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Abstract. Conjunctve queryanswerings animportantDL reasoningask.Al-
thoughthis taskis by now quite well-understoodtight compleity boundsfor
conjunctie query answeringin expressve DLs have never beenobtained:all
known algorithmsrun in deterministicdoubleexponentialtime, but the existing
lower boundis only an ExPTIME one.In this paper we prove that conjunctve
queryansweringn ALC I is 2-ExpPTIME-hard (andthuscomplete)andthatit
becomeNExPTIME-completeundersomereasonablassumptions.

1 Intr oduction

When descriptionlogic (DL) knowledge basesare usedin applicationswith a large
amountof instancedata,ABox queryingis the mostimportantreasoningproblem.The
mostbasicquerymechanisnfor ABoxesis instanceretrieval, i.e.,returningall theindi-
vidualsfrom anABox thatareknown to beinstance®f agivenqueryconceptinstance
retrieval canbe viewed asa well-behaed generalizatiorof subsumptiorandsatis a-
bility, which arethe standardeasoningroblemson TBoxes.In particular algorithms
for thelattercantypically beadaptedo instanceretrieval in a straightforvardway, and
the computationatompleity coincidesin almostall caseqsee[13] for anexception).
In 1998, Calvaneseet al. introducedconjunctivequeryansweringasa more powerful
querymechanisnfor DL ABoxes.Sincethen,conjunctive querieshave receved con-
siderabldnterestin the DL community seefor examplethe paperq2, 3,5-8,12]. In a
nutshell,conjunctive queryansweringgeneralizesnstanceretrieval by admittingalso
queriesvhoserelationalstructureis nottree-shapedrlhis generalizatiorns bothnatural
andusefulbecaus¢herelationalstructureof ABoxesis usuallynottree-shapedswell.

In contrastto the caseof instanceretrieval, developingalgorithmsfor conjunctve
queryansweringis not merely a matterof extendingalgorithmsfor satis ability, but
requiresdeveloping new techniquesin particulay all hitherto known algorithmsfor
DLs thatinclude ALC asafragmentrun in deterministicdoubleexponentialruntime,
in contrasto algorithmsfor decidingsubsumptiorandsatis ability which requireonly
exponentialtime evenfor DLs muchmoreexpressie thanALC . Sincetheintroduction
of conjunctve queryansweringasareasoningroblemfor DLs, it hasremainedanopen
questionwhetheror not this increasen runtimecanbe avoided.In otherwords, it has
notbeenclearwhethergeneralizingnstanceetrieval to themorepowerful conjunctve
query answeringis penalizedby higher computationacompleity. In this paper we
answerthis questionby shaving that conjunctve queryanswerings computationally
moreexpensve thaninstanceretrieval wheninverserolesarepresentMore precisely



we prove the following two resultsaboutALCI , the extensionof ALC with inverse
roles:

(1) Rootedconjunctie queryansweringn ALCI is coNExPTIME-complete where
rootedmeanghatconjunctie queriesarerequiredto be connectedindcontainatleast
one answervariable. The phrase“rooted” derives from the fact that every match of
suchaqueryis rootedin atleastoneABox individual. Thelower boundevenholdsfor
ABoxesof theform f C(a)g andw.r.t. empty TBoxes.

(2) Conjunctve queryansweringn ALCI is 2-ExPTIME-complete Thelower bound
evenholdsfor ABoxesof theform f C(a)g andwhenqueriesdo notcontainary answer
variables(or whenthey containanswervariablesput arenot connected).

In the conferenceversionof this paper we will complementheseresultsby shawving

thatthe high computationatompleity of conjunctive queryanswerings indeeddue
to inverseroles.We will shawv thatconjunctive queryansweringn ALC andSHQ, the

fragmentof SHI Q withoutinverseroles,is only EXPTIME-completeln this abstract,
we concentrat®n thelower boundsdueto spacdimitations.

2 Preliminaries

Weassumetandarahotationfor thesyntaxandsemanticef ALC| knowledgebasegl].
In particular aTBoxis asetof concepinclusionsC v D andaknowledgbase(KB) is
apair(T;A) consistingof aTBox T andanABox A. Let Ny beacountablyin nite set
of variables An atomis anexpressionC(v) or r (v; v%, whereC isanALC| concept,
r is a (possiblyinverse)role, andv;v® 2 Ny. A conjunctivequeryq is a nite setof
atoms.We useVar(q) to denotethe setof variablesoccurringin the queryq. Let A be
anABox, | amodelof A, gaconjunctive query and¥s: Var(q) ! ¢ ' atotalfunction.
We write | F” C(v) if (4Vv)) 2 C' andl F” r(v;Vv9 if (¥v);%Vv%) 2 r' . If
| E”at forall at 2 g, wewrite| F* qandcall Yaamatd for | andg. We saythatl
satis esqandwrite | E qif thereis amatch¥for | andg. If | F qfor all modelsl
of aKB K, wewrite K E qandsaythatK entailsq. The queryentailmentproblemis,
givenaknowledgebaseK andaqueryq, to decidewhetheK [ @. Thisis thedecision
problemcorrespondingo queryansweringwhichis asearchproblem),seee.g.[6] for
details.

3 RootedQuery Entailment in ALC | isco-NEXPTIME-complete

Let ALC™ bethe variationof ALC in which all rolesareinterpretedasre exive and
symmetricrelations.Our proof of the lower boundstatedas (1) abose proceedshy
rst polynomiallyreducingrootedqueryentailmentn ALC " w.r.t. theempty TBox to
rootedqueryentailmentin ALCI| w.r.t. the empty TBox. Then,we prove co-NEXP-
TiIME-hardnes®f rootedqueryentailmentin ALC ™.

Regardingthe rst step,we only sketchthe basicidea,which is simply to replace
eachsymmetricrole r with the compositionof ri andr. Althoughr is notinterpreted
in a symmetricrelationin ALCI , the compositionof ri andr is clearly symmetric.
To achieve re exivity, we ensurethat9r i :> is satis edby all relevantindividualsand



for all relevantrolesr. Thus,everyindividual canreachitself by rst travellingri and
thenr, which correspondso are exive loop. Sincewe are working without TBoxes
andthuscannotusestatementsuchas> v 9ri :>, acarefulmanipulatiorof theABox
andqueryis heededDetailsaregivenin appendixA.

Beforewe prove co-NExPTIME-hardnes®f rootedqueryentailmentin ALC ", we
discussapreliminary An interpretatiorl of ALC " is tree-shapedf thereis abijection
f from¢ ' into thesetof nodesof a nite undirectedree(V; E) suchthat(d;e) 2 s',
for somerole names, impliesthatd = e or ff (d);f (e)g 2 E. The proof of the
following resultis standardusingunravelling of non-tree-shapeshodels.

Lemmal. If A isan ALC ">-ABoxandq a conjunctivequery thenA 6j qimpliesthat
thereis a tree-shapednodell of A sudthatl & q.

BecauseA E qclearlyimpliesthatl g for all tree-shapedanodelsl of A, this
lemmameansthat we can concentrateon tree-shapednterpretationsvhen deciding
conjunctve queryentailmentWe will exploit this factto give an easierexplanationof
thereductionthatis to follow.

We now give areductionfrom a NEXPTIME-completevariantof thetiling problem
to the complemenbf rootedqueryentailmentin ALC ",

De nition 1 (Domino System).A dominosystenmD is atriple (T;H;V), wheeT =
fO;1;:::;k i 1g, k , 0, is a nite setof tile typesandH;V pu T £ T repre-
sentthe horizontaland vertical matchingconditions Let D be a dominosystemand
C = Cp;:::;Cn; 1 aninitial condition i.e. an n-tuple of tile types.A mappingg¢, :
fO;:::;2"1 § 1g£ f0;:::;2"1 j 1g ! T is a solutionfor D and c iff for all
X; y < 2n+l , thefollowing holds(whele ©; denotesadditionmoduloi):

—ife(xy) = tand¢(X ©Oma 1;y) = tO then(t; t9 2 H

—if¢(x;y) = tand¢g(X;y ©Omma 1) = tO then(t; t9) 2 V

- ¢(i;0)= ¢ fori < n.
For a proof of NExPTIME-hardnesof this versionof the domino problem,seee.g.
Corollary4.15in [9].

We shav how to translatea given domino systemD and initial conditionc =

Cp ¢¢¢c,; 1 into an ABox Ap .. andquerygp .. suchthateach(tree-shapedinodel
of Ap ¢ thatsatis esl 6j gp .. encodes solutionto D andc, andcorverselyeachso-
lutionto D andc givesriseto a(tree-shapedhodelof Ap.c with | & q; ... The ABox
Ap ¢ containsonly theassertiorCp ¢ (a), with Cp ¢ aconjunctlonC ¢ u ¢etu Cg "
whoseconjunctswve de ne in thefollowing. For corvenienceletm = 2n + 2. Thepur—
poseof the rst conjunctC} .1 is to enforcea binarytreeof depthm whoseleavesare
labelledwith thenumbers); :::; 2™ 1of abinarycounteimplementedy theconcept
namesAg;:::; Ap; 1. We useconceptnamesl_o; .:1; Ly todistinguishthe different
levelsof thetree.Thisis necessarpecauseve work with re exiveandsymmetricroles.
In thefollowing 8s':C denoteshei—fold nesting8s: ¢¢¢8s:C. In particulay8s°:C is C.

i ¢
CD c=Lou U 8s': L ! l93:(Li+1 uAj)u9s:(Lisg u:A;) u

i<m

Lr,r! 8s': U "LiuA) ! 8s(Lim ! A)u
(Liu:Aj)! 8si(Li+1 ! D A))



From now on, leafsin this tree are called L ,, -nodes.Intuitively, eachL , -nodecor
respondgo a positionin the 2"*1 £ 2"*1 _grid that we have to tile: the counterA,

tendthe treewith someadditionalnodes.Every L ., -nodegetsthreesuccessonodes
labelledwith F, andeachof theseF -nodeshasa successonodelabelledG. To dis-
tinguishthe threedifferentG-nodesbelow eachL r, -node,we additionallylabelthem
with theconceptnamesG;; G;; Gs.

. . ¢¢
C2.:=85":'Lp! 1l,J L95i(F u9s(Gu Gy))
’ . |

We wantthateachG;-noderepresentshe grid positionidenti ed by its ancestot, -
node,the sibling G, noderepresentshe horizontalneighborpositionin the grid, and
thesibling G3-noderepresentshe verticalneighbor

C3. = 8™ Ly ! iiun A1 85%(Git Gs! A u
(: Al 85%(Gyit Gs! 1 A)) u
u "A1 852(Git Go! A U,
(:& I 85%(Git Go! :A)) u
Eou Ej

whereE, is an ALC -conceptensuringthatthe A, valueat eachG,-nodeis obtained
from the A, -value of its G-node ancestorby incrementingmodulo 2"** ; similarly,
E3 expresseshatthe Ay valueat eachGz-nodeis obtainedfrom the Ay -value of its
G-nodeancestoby incrementingmodulo2"*! | It is not hardto work out the details
of theseconceptsseee.g.[11] for moredetails.The grid representatiorthatwe have
enforcedis shavn in Figurel. To representiles, we introducea conceptnameD; for
eachi 2 T andput
Cé'c = 88m+ZZIG! It Diu u o (Di u Dj)¢¢
! i2T i;j 2T;i6]
Theinitial conditionis easilyguaranteedy

P ¢ ¢
Cl. = / ssm2:'' U au U aAu U a0 T

i< j - n;bit; (i)=0 j- nobit (i)=1 n<j <m

wherebit; (i) denotesthe value of the j -th bit in the binary representatiomf i. To
enforcethe matchingconditions,we proceedn two stepsFirstwe ensurghatthey are
satis edlocally, i.e.,amongthethreeG-nodesbelowr eachL r, -node:

6 .= m+2-i | i i 2. Y] 2. 1 . ¢
CS.. = 82 Ly ! il2JT 9s%:(G; u D;) ! 88 (G, ! (i;jt)zH Dj) u
i N ) | S see
ille 9s2:(G; u D) ! 8s%(Gjs ! (i;;t)zv Dj)

Secondwe enforcethe following condition,which togetherwith local satishiction of
thematchingconditionsensuresheir globalsatisfction:
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Fig. 1. Thestructureencodinghe2"** £ 2"*! _grid.

(=) if theAy andAy-valuesof two G-nodescoincide thentheirtile typescoincide.

In (=), aG-nodecanby ary of aG; -, G,-, or Gz-node.To enforce(x), we usethequery
Beforewe give details letus nish thede nition of theconcepCp ... Thelastconjunct
CJ .. enforcestwo technicalconditionsthatwill be explainedlater:if d is anF -node
ande its G-nodesuccessothen

(T1) d ande arelabelleddually regardingA;, : Aj foralli < m,i.e.,d satis esA; iff
esatis es: A;;

We usethefollowing concept:

Cl. = 8sm*1:'F | 'y (Al 8s(G! :A))u
! I<m
(Al 8s(G! Ap)u
Uosup)! ¢ou U bn®
izt R P T
We now constructthe queryqp . thatdoesnot matchthe grid representatioiff (g) is
satis ed.In otherwords,qgp .. matcheghegrid representatioif therearetwo G-nodes
that agreeon the value of the countersA, andA,, but arelabelledwith differenttile
types.Becausef Lemmal, we canconcentrat®n thegrid representatioasshovn in

Figure 1 while constructinggp ., andneednot worry aboutmodelsin which domain
elementghataredifferentin Figurel areidenti ed.

Theconstructiorof gp ¢ is in severalstepsstartingwith the queryqj, .c ontheleft-
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Fig. 2. Thequeryq ., (left) andtwo of its collapsinggmiddleandright).

representhe role s and v, is the only answervariable. The edgesare undirected
becauseve areworking with symmetricroles.Formally,

S(Vi; 03 V2 0)5 S(Vi 2m +3 s VP o 43 )

S(V; Vi 0); S(V; Vo)

(VO Vi 2m+3 ); S(VE Va3 )

S(Vans; Vizm +1); S(Vans; Vim +2 ); S(Vans: Vi +1); S(Vans; Vi +2 )

G(v); G(VY; Ai(Vi;0);: Ai(VPo)i: Ai(Vizm+3 )i Ai(Vams3) O
Obsenethatwe droppedheindex “i” to variablesn Figure2. Also obsere thatall the
querieszq‘D .c»1 < m, sharethevariablesv, ve andvans.

The purposeof the queryd), 5 Istorelateary two G-nodesthatagreeon thevalue
of theconcepthameA,; . To explain how thisworks,we needa few preliminariesFirst,
acyclein a queryis a sequence®f distinctnodesvy;:::;vy; 1 suchthatn | 2, and
S(Vi;Vi+1) 2 qors(vis1;Vvi) 2 gqforalli < n,wherev, := vo. A querycis a
collapsingof a queryq if q°is obtainedfrom q by identifying variables Eachmatch
of ¢, .c In ourtree-structued grid representatiogivesriseto a collapsingof ady . that
doesnot compriseary cycles. To explain how g} .. Works, it is helpful to analyzeits
cycle-freecollapsingsWe startwith thetwo cyclesv; vo; v§ andv® vom +3 ; V9, 43 - FOr
eliminatingeachof these we have two options:

— to remove the uppercycle, we canidentify v with vq or v§;
— to remove thelower cycle, we canidentify vVOwith vom 43 or v, 5 .

Obsere thatif weidentify vo andvy (or vom+3 andvd,, . ) to collapsethecycle, there
will beno matchesf thequeryin any model.



Togetherthis givesfour optionsfor remaving the two mentionedength-threecy-
cles.However, two of theseoptionsareruled outbecausé¢heresultingcollapsingshave
no matchin the grid representationThe rst suchcaseis whenwe identify v with vq
andvO with vom 43 . Thenvgy andvom 43 have to satisfy G. To continueour argument
we make a casedistinctionon the two optionsthatwe have for eliminatingthe cycle
fVans; Vm+1 ; Vm+2 Q.

Caseg(). If weidentify vans andvp, +1 , the pathfrom the G-variablevg to vang is only of
lengthm + 1. In our grid representatiorall pathsfrom a G-nodeto anABox individual
(i.e.,theroot) areof lengthm + 2, sotherecanbe no matchof this collapsing.

Case(2). If we identify vans andvp, +2 , the pathfrom v,,s to the G-variablevon 43 is
only of lengthm + 1 andagain thereis no match.

We canargue analogouslyfor the casewherewe identify v with vJ andandv® with
V., .3 - Thereforethetwo remainingcollapsingor eliminatingthe cyclesf v; vo; vig
andf v% vom 43 ; V8, .3 g arethefollowing:

(a) identify v with vy andv®with v8,, .5 ;
(b) identify v with v3 andv®with Vo 43 .

In the rst casewe furtherhave to identify vans with vin+2 andv?, ,, , for otherwisewe
canamgueasabove thatthereis no match.In the secondcase we have to identify vang
with vip+1 andv@,,, . After this hasbeendone,thereis only oneway to eliminatethe

2m + 4 with the G-variablesat bothendsandtheanswervariableexactly in themiddle
(ary otherway to collapsemeanghatthereareno matches)There exive loopsatthe
endpointf theresultingchainandat v,,s cansimply be droppedsincewe work with
re exive roles. Theresultingcycle-freequeriesareshown in the middle andright part
of Figure2.

Note thatthe middle queryhasA; at both endsof the chain,andtheright onehas
: A; atthe ends.Accordingto our above argumentationthe original query gf, . has
amatchin the grid representatiofiff oneof thesetwo collapsingshasa match.Thus,
every match¥aof g, .. in the grid representatiofs suchthat%{v) and¥(v9 are (not
necessarildistinct) instancesf G thatagreeon the valueof A;. Informally, we say
thatof, .. connectsG-nodesthathave the sameA, -value.

At this point, a technicalremarkis in order Obsere thatthe two relevantcollaps-
ings of d . aresuchthatthe nodesnext to the outer nodesare labelleddually w.r.t.
A; comparedo the outernodesThisis anartifactof queryconstructiorandcannotbe
avoided.lt is the reasonfor introducingthe F -nodesinto our grid representatiorand
for ensuringhatthwssatisfyProperty(Tl) from above.

Now settent == oy a4 o+ It is easyto seethatqeyt connectsG-nodesthathave
the sameA; -value,for all i < m. The query g is almostthe desiredquery gp .
Recallthat we wantto enforceCondition (v) from above, andthusneedto talk about
tile typesin the query The queryg;e is givenin theleft-handsideof Figure 3 for the
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Fig. 3. Thequeryge (left) andoneof its collapsinggright).

Gile :=  TS(Wi;0;Wi;1); 0005 S(Wi; 2m+2 5 Wiz 2m +3 )
i<k S(Wans; Wim +1 )5 S(Wans; Wim +2 );
S(V; Wi 0); S(V% Wi; 2m +3 );
Di(Wi;0); Di(Wi: 2m+3)9
[ T S(Wi; 05 Wj;0); S(Wj; 2m +3 ; Wj;2m+3 )0
i<j <k

[ fG(v);G(V9g

Obsere that g,y andge sharethe variablesv, v°, andvas. Also obsere that g is
verysimilarto thequeriesy, .c» themaindifferencebeingthenumberof verticalchains.
Whereaghequeriesg) .« havetwo collapsingghatarecycle-freeandcanhave matches
in thegrid representatiorgge hask@ki 1) suchcollapsingsforalli;j 2 T withi 6 j,
thereis acollapsingnto alinearchainof length2m+ 4 whoseendnodesarelabelledD
andD; . An exampleof suchacollapsings presentedntheright-handsideof Figure3.
The agumentsfor how to obtainthesecollapsingandwhy othercollapsingshave no
matchedn the grid representatiorare very similar to the line of agumentatiorused

identifying vO with oneof thew;, o, +3 . We canshaw thati 6 j by analyzingthe two
casef Vans beingidenti ed with wi.m +1 Orwi.m +2 . In the rst casethereis nomatch
in the grid representatioecausehe pathfrom v to wi, +1 is too short,andin the
seconctasethe sameholdsfor the pathfrom wi, 42 to v Thus,i 6 | is shavn. Also



becausef pathslengths,we have to identify Vans With Vim +1 andvj.m+2 . Next, we

d, . thereis only oneway to eliminatethis cycle suchthattheresultis a chainof length
2m + 4 with theG-variablesatbothendsandtheanswerariableexactlyin themiddle,
andary otherway to collapsemeanghatthereareno matcheslt remainsto eliminate

hereis thatwe have to identify w;. ; with w-. o andwi. o;m+3 With W~ 543 . Thisis the
casesincethe alternatve (identifying w;. o with w-.¢ or v = 2 .om+2 With W om43)
leadsto a variabelabelledwith G, D-, andD; (resp. D; ), andthusthereis no match.
Oncethesetwo identi cations have beendone,thereis morethanoneway to identify
theremainingnodesonthementionectycle, but theresultingqueryis alwaysthesame.

In summaryit is not hardto seethatq;e connectshoseG-nodesthatarelabelled
by differenttile types.Obsenre thatwe needproperty(T2) for this queryto matchat
all.

Now, the desiredqueryqp ¢ is simply the union of ¢y and e . From whatwas
alreadysaidaboutq.; andgge, it is easilyderived that gp .. doesnot matchthe grid
representatioiff Property(o) is satis ed. It is possibleto shav thatthereis a solution
for D andciff (;;Ap ) 6 Ob.c. We have thusprovedthatrootedqueryentailmentn
ALCI is coNEXPTIME-hard.A matchingupperboundcanbe obtainedby adapting
thetechniquesn [6]. More detailsaregivenin thefull versionof this paper

Theorem 1. Rootedjueryentailmenin ALCI isco-NExPTIME-completeThisholds
evenw.r.t. knowledg basesn which the TBoxis emptyandthe ABoxis a singleton.

4 BooleanQuery Entailment in ALC | is 2-EXPTIME-complete

If we drop the requirementhat queriesare connectedr that they have at leastone
answervariable,queryentailmenin ALC| become®-ExPTIME-complete An upper
boundcanbetakene.g.from [6]. Thelower boundcanbe provedby areductionof the
word problemof exponentiallyspaceéboundedalternatingruring machinegATMSs) [4].
Becausef spacdimitations,we canonly give a very roughsketchof this resulthere.
More detailscanbefoundin the extendedversionof this paper{10].

The mainideais to representachcon guration of an ATM by the leafsof a tree
of depthn, very similar to the grid representatioin Section3. Thetreesrepresenting
con gurationsaretheninterconnectedo a treerepresentinghe computation.This is
illustratedin Figure4, whereeachof theT; is atreeof depthn thatis built usingthe
role names. Theleafsof eachT; represent con guration. ThetreeT; representsin
existentialcon guration, andthushasonly onesuccessocon guration, which is rep-
resentedy T, andconnectedia the samerole names alsousedinsidetheT; trees.n
contrastthetreeT, representa universalcon gurationwith two successocon gura-
tionsT, andTs. Thecrucial pointin the reductionis to relatethe contentof tapecells
in onecon guration to the contentof the correspondingellsin the successocon g-
urations.In principle, this is achiezed usingqueriesthat are very similar to the query
Opb.c employedin the previous section.A few additionaltechnicaltricks areneededo
achiere directednessi.e., talking only aboutsuccessocon gurations, but not about
predecessaron gurations)sincewe work with symmetricroles.



Fig. 4. RepresentindA\TM computations.

Theorem 2. Queryentailmentn ALCI is 2-ExPTIME-complete This holdsevenfor
querieswithout answervariablesand w.r.t. knowled@ basesin which the ABoxis a
singleton.

5 Conclusion

We have shavn thatin the presenceof inverseroles, conjunctive query answeringis
computationallymorecostlythaninstancechecking A CorrespondingNEXPTIME up-
perboundfor Theoreml andcontainmenbf conjunctive queryentailmenin EXPTIME
for ALC will be shavn elsavhere.As (almost)remarled by a reviewer, the proof of
Theorem?2 caneasilybe adaptedo rootedqueryentailmentf transitive rolesandrole
hierarchiesarepresentDetailson thiswill alsobegivenelsavhere.
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A FromALC "to ALC | without TBoxes

We shav thatrootedqueryentailmentin ALC"™ w.r.t. the empty TBox canbe polyno-
mially reducedo rootedqueryentailmentn ALC1 w.r.t. theemptyTBox.

As alreadyexplained,the main ideabehindthe reductionis to replaceeachsym-
metric role r with the compositionof ri andr. Let A bean ALC"™ ABox andg a
conjunctive query We assumew.l.0.g. that all conceptsn A arein negation normal
form (NNF), i.e., that negation is appliedonly to conceptnames.Let Ind(A) denote
the setof all individual namesoccurringin A, rol(A) bethe setof role namesusedin
A, andlet rol(g) be de ned analogouslyFix a freshconcepthameR. Intuitively, the
purposeof R isto distinguish‘real” domainelementgrom theauxiliary onesthatsene
asintermediatepointsin the compositionof ri andr. Also, de ne X asanabbreia-
tion for U 2 roi(a)[ roi(q) 9 > . We will enforcethatX is satis ed by all relevantreal
individuals,thusachieving re exivity.

We now presenthe detailsof the reduction.For eachconceptC in NNF, let +C)
denotetheresultof replacing

— every subconcep®r:C with 9ri :9r:(Cu Ru X), and
— every subconcep8r:C with 8ri :8r:C;

Now de ne anALC| ABox A°andaqueryq® by manipulatingA andq asfollows:

1. replaceevery concepfassertiorC(a) 2 A with +(C)(a);
2. foralla 2 Ind(A), addaconceptassertiorR u X (a) to A;



3. replaceeveryrole assertiorr (a;b) 2 A with r(c;a) andr(c;b), wherecis afresh
individual name;

4. for everyvariablev in g, addR(v) toq;

5. replaceeveryrole atomr (v;v% 2 qwith r(v®;v) andr (v®;v), wherev® is afresh
variable.

Thefollowing lemmashaws thatour reductionis correct.
Lemma2. A 6j qiff A°6j .

Proof. *) ". If A 6 g, thenthereis amodell of A suchthatl & g. De ne amodel
| %asfollows:

-¢ '00 =¢' [ fXgrejr 2 rol(A)[ rol(q) and(d;e) 2 r' g;

=" = f(Xarei )i (Xarei €) ] (di) 21" g

— A" = A! for all concepinamesA exceptR;

- R! o _ ¢!

—a’=a foralla2 Ind(A); .

— if cwasintroducednto A°to splittheassertiom (a;b) 2 A, setc' = Xai 4 -

It is readily checledthatl is amodelof A° In particular X' ° = ¢ ' ° sincerolesare
interpretede exively in | . Furthermoresincel 6j g, wehavel °6j g* supposéo the
contrarythat! © =" g° for somematch¥s SinceqP containsthe atomR(v) for every
variablev 2 Var(q), we have¥{v) 2 ¢ ' forallv 2 Var(q). Let¥? betherestrictionof
Ysto thevariabledn Var(g). It is readilychecledthatl = i g, whichis acontradiction.

“( . If A%6j °, thenthereis amodell °of A%suchthatl °8j o°. De ne amodell as
follows:

—¢' = (RuXx)";

—rl=f(dejof:(f;d2r ~(f;e2r'g;
-Al=Al"V ¢!y

—a = a’foralla2 Ind(A).
Obsenrethatr' isre exive (dueto thechoiceof ¢ ' asasubsebf X ') andsymmetric.
Also obsere that the interpretationof the individual namesis well-de ned: sinceA°
containsk u X (a) for all a 2 Ind(A),a'° 2 ¢' . Sincel ° & ® andit is easilyseen
thatl £ gwouldimply | °E o, wehave| 6j g. It remainsto shaw that! is amodel
of A. Thisis aconsequencef thefollowing claim,whichis easilyprovedby induction
onthestructureof C.

Claim. Foralld2 ¢ ' andall C 2 sub(A),d 2 +(C)' " impliesd 2 C'.

We only dothetwo interestingcases.

— LetC = 8r:D. Then+(C) = 8ri :8r:+(D). Let(d;e) 2 r' . We have to shav that
e2 D'.Since(d;e) 2 r', by de nition of | wehave(d;e) 2 (ri )'°+r'°. Since
d2 HC)' ° wehavee2 D'’ andit remaingto applytheinductionhypoghesis.

— LetC = 9r:D. Then+C) = 9ri :9r:(Di(D u R u X).Sinced 2 C)' ', thereis
ane 2 ¢ '’ suchthat(i) (d;e) 2 (ri ) "+r'” and(ii) e 2 (+(D)uRuX)' . By (ii),
d 2 ¢'. By (i) andde nition of | , (d;e) 2 r'. By (ii) andinductionhypothesis,
d2 D' andwearedone.
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