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Abstract. Original method of reconstructing the real coordinates of moving objects from their 
plane images is presented. The method uses multidimensional test objects whose parameters 
are measures and which are known with high accuracy. In order to ensure the process of 
measuring movements in real space a test object must be connected with a real object and 
mathematical models of images of multicomponent movements of a test object must be 
formed. The parameters of test objects that are used in the named mathematical models are 
vectors. Such models are used in the construction of systems of measurement equations the 
solution of which gives the desired components movements of a moving object in 3D space. 
The method was experimentally tested on specially created stand. 

1. Introduction
Problem of the impossibility of recovering the real coordinates of objects in three-dimensional space 
from their plane image is one of the most serious problems in robotics. This problem was discussed in 
the fundamental work of well-known experts in the field of robotics and technical vision K. Fu, R. 
González and K. Li [1]. A more modern work provides a broad overview of various approaches that 
are used to solve this ill-posed problem [2]. Binocular vision is traditionally used to solve this problem 
in robotics and other areas. However, this solution leads to additional problems concerning the 
calibration of cameras, their placement in space, special algorithms for processing the received video 
information, etc. If you look at the problem more broadly, you should mention the works related to 
geo-informatics [3] or architecture [4]. Currently, geographic information systems are increasingly 
complemented by tools for working with spatial geometric objects, which allows solving problems of 
3D modeling of objects that are spatially referenced to the surface of the Earth. The reconstruction of 
3D coordinates of objects from plane projections in photogrammetry is solved by processing stereo 
pairs of images [5]. To illustrate the problem consider the process of imaging a 3D object on the 
surface of a video camera image. With some simplifications the imaging circuit is shown on the figure 
1.

On the figure 1 the image plane coincides with the plane x, y of the video camera's coordinate 
system{o, x, y, z}, and the optical axis, which is set in the center of the lens, is directed along the axis z
The center of the image plane is the origin, and the center of the lens has coordinates (0,0,λ) . 
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Denote the coordinates of a point in 3D space located at a distance in front of the lens, as ( ).,, ZYX  
For all points of controlled space: λ>Z . From consideration of the corresponding right-angled 
triangles on the figure 1, we can write: 
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Then the relationship between the coordinates of points ( )1111 ,, ZYXM  and ( )00, yxm  is 
determined by the functions: 
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They can be used to go from the Cartesian coordinates of a point ( )1111 ,, ZYXM  to the 
coordinates of a point of its image ( )00, yxm . 

Figure 1. Image formation scheme. 

Suppose that the point specified in the image has coordinates ( )0,, 00 yx . In this case, the entire 
image plane on the z  axis has a coordinate 0=z . The point of the image ( )00, yxm  corresponds to all 
points lying on a line that passes through the points with coordinates ( )0,, 00 yx  and ( )λ,0,0 . The 
equations of this line in Cartesian coordinates are: 
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The ambiguity of this transformation is obvious. It is impossible to uniquely reconstruct a point 
( )1111 ,, ZYXM  in 3D space by the coordinates of its image ( )00, yxm . 

In all known methods for solving this ill-posed problem, including in the above-mentioned works, 
information redundancy is organized, for example, by using an additional camera (binocular vision) or 
using another method of obtaining at least two projections of a real three-dimensional object. 

To solve this problem in recent years, the authors develop an original scientific direction, called: 
the method of multidimensional test objects in optical measurement systems [6].  

To ensure the measurement process, a test object must be connected with a real object. And test 
object must have known geometrical parameters that are used as measures [7, 8]. At the same time, 
mathematical models of images of multicomponent movements are formed, which contain the 
parameters of test objects. These parameters are included in the models in the form of vectors and they 
are called tests. This is the basis of the method. Next we look at the basics of this method in more 
detail. 
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2. The main points of the multidimensional test objects method
Note that the following provisions and models have a specific practical orientation and, above all,
relate to the restoration of informative movements of 3D objects in space. Therefore, it should be
borne in mind certain restrictions on the subject area, although according to the authors'
considerations, the provisions of the method can be extended to a wider range of tasks.

Since we are talking about the reconstruction of the components of the multidimensional 
movement of objects in three-dimensional space, which are vector quantities, the elements of 
multidimensional test objects included in the models are also vector quantities. A feature of the 
method is that the parameters of a multidimensional test object reflect the multidimensionality of will 
be measured movements and are functionally associated with them in the models in the process of 
forming the corresponding measurement and computational algorithms: 
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where ( ) ( ) ( ),τ,,τ,,τ zyx rXrXrX  are projections of multi-component movements on the axis of the
Cartesian coordinate system; r  is radius-vector from the beginning of the base coordinate system to 
the controlled point of the object under study; τ  is time; F  is components link function 

( ) ( ),τ,...,,τ pkk rxrx1  and qkk ...,, LL1 qkk ...,, LL1  of the coordinate component kL  ( { }zyxk ,,∈ )

of the multidimensional test L ; ( ) ( ),τ,...,,τ pkk rxrx1  are informative components of the k

coordinate component of the multicomponent movement ( ),τrX ; p  is number of informative 
components of multicomponent movement; qkk ...,, LL1  are components of the k  coordinate 

component kL  of the multidimensional test L ; p  is number of components of the k  coordinate 
component kL  of the multidimensional test L . 

As already noted, the principal feature of the model (4) is the introduction of test objects
qkk ...,, LL1 , which must be indicated in vector form as informative components known in it.  

Figure 2 shows, as an illustration, a two-dimensional test object, which was obtained by a 
combination of two one-dimensional. 

The test object is located in the plane 000 YXО  and has the following parameters (tests), which are 
known with high accuracy: 

ABxnL=iAO  и ( ) ABxLn−= 1BOi , ( )5,0=n ;

CDynL=iCO  и ( ) CDyLn−= 1DOi , ( )5,0=n ;

( ) ABxLn−= 1EB  и ( ) CDyLn−= 1FD , ( )75,0=n .
The test object 000 YXО  is a two-dimensional and multicomponent, and its parameters in models (5) 

are used in a vector form, for example: 
iLAO ⋅== ABxABx nLni , ( )5,0=n ; ( ) ( ) iLBO ⋅−=−= ABxABx Lnn 11i , ( )5,0=n ;

jLCO ⋅== CDyCDy nLni , ( )5,0=n ; ( ) ( ) jLDO ⋅−=−= CDyCDy Lnn 11i , ( )5,0=n ;

( ) ( ) iLEB ⋅−=−= ABxABx Lnn 11 , ( )75,0=n ; ( ) ( ) jLFD ⋅−=−= CDyCDy Lnn 11 , ( )75,0=n ,

where i  and j  are basis vectors whose direction coincides with the direction of the axes 00XО  and

00YО . 
Here the problem is not set to classify or demonstrate the variety of test objects. Here are 

formulated only the basic requirements for them, which are fundamental. 
Let us draw an analogy between the parameters (components) of a multidimensional test object and 

the components of complex displacements. Then the components of multidimensional tests or their 
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projections on the coordinate axes will be considered as multicomponent quantities – multicomponent 
tests, the components of which are also vector quantities. 

Figure 2. 2D test object ABCD. 

Accordingly, the general method of forming multidimensional tests and the function of the 
connection of their components with multicomponent quantities fall under the basic principles of the 
concept of vector multicomponent physical quantities [5] and are formulated as follows: 

- multidimensional multicomponent tests are considered as functions of the set of their
components; 

- functions of communication of the named components in models of multicomponent tests are
determined by the laws of vector algebra; 

- models of vector multidimensional multicomponent tests allow the multivariate representation of
these components, depending on the problem being solved. 

- models of vector multidimensional multicomponent tests allow to give alternative representation
of these components, depending on the problem being solved. 

Based on the provisions about the multidimensional test object, we define the type of function of 
communication F  of informative components ( ) ( ),τ,...,,τ pkk rxrx1  and components qkk ...,, LL1  of

the coordinate component kL  of the multidimensional test L  in model (4): 
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where i  is the sequence number of the communication function; { }zyxk ,,∈  is the set of coordinate 
components; u  is the serial number of the components of the multi-component test iukL ; j  is the
sequence number of the informative components of the coordinate component of the multicomponent 
displacement ( )τ,k rX ; [ ]1,0∈iukv  are the weights reflecting the absence – 0 – or the presence –

( ]1,0  – the corresponding component of a multicomponent test iukL  in model (5); [ ]1,0∈ηijk  are the

weights reflecting the absence – 0 – or the presence – ( ]1,0  – the corresponding informative
component ( ),τijk rx  in model (5).

Using (5) it is possible to present model (4) in the following form: 
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where the vectors iuxL , iuyL , iuzL , ijxx , ijyx , ijzx  are defined in one-dimensional spaces that 
coincide with the corresponding axes of the Cartesian coordinate system. 

Such a representation of model (5), while retaining its universal character, provides a mechanism 
for adaptation to specific practical tasks through the use of a combination of coefficients [ ]1,0∈iuxv ,

[ ]1,0∈iuyv , [ ]1,0∈iuzv , [ ]1,0∈ηijx , [ ]1,0∈ηijy , [ ]1,0∈ηijz  in the field of their definition.
The following is figure 3, which illustrates the process of moving the test object, on the basis of 

which the model (6) was obtained. It shows the movement in space of a cruciform shape, which is a 
test object, and the reflection of this movement on a flat matrix of the optical instrument.  

Figure 3. Illustration for model (6). 

Any movement, including multicomponent, is described in accordance with the laws and 
provisions of vector algebra. When considering the projections of vector quantities onto the plane and 
introducing special agreements, it is possible to significantly simplify the process of synthesizing 
complex mathematical models by formally generating them, which is necessary to search for 
appropriate measurement and computational algorithms [9]. The information redundancy embodied in 
the models in the form of parameters of a multidimensional test object allows us to approach its 
solution. 

3. Physical realizability of the measurement method
Based on the formulated provisions on multidimensional test objects, we list the method-forming
features, the implementation of which will solve the problem of the physical realizability of the
method:
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1. The presence (the ability to form) a system of n  equations that are asymmetric with respect to
informative components ( ) ( )ττ ,...,,,1 rxrx pkk  ( { }zyxk ,,∈  is the set of coordinate components)
displacements of the corresponding image points of the test object: 
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where ( ) ( )ττ ,...,,,1 rYrY n  are functions of displacement of the corresponding points of the image of
the object being monitored relative to the selected on the image of the points of reference; 

( ) ( ){ }qkkpkk LLrxrxF ...,,,,...,,, 111 ττ ,..., ( ) ( ){ }qkkpkkp LLrxrxF ,...,,,,...,, 11 ττ  are vector functions of the set

of informative components ( ) ( )ττ ,,...,,1 rxrx pkk  and components qkk LL ...,,1  of the coordinate

component kL  of a multidimensional test object (of the multidimensional test) L . 
2. The ability to realization special measuring and computing algorithms:
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condition of the existence of which, with continuity and differentiability ( ) ( )ττ ,...,,,1 rYrY n  in the
whole range of measurement, is the inequality of zero Jacobian: 
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The condition (10) is ensured by the implementation of the “asymmetry” of the values 
( ) ( )ττ ,...,,,1 rYrY n  relative to their constituent components ( ) ( )ττ ,,...,,1 rxrx pkk  and

qkk LL ...,,1 , which is expressed by the inequality (8). 

Obviously, when using a single-channel optical system, the functions nψ...,,ψ1  are the same. If 
we use the transmission coefficient σ  of the optical converter, then the system of equations (7) can be 
rewritten as follows: 
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Having considered the system (11) we can understand all the perspectives of the optical 
measurement method. For a more detailed consideration of the implementation of the proposed 
method, refer to [6-9]. The originality and novelty of the measurement method is confirmed by patents 
of the Russian Federation for inventions [10–12]. The method was experimentally tested on specially 
created stand where the cruciform figure was used as a test object. The details of the experiment and 
its results are presented in a separate section in paper [6]. 

4. Conclusions
Summing up, we can conclude that, on the basis of the method of multidimensional test objects, the
incorrect problem of reconstructing the coordinates of objects moving in three-dimensional space from
their flat image has been solved.
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The basics of optical measurements of informative components of multicomponent displacements 
based on the method of multidimensional test objects, providing information redundancy at the input 
of an optical image receiver, are also presented. Additional information at the system input in the form 
of known parameters of multidimensional test objects creates opportunities for improving the quality 
and quantity of the resulting information. 

Separate attention is required for the problem of generating multidimensional test objects, to 
investigate the effects of their type, quantity and optimization of test components (parameters of a 
multidimensional test object) on the quality of the measuring system both in the general theoretical 
aspect and for solving specific applied problems. These questions should be the subject of further 
research. 
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