).

It is readily checked that the constructed concept types ¢ (w) and role types rZ (w, w’),
for w,w’ € AZ, define a model of K.

The existence of a model specified in Lemma 1 can be encoded by an essentially
propositional formula @i with atomic propositions of the form Bf(z), for z € A%
and basic concepts B from O, saying that B holds on « in Z, and pt (z,2"), for arole
name P in O, saying that P holds on (z,z’) in Z. The formula ¢ is a conjunction of
the following sentences, for all z, 2’ € AL

Bi(z) A+ ABf(x) = B}, (z)V---V B}, (2),
foreachCI By M---M B CE Biy1 U U Bgym in O
Stz &Y A ASf(z, ") — S£+1(z,x’) VERRRY; S,];_Hn
foreachRI Sy M--- M Sk E Sgqq U+ U Sk in O,
AT(a), foreach A(a) € A, and P'(a,b), foreach P(a,b) € A,
(39)(a) = ST(a,wl) and (3S)T(wh) — ST(z, wi"), for each S and i,
St(z,2') — (39)(z), for each S.

(z, "),

where (P7)f(z,2') = Pj(x’,:z:). Note that, if K is a DL-Lite{”" KB, then @y is
a Krom formula, which can be constructed by a logspace transducer. It can now be
straightforwardly shown that:

Lemma 2. A DL-Lite}"" KB K is satisfiable iff o is satisfiable.

00l

As a consequence, and using the fact that DL-Lite{’" can express DL-Lite,™" (as

Krom RIs can simulate Krom ClIs, and the latter can express the complements of con-
cepts), we obtain the following complexity results:

Theorem 4. Satisfiability checking is NP-complete for DL-Lites" and DL-Lite\™"
KBs, and NL-complete for DL-Lite{"" KBs.

rom

Next, we consider DL-Lite]°" and DL-Lite}°" KBs. Note that universal roles de-
fined by RlIs such as T C S can be trivially omitted from KBs, so in what follows we
assume that our KBs do not contain universal roles. The next lemma is proved by a more
or less standard unravelling construction. We need an unravelled infinite forest-shaped
model rather than a finite one similar to that in Lemma 1 in order to obtain Theorem 12

on the data complexity of OMQ answering with DL-Lite]/*™

horn*



Lemma 3. Let K = (O, A) be a satisfiable DL-Lite}°"s KB. Then there is a model
T = (A%, 2) such that

— AT Cind(A) U {aw | a € ind(A), w is a word over wg, for S € role*(0)},

— tH(wiws) = tT(wowg), for any wiws and wowg in A%,

— ifwy and wy are not both inind(A), then (w1, ws) € R” iff there is 3S € t*(w)
such that R € rg, S is minimal with this property w.r.t. C, and wo = wiwg, where
rs={R|0OkE SLC R}

If K is a DL-Lite]™ KB, then B € t%(wwg) iff © = 3S~ T B, for any basic
concept B.

Proof. First, we can show that if K is satisfied in a model Z;, then it is satisfied in a
model 7 with minimal role types where, for all w,w’ € AY with {w,w'} € ind(A),
we have

7(

7 (w,w") = rg, for some role S.

Indeed, suppose (w,w’) violates this property and w’ ¢ ind(A). Let 20 (w,w’) =
{S1,...,Sk}. Then we replace w’ by k copies wi, . .., wj, with the same concept types
as w’, and connect w to each w} by the roles in rg, only. In the resulting interpretation,
the pairs (w,w}) are as required, but the w} may not satisfy CIs in O due to missing
witnesses for existential concepts IR. To fix each of these w}, we create k— 1 copies w;;
of w for j # i (again, the w;; belong to the same concepts as w) and connect each w;;
to wj by all roles in rg,. It can be seen that, in the resulting interpretation, the pairs
(w;j, w}) satisfy the required property, but now the w;; may not satisfy Cls in O (again,
due to some JR). To fix these new elements, we create copies of w’, and so on.

Second, for each role name P such that PY ¢ ind(.A) x ind(A), we can fix two
‘witnesses’ by arbitrarily choosing wp and wp- such that {wp, wp-} < ind(A) and
r7(wp-,wp) = rp. Now we can unravel 7 into the required forest-shaped model Z
of K by using only witnesses of the form wp and wp-.

Using Lemma 3, we now define translations of DL-Lite KBs with Horn RIs into uni-
versal sentences in FO; (FO-sentences with one variable), Horn-FO; and Krom-FOq,
the satisfiability problems for which are known to be NP-, P- and NL-complete [7].

Theorem 5. (i) DL-Lite°™" satisfiability is poly-time-reducible to FO -satisfiability.
(ii) DL-Lite}™ satisfiability is poly-time-reducible to Horn-FO -satisfiability.

(iii) DL-Litel®™ satisfiability is poly-time-reducible to Krom-FOn -satisfiability.

krom

Proof. (i) Let K = (O, A) be a DL-Lite]°"t KB. We assume without loss of generality
that together with RIs of the form S; M --- M S C Ski1 the TBox also contains
Syn---nsS; E Sk_+1’ and similarly for S; M --- M Sy C L. For each concept A,
fix a unary predicate A and, for each role name P, fix a binary predicate P, two unary
predicates £ P and EP~, and two constants wp and w p- . Intuitively, the two constants
are representatives of the range and domain of the role, respectively (if it is non-empty);
the unary predicates of the form A, EP and F P~ encode the unary types; the binary
predicate P encodes the binary types of pairs of ABox elements. For a concept C, let

Ct(x) be
A(z) if C=4,  EP(z) it =3P, EP (z)if C=3P".



ACICiM---MC E Cry1 U--- U Ckypy is then naturally translated into
Vo (Cl(@) A~ A Cf(@) = Cly (@) V- v Ol ().
We also include the following sentences, for all roles S
vz ((39)(z) — (357) 1 (ws)).

Since we assume that the binary types for (wq, we) with {wy,ws} € ind(A) are min-
imal, that is, generated by a single role, RIs are translated into the the following sen-
tences:

vz ((39)(z) — (3R)'(2)), for all roles S and R with O |= S C R;
vz ((39)(z) — 1), for all roles S with O = S C L.

Assertions of the form A(a;) are translated into A(a;) and of the form P(a;,a;) into
P(a;,a;). We also add

P(a;,a;) — (3P)¥(a;) A (3P7) (ay)
for all pairs a;, a; € ind(.A) and all role names P, and
Sl(ai,aj)/\~~/\5k(ai,aj) %Sk+1(ai,aj), 2)

for all pairs a;,a; € ind(A) and RIs S; M --- M S, T Sy and similarly for RIs
SiM---MS, C L, with L in the conclusion, where P‘(ai,aj) is a shortcut for
P(a;,a;). It can easily be seen that K is satisfiable iff the translation is consistent.
(i7) We observe that the translation above is in Horn-FOy if K is in DL-Lite["".
(#44) The translation in () for DL-Lite{°™ is not in Krom-FO;. However, since the
translation works in polynomial time, we can modify it so that instead of (2) it produces
all S(a;, a;) suchthat R, A |= S(a;,a;j) or Lif R, A = L, where R is the RBox of O.

As a consequence, we obtain the following complexity results:

Theorem 6. Satisfiability checking is NP-complete for DL-Lite}>” KBs, and P-comp-
lete for DL-Lite]°™ and DL-Lite!™ KBs.

rom

5 The Complexity of (U)CQ-Answering

In this section, we give a brief survey of results on the combined and data complexity
of answering OMQs with DL-Lite], ontologies and (U)CQs, which can mostly be ob-
tained in a rather straightforward way from existing results. We start with undecidability
results, which show that the language DL-Lite}?’} behaves again similarly to the two-
variable fragment of FO and that even in DL-Lite{™" UCQ answering is undecidable.
The following can be shown using [17, Theorem 1] and the encoding of VR.C' given in

the proof of Theorem 1:

Theorem 7. Answering OMQs with DL-Lite}?% ontologies and CQs is undecidable for
combined complexity.



The next result follows from [17, Theorem 3]:

Theorem 8. Answering OMQs with DL-Lite\™™ ontologies and UCQs is undecidable
for combined complexity.

krom

It remains open whether answering OMQs with DL-Litey,,,, ontologies and CQs is
undecidable. The language DL-Lite!.’?” can be regarded as a fragment of the guarded
fragment, GF, of FO. Query evaluation for GF was first investigated in [5], where it
was proved that (U)CQ evaluation in GF is in 2EXPTIME for combined complexity. It
follows directly from the results in [8] that a matching lower bound holds already for

DL-Lite}7. Thus, we obtain the following:

Theorem 9. Answering OMQs with DL-Lite}g”;[;?"[ ontologies and (U)CQs can be done

in 2EXPTIME for combined complexity. It is 2EXPTIME-hard for DL-Lite,,, ontolo-
gies.

We now sketch the results on data complexity. A coNP-upper bound for (U)CQ eval-
vation in GF for data complexity is proved in [5]. Thus, UCQ answering is in CONP
for DL-Lite},”?”'. A fine-grained analysis of the data complexity at the TBox and even
OMQ level can be obtained from [6, 14]. While the structure of the space of possi-
ble complexity of answering OMQs over GF ontologies and UCQs is wide open (it
corresponds to the complexity of MMSNP; [6]) and an active area of research in the
constraint satisfaction community, it has recently been proved in the extended version
of [14] that there is a P/CONP dichotomy for OMQs over the two-variable fragment
GF; of GF and UCQs (i.e., every such OMQ is either in P or CONP-complete). As
DL—LiteZ(ﬁ(l"’l is clearly contained in GF,, we obtain the following:

Theorem 10. Answering any OMQ with a DL-Liteg(')ﬁ(lml ontology and a UCQ is either
in P or CONP-complete for data complexity.

We conjecture that important properties such as datalog rewritability and first-order
rewritability of such OMQs are decidable as well, but this remains open. In many appli-
cations of ontology-mediated query answering, only the TBox is known in advance, but
not the relevant queries. In this case, investigating the complexity at the level of OMQs
is not appropriate, but instead one is interested in an upper bound for the complexity of
query evaluation for all OMQs based on the given TBox. As DL-Litei{')};(l"’[ lies within
the fragment uGF, (1, =) of GF introduced in [14], we obtain the following analysis

from that paper:

Theorem 11. For every ontology O in DL-Liteg(fflml, either every OMQ using O and a

UCQ is datalog-rewritable or there exists such an OMQ for which query answering is
CONP-hard. Moreover, datalog-rewritability is decidable in NEXPTIME.

We note that a dichotomy between datalog-rewritable and CONP is quite rare. There
are, for example, ALC TBoxes for which not all OMQs are datalog rewritable but still
in P [14]. Finally, the following (probably folklore) theorem is proved using Lemma 3:

Theorem 12. Every OMQ with a DL-Lite]°™ ontology and a UCQ is FO-rewritable,

horn
and so answering it is in AC® for data complexity.
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