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Abstract. Conjunctive queryansweringis an importantDL reasoningtask.Al-
thoughthis task is by now quite well-understood,tight complexity boundsfor
conjunctive query answeringin expressive DLs have never beenobtained:all
known algorithmsrun in deterministicdoubleexponentialtime, but theexisting
lower boundis only an EXPTIME one.In this paper, we prove that conjunctive
queryansweringin ALC I is 2-EXPTIME-hard(andthuscomplete),andthat it
becomesNEXPTIME-completeundersomereasonableassumptions.

1 Intr oduction

When descriptionlogic (DL) knowledgebasesare usedin applicationswith a large
amountof instancedata,ABox queryingis themostimportantreasoningproblem.The
mostbasicquerymechanismfor ABoxesis instanceretrieval, i.e.,returningall theindi-
vidualsfrom anABox thatareknown to beinstancesof agivenqueryconcept.Instance
retrieval canbe viewed asa well-behaved generalizationof subsumptionandsatis�a-
bility, which arethestandardreasoningproblemson TBoxes.In particular, algorithms
for thelattercantypically beadaptedto instanceretrieval in astraightforwardway, and
thecomputationalcomplexity coincidesin almostall cases(see[13] for anexception).
In 1998,Calvaneseet al. introducedconjunctivequeryansweringasa morepowerful
querymechanismfor DL ABoxes.Sincethen,conjunctive querieshave receivedcon-
siderableinterestin theDL community, seefor examplethepapers[2,3,5–8,12]. In a
nutshell,conjunctive queryansweringgeneralizesinstanceretrieval by admittingalso
querieswhoserelationalstructureis not tree-shaped.Thisgeneralizationis bothnatural
andusefulbecausetherelationalstructureof ABoxesis usuallynot tree-shapedaswell.

In contrastto thecaseof instanceretrieval, developingalgorithmsfor conjunctive
queryansweringis not merelya matterof extendingalgorithmsfor satis�ability, but
requiresdeveloping new techniques.In particular, all hitherto known algorithmsfor
DLs that includeALC asa fragmentrun in deterministicdoubleexponentialruntime,
in contrastto algorithmsfor decidingsubsumptionandsatis�ability whichrequireonly
exponentialtimeevenfor DLs muchmoreexpressive thanALC. Sincetheintroduction
of conjunctivequeryansweringasareasoningproblemfor DLs, it hasremainedanopen
questionwhetheror not this increasein runtimecanbeavoided.In otherwords,it has
notbeenclearwhethergeneralizinginstanceretrieval to themorepowerful conjunctive
queryansweringis penalizedby highercomputationalcomplexity. In this paper, we
answerthis questionby showing thatconjunctive queryansweringis computationally
moreexpensive thaninstanceretrieval wheninverserolesarepresent.More precisely,



we prove the following two resultsaboutALCI , the extensionof ALC with inverse
roles:

(1) Rootedconjunctive queryansweringin ALCI is co-NEXPTIME-complete,where
rootedmeansthatconjunctive queriesarerequiredto beconnectedandcontainat least
one answervariable.The phrase“rooted” derives from the fact that every matchof
suchaqueryis rootedin at leastoneABox individual.Thelowerboundevenholdsfor
ABoxesof theform f C(a)g andw.r.t. emptyTBoxes.

(2) Conjunctive queryansweringin ALCI is 2-EXPTIME-complete.Thelower bound
evenholdsfor ABoxesof theform f C(a)g andwhenqueriesdonotcontainany answer
variables(or whenthey containanswervariables,but arenot connected).

In theconferenceversionof this paper, we will complementtheseresultsby showing
that thehigh computationalcomplexity of conjunctive queryansweringis indeeddue
to inverseroles.Wewill show thatconjunctivequeryansweringin ALC andSHQ, the
fragmentof SHI Q without inverseroles,is only EXPTIME-complete.In this abstract,
weconcentrateon thelowerboundsdueto spacelimitations.

2 Preliminaries

Weassumestandardnotationfor thesyntaxandsemanticsof ALCI knowledgebases[1].
In particular, aTBoxis asetof conceptinclusionsC v D andaknowledgebase(KB) is
apair(T ; A ) consistingof aTBox T andanABox A. Let NV beacountablyin�nite set
of variables. An atomis anexpressionC(v) or r (v; v0), whereC is anALCI concept,
r is a (possiblyinverse)role, andv; v0 2 NV . A conjunctivequeryq is a �nite setof
atoms.We useVar(q) to denotethesetof variablesoccurringin thequeryq. Let A be
anABox, I amodelof A , q aconjunctivequery, and¼: Var(q) ! ¢ I atotal function.
We write I j= ¼ C(v) if (¼(v)) 2 C I and I j= ¼ r (v; v0) if (¼(v); ¼(v0)) 2 r I . If
I j= ¼ at for all at 2 q, wewrite I j= ¼ q andcall ¼a match for I andq. We saythatI
satis�esq andwrite I j= q if thereis a match¼for I andq. If I j= q for all modelsI
of a KB K, we write K j= q andsaythatK entailsq. Thequeryentailmentproblemis,
givenaknowledgebaseK andaqueryq, to decidewhetherK j= q. This is thedecision
problemcorrespondingto queryanswering(which is asearchproblem),seee.g.[6] for
details.

3 RootedQuery Entailment in ALC I is co-NEXPTIME-complete

Let ALC rs be the variationof ALC in which all rolesareinterpretedasre�exive and
symmetricrelations.Our proof of the lower boundstatedas (1) above proceedsby
�rst polynomiallyreducingrootedqueryentailmentin ALC rs w.r.t. theemptyTBox to
rootedqueryentailmentin ALCI w.r.t. the emptyTBox. Then,we prove co-NEXP-
TIME-hardnessof rootedqueryentailmentin ALC rs.

Regardingthe �rst step,we only sketchthebasicidea,which is simply to replace
eachsymmetricrole r with thecompositionof r ¡ andr . Althoughr is not interpreted
in a symmetricrelationin ALCI , the compositionof r ¡ andr is clearly symmetric.
To achieve re�exivity, we ensurethat9r ¡ :> is satis�edby all relevantindividualsand



for all relevantrolesr . Thus,every individual canreachitself by �rst travelling r ¡ and
thenr , which correspondsto a re�exive loop. Sincewe areworking without TBoxes
andthuscannotusestatementssuchas> v 9r ¡ :> , acarefulmanipulationof theABox
andqueryis needed.Detailsaregivenin appendixA.

Beforeweproveco-NEXPTIME-hardnessof rootedqueryentailmentin ALC rs, we
discussapreliminary. An interpretationI of ALC rs is tree-shapedif thereis abijection
f from ¢ I into thesetof nodesof a �nite undirectedtree(V; E) suchthat(d;e) 2 sI ,
for somerole names, implies that d = e or f f (d); f (e)g 2 E. The proof of the
following resultis standard,usingunravelling of non-tree-shapedmodels.

Lemma 1. If A is anALC rs-ABoxandq a conjunctivequery, thenA 6j= q impliesthat
there is a tree-shapedmodelI of A such that I 6j= q.

BecauseA j= q clearly implies that I j= q for all tree-shapedmodelsI of A , this
lemmameansthat we can concentrateon tree-shapedinterpretationswhen deciding
conjunctive queryentailment.We will exploit this fact to give aneasierexplanationof
thereductionthatis to follow.

Wenow giveareductionfrom a NEXPTIME-completevariantof thetiling problem
to thecomplementof rootedqueryentailmentin ALC rs.

De�nition 1 (Domino System).A dominosystemD is a triple (T; H ; V ), where T =
f 0; 1; : : : ; k ¡ 1g, k ¸ 0, is a �nite set of tile typesand H; V µ T £ T repre-
sentthe horizontalandvertical matchingconditions. Let D be a dominosystemand
c = c0; : : : ; cn ¡ 1 an initial condition, i.e. an n-tuple of tile types.A mapping¿ :
f 0; : : : ; 2n +1 ¡ 1g £ f 0; : : : ; 2n +1 ¡ 1g ! T is a solution for D and c iff for all
x; y < 2n +1 , thefollowingholds(where© i denotesadditionmoduloi ):

– if ¿(x; y) = t and¿(x ©2n +1 1; y) = t0, then(t; t0) 2 H
– if ¿(x; y) = t and¿(x; y ©2n +1 1) = t0, then(t; t0) 2 V
– ¿(i; 0) = ci for i < n.

For a proof of NEXPTIME-hardnessof this versionof the dominoproblem,seee.g.
Corollary4.15in [9].

We show how to translatea given domino systemD and initial condition c =
c0 ¢¢¢cn ¡ 1 into an ABox A D ;c andqueryqD ;c suchthat each(tree-shaped)model I
of A D ;c thatsatis�esI 6j= qD ;c encodesa solutionto D andc, andconverselyeachso-
lution to D andc givesriseto a(tree-shaped)modelof A D ;c with I 6j= qD ;c . TheABox
A D ;c containsonly theassertionCD ;c (a), with CD ;c a conjunctionC1

D ;c u ¢¢¢u C7
D ;c

whoseconjunctswede�ne in thefollowing. For convenience,let m = 2n + 2. Thepur-
poseof the�rst conjunctC1

D ;1 is to enforcea binarytreeof depthm whoseleavesare
labelledwith thenumbers0; : : : ; 2m ¡ 1 of abinarycounterimplementedby theconcept
namesA0; : : : ; Am ¡ 1. We useconceptnamesL 0; : : : ; L m to distinguishthedifferent
levelsof thetree.Thisis necessarybecausewework with re�exiveandsymmetricroles.
In thefollowing 8si :C denotesthei -fold nesting8s:¢¢¢8s:C. In particular, 8s0:C is C.

C1
D ;c := L 0 u u

i<m
8si :

¡
L i !

¡
9s:(L i +1 u A i ) u 9s:(L i +1 u : A i )

¢¢
u

u
i<m

8si :u
j <i

¡
(L i u A j ) ! 8s:(L i +1 ! A j ) u

(L i u : A j ) ! 8s:(L i +1 ! : A j )
¢



From now on, leafs in this treearecalledL m -nodes.Intuitively, eachL m -nodecor-
respondsto a position in the 2n +1 £ 2n +1 -grid that we have to tile: the counterAx

realizedby theconceptnamesA0; : : : ; An binarily encodesthehorizontalposition,and
the counterAy realizedby An +1 ; : : : ; Am encodesthe vertical position.We now ex-
tendthe treewith someadditionalnodes.Every L m -nodegetsthreesuccessornodes
labelledwith F , andeachof theseF -nodeshasa successornodelabelledG. To dis-
tinguishthe threedifferentG-nodesbelow eachL m -node,we additionallylabel them
with theconceptnamesG1; G2; G3.

C2
D ;c := 8sm :

¡
L m !

¡ u
1· i · 3

9s:(F u 9s:(G u Gi ))
¢¢

We want thateachG1-noderepresentsthegrid positionidenti�ed by its ancestorL m -
node,thesibling G2 noderepresentsthehorizontalneighborpositionin thegrid, and
thesiblingG3-noderepresentstheverticalneighbor.

C3
D ;c := 8sm :

¡
L m !

¡ u
i · n

¡
(A i ! 8s2:(G1 t G3 ! A i )) u

(: A i ! 8s2:(G1 t G3 ! : A i ))
¢

u

u
n<i<m

¡
(A i ! 8s2:(G1 t G2 ! A i )) u

(: A i ! 8s2:(G1 t G2 ! : A i ))
¢

u

E2 u E3
¢¢

whereE2 is anALC-conceptensuringthat theAx valueat eachG2-nodeis obtained
from the Ax -value of its G-nodeancestorby incrementingmodulo 2n +1 ; similarly,
E3 expressesthat the Ay valueat eachG3-nodeis obtainedfrom the Ay -valueof its
G-nodeancestorby incrementingmodulo2n +1 . It is not hardto work out the details
of theseconcepts,seee.g.[11] for moredetails.Thegrid representationthatwe have
enforcedis shown in Figure1. To representtiles, we introducea conceptnameD i for
eachi 2 T andput

C4
D ;c := 8sm +2 :

¡
G !

¡ t
i 2 T

D i u u
i;j 2 T ;i 6= j

: (D i u D j )
¢¢

Theinitial conditionis easilyguaranteedby

C5
D ;c := u

i<n
8sm +2 :

¡ ¡ u
j · n; bit j ( i )=0

: A j u u
j · n; bit j ( i )=1

A j u u
n<j <m

: A j
¢

! Tci

¢
;

wherebit j (i ) denotesthe value of the j -th bit in the binary representationof i . To
enforcethematchingconditions,weproceedin two steps.Firstweensurethatthey are
satis�edlocally, i.e.,amongthethreeG-nodesbelow eachL m -node:

C6
D ;c := 8sm +2 :

¡
L m !

¡ u
i 2 T

¡
9s2:(G1 u D i ) ! 8s2:(G2 ! t

( i;j )2 H
D j )

¢
u

u
i 2 T

¡
9s2:(G1 u D i ) ! 8s2:(G3 ! t

( i;j )2 V
D j )

¢¢¢

Second,we enforcethe following condition,which togetherwith local satisfactionof
thematchingconditionsensurestheir globalsatisfaction:



¢¢¢
L m

L 0

L 2

L 1

.

.

.

FFF

L m

G 1 G 2 G 3
G G G

represents( i; j )
represents( i + 1; j )
represents( i; j + 1)

Fig.1. Thestructureencodingthe2n +1 £ 2n +1 -grid.

(¤) if theAx andAy -valuesof two G-nodescoincide,thentheir tile typescoincide.

In (¤), aG-nodecanby any of aG1-, G2-, or G3-node.To enforce(¤), weusethequery.
Beforewegivedetails,let us�nish thede�nition of theconceptCD ;c . Thelastconjunct
C7

D ;c enforcestwo technicalconditionsthatwill beexplainedlater: if d is anF -node
ande its G-nodesuccessor, then

(T1) d ande arelabelleddually regardingA i , : A i for all i < m, i.e.,d satis�esA i if f
e satis�es: A i ;

(T2) d andearelabelledduallyregardingD 0; : : : ; D k ¡ 1, i.e.,for all j < k, if d satis�es
D j , thene satis�esD0; : : : ; D j ¡ 1; : D j ; D j +1 ; : : : ; D k ¡ 1.

Weusethefollowing concept:

C7
D ;c := 8sm +1 :

¡
F !

¡ u
i<m

(A i ! 8s:(G ! : A i )) u

(: A i ! 8s:(G ! A i )) u

u
i 2 T

9s:(G u D i ) ! (: D i u u
j <k ;j 6= i

D i )
¢¢

We now constructthequeryqD ;c thatdoesnot matchthegrid representationiff (¤) is
satis�ed.In otherwords,qD ;c matchesthegrid representationif therearetwo G-nodes
thatagreeon the valueof the countersAx andAy , but arelabelledwith differenttile
types.Becauseof Lemma1, wecanconcentrateon thegrid representationasshown in
Figure1 while constructingqD ;c , andneednot worry aboutmodelsin which domain
elementsthataredifferentin Figure1 areidenti�ed.

Theconstructionof qD ;c is in severalsteps,startingwith thequeryqi
D ;c on theleft-

handsideof Figure2, wherei 2 f 0; : : : ; m ¡ 1g. In the queriesqi
D ;c , all the edges



...
...

v0
m +1

v0
m +2

v0
2m +2

vm +1

vm +2

v2m +2

v2m +3

v0

: A i

G

A i

...

vm +1 = v0
m

G

: A i

A i

...

G

v2m +2 = v0
2m +3A i

: A i

v0 = v0
2m +3

v2m +2 = v0
2m +1

v2m +3 = v0

...

G
v0 = vA i

: A i ...
v1 = v0

2

v = v0
0

G

v0 = v0
1A i

v1 = v0
0...

...

v0

v1

v

A i

v0
1

v0
0

: A i

G

vans

vans = vm +2 = v0
m +1

vans = vm +1 = v0
m +2

vm +2 = v0
m +3

v2m +3 = v0
2m +2v0

2m +3

: A i

Fig.2. Thequeryqi
D ;a (left) andtwo of its collapsings(middleandright).

representthe role s and vans is the only answervariable.The edgesare undirected
becauseweareworkingwith symmetricroles.Formally,

qi
D ;c := f s(vi; 0; vi; 1); : : : ; s(vi; 2m +2 ; vi; 2m +3 );

s(v0
i; 0; v0

i; 1); : : : ; s(v0
i; 2m +2 ; v0

i; 2m +3 );
s(vi; 0; v0

i; 0); s(vi; 2m +3 ; v0
i; 2m +3 );

s(v; vi; 0); s(v; v0
i; 0);

s(v0; vi; 2m +3 ); s(v0; v0
i; 2m +3 );

s(vans; vi;m +1 ); s(vans; vi;m +2 ); s(vans; v0
i;m +1 ); s(vans; v0

i;m +2 );
G(v); G(v0); A i (vi; 0); : A i (v0

i; 0); : A i (vi; 2m +3 ); A i (v0
i; 2m +3 ) g

Observethatwedroppedtheindex “ i ” to variablesin Figure2. Also observethatall the
queriesqi

D ;c , i < m, sharethevariablesv, v0, andvans.

Thepurposeof thequeryqi
D ;a is to relateany two G-nodesthatagreeon thevalue

of theconceptnameA i . To explainhow thisworks,weneeda few preliminaries.First,
a cyclein a queryis a sequenceof distinct nodesv0; : : : ; vn ¡ 1 suchthat n ¸ 2, and
s(vi ; vi +1 ) 2 q or s(vi +1 ; vi ) 2 q for all i < n, wherevn := v0. A queryq0 is a
collapsingof a queryq if q0 is obtainedfrom q by identifying variables.Eachmatch
of qi

D ;c in our tree-structuredgrid representationgivesriseto a collapsingof qi
D ;c that

doesnot compriseany cycles.To explain how qi
D ;c works, it is helpful to analyzeits

cycle-freecollapsings.Westartwith thetwo cyclesv; v0; v0
0 andv0; v2m +3 ; v0

2m +3 . For
eliminatingeachof these,wehave two options:

– to remove theuppercycle,wecanidentify v with v0 or v0
0;

– to remove thelowercycle,wecanidentify v0 with v2m +3 or v0
2m +3 .

Observe thatif we identify v0 andv0
0 (or v2m +3 andv0

2m +3 ) to collapsethecycle, there
will benomatchesof thequeryin any model.



Together, this givesfour optionsfor removing the two mentionedlength-threecy-
cles.However, two of theseoptionsareruledoutbecausetheresultingcollapsingshave
no matchin thegrid representation.The �rst suchcaseis whenwe identify v with v0

andv0 with v2m +3 . Thenv0 andv2m +3 have to satisfyG. To continueour argument,
we make a casedistinctionon the two optionsthat we have for eliminatingthe cycle
f vans; vm +1 ; vm +2 g.

Case(1). If weidentify vans andvm +1 , thepathfrom theG-variablev0 to vans is only of
lengthm + 1. In ourgrid representation,all pathsfrom aG-nodeto anABox individual
(i.e., theroot)areof lengthm + 2, sotherecanbenomatchof thiscollapsing.

Case(2). If we identify vans andvm +2 , thepathfrom vans to theG-variablev2m +3 is
only of lengthm + 1 andagain thereis nomatch.

We canargueanalogouslyfor the casewherewe identify v with v0
0 andandv0 with

v0
2m +3 . Therefore,thetwo remainingcollapsingsfor eliminatingthecyclesf v; v0; v0

0g
andf v0; v2m +3 ; v0

2m +3 g arethefollowing:

(a) identify v with v0 andv0 with v0
2m +3 ;

(b) identify v with v0
0 andv0 with v2m +3 .

In the�rst case,wefurtherhave to identify vans with vm +2 andv0
m +1 , for otherwisewe

canargueasabove that thereis no match.In thesecondcase,we have to identify vans

with vm +1 andv0
m +2 . After this hasbeendone,thereis only oneway to eliminatethe

cycle v = v0; : : : ; v2m +3 ; v0 = v0
2m +3 ; : : : ; v0

0 suchthat theresultis a chainof length
2m + 4 with theG-variablesatbothendsandtheanswervariableexactly in themiddle
(any otherway to collapsemeansthatthereareno matches).There�exive loopsat the
endpointsof theresultingchainandat vans cansimply bedroppedsincewe work with
re�exive roles.Theresultingcycle-freequeriesareshown in themiddleandright part
of Figure2.

Note that themiddlequeryhasA i at bothendsof thechain,andtheright onehas
: A i at the ends.According to our above argumentation,the original queryqi

D ;c has
a matchin thegrid representationiff oneof thesetwo collapsingshasa match.Thus,
every match¼of qi

D ;c in the grid representationis suchthat ¼(v) and¼(v0) are(not
necessarilydistinct) instancesof G that agreeon the valueof A i . Informally, we say
thatqi

D ;c connectsG-nodesthathave thesameA i -value.

At this point, a technicalremarkis in order. Observe that thetwo relevantcollaps-
ings of qi

D ;c aresuchthat the nodesnext to the outernodesare labelleddually w.r.t.
A i comparedto theouternodes.This is anartifactof queryconstructionandcannotbe
avoided.It is the reasonfor introducingtheF -nodesinto our grid representation,and
for ensuringthatthey satisfyProperty(T1) from above.

Now setqcnt :=
S

i<m qi
D ;c : It is easyto seethatqcnt connectsG-nodesthathave

the sameA i -value, for all i < m. The query qcnt is almostthe desiredquery qD ;c .
Recallthatwe want to enforceCondition(¤) from above, andthusneedto talk about
tile typesin thequery. Thequeryqtile is given in the left-handsideof Figure3 for the
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Fig.3. Thequeryqtile (left) andoneof its collapsings(right).

caseof threetiles, i.e.,T = f 0; 1; 2g. In general,for T = f 1; : : : ; k ¡ 1g, wede�ne

qtile :=
[

i<k

f s(wi; 0; wi; 1); : : : ; s(wi; 2m +2 ; wi; 2m +3 );
s(wans; wi;m +1 ); s(wans; wi;m +2 );
s(v; wi; 0); s(v0; wi; 2m +3 );
D i (wi; 0); D i (wi; 2m +3 )g

[
[

i<j <k

f s(wi; 0; wj ;0); s(wi; 2m +3 ; wj ;2m +3 )g

[ f G(v); G(v0)g

Observe thatqcnt andqtile sharethevariablesv, v0, andvans. Also observe thatqtile is
verysimilarto thequeriesqi

D ;c , themaindifferencebeingthenumberof verticalchains.
Whereasthequeriesqi

D ;c havetwo collapsingsthatarecycle-freeandcanhavematches
in thegrid representation,qtile hask¢(k¡ 1) suchcollapsings:for all i; j 2 T with i 6= j ,
thereis acollapsingintoalinearchainof length2m+ 4 whoseendnodesarelabelledD i

andD j . An exampleof suchacollapsingis presentedontheright-handsideof Figure3.
The argumentsfor how to obtainthesecollapsingandwhy othercollapsingshave no
matchesin the grid representationarevery similar to the line of argumentationused
for qi

D ;c . We only give a brief walkthrough.First, thecycle v; w0;0; : : : ; wk ¡ 1;0 canbe
eliminatedby identifyingv with oneof thewi; 0. Notethatwecannoteliminatethecycle
by identifyingall of w0;0; : : : ; wk ¡ 1;0, becausethentherewouldbenomatchin thegrid
representation.Similarly, thecycle v0; w0;2m +3 ; : : : ; wk ¡ 1;2m +3 canbeeliminatedby
identifying v0 with oneof thewi; 2m +3 . We canshow that i 6= j by analyzingthe two
casesof vans beingidenti�ed with wi;m +1 or wi;m +2 . In the�rst case,thereis nomatch
in the grid representationbecausethe path from v to wi;m +1 is too short,and in the
secondcasethesameholdsfor thepathfrom wi;m +2 to v0. Thus,i 6= j is shown. Also



becauseof pathslengths,we have to identify vans with vi;m +1 andvj ;m +2 . Next, we
considerthe cycle v = wi; 0; : : : ; wi; 2m +3 ; v0 = wj ;2m +3 ; : : : ; wj ;0. As in the caseof
qi

w , thereis only oneway to eliminatethiscyclesuchthattheresultis achainof length
2m + 4 with theG-variablesatbothendsandtheanswervariableexactly in themiddle,
andany otherway to collapsemeansthatthereareno matches.It remainsto eliminate
thecyclesv = wi; 0; : : : ; wi; 2m +3 ; v0; w`; 2m +3 ; : : : ; w`; 0 with ` 6= j . Whatis important
hereis thatwe have to identify wi; 1 with w`; 0 andwi; 2m +3 with w`; 2m +3 . This is the
casesincethe alternative (identifying wi; 0 with w`; 0 or v0 = 2j ;2m +2 with w`; 2m +3 )
leadsto a variabelabelledwith G, D ` , andD i (resp. D j ), andthusthereis no match.
Oncethesetwo identi�cations have beendone,thereis morethanoneway to identify
theremainingnodesonthementionedcycle,but theresultingqueryis alwaysthesame.

In summary, it is not hardto seethatqtile connectsthoseG-nodesthatarelabelled
by differenttile types.Observe thatwe needproperty(T2) for this queryto matchat
all.

Now, the desiredqueryqD ;c is simply the union of qcnt andqtile . From what was
alreadysaidaboutqcnt andqtile , it is easilyderived that qD ;c doesnot matchthe grid
representationiff Property(¤) is satis�ed.It is possibleto show thatthereis a solution
for D andc iff (; ; A D ;c ) 6j= qD ;c . We have thusprovedthatrootedqueryentailmentin
ALCI is co-NEXPTIME-hard.A matchingupperboundcanbe obtainedby adapting
thetechniquesin [6]. Moredetailsaregivenin thefull versionof thispaper.

Theorem1. Rootedqueryentailmentin ALCI is co-NEXPTIME-complete. Thisholds
evenw.r.t. knowledge basesin which theTBoxis emptyandtheABoxis a singleton.

4 BooleanQuery Entailment in ALC I is 2-EXPTIME-complete

If we drop the requirementthat queriesareconnectedor that they have at leastone
answervariable,queryentailmentin ALCI becomes2-EXPTIME-complete.An upper
boundcanbetakene.g.from [6]. Thelowerboundcanbeprovedby a reductionof the
wordproblemof exponentiallyspaceboundedalternatingTuringmachines(ATMs) [4].
Becauseof spacelimitations,we canonly give a very roughsketchof this resulthere.
Moredetailscanbefoundin theextendedversionof thispaper[10].

The main ideais to representeachcon�guration of an ATM by the leafsof a tree
of depthn, very similar to thegrid representationin Section3. Thetreesrepresenting
con�gurationsaretheninterconnectedto a treerepresentingthe computation.This is
illustratedin Figure4, whereeachof theTi is a treeof depthn that is built usingthe
role names. The leafsof eachTi representa con�guration.The treeT1 representsan
existentialcon�guration,andthushasonly onesuccessorcon�guration,which is rep-
resentedby T2 andconnectedvia thesamerolenames alsousedinsidetheTi trees.In
contrast,thetreeT2 representsa universalcon�gurationwith two successorcon�gura-
tionsT2 andT3. Thecrucialpoint in thereductionis to relatethecontentof tapecells
in onecon�guration to thecontentof thecorrespondingcells in thesuccessorcon�g-
urations.In principle, this is achieved usingqueriesthat arevery similar to the query
qD ;c employedin theprevioussection.A few additionaltechnicaltricks areneededto
achieve directedness(i.e., talking only aboutsuccessorcon�gurations,but not about
predecessorcon�gurations)sincewework with symmetricroles.
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Fig.4. RepresentingATM computations.

Theorem2. Queryentailmentin ALCI is 2-EXPTIME-complete. Thisholdsevenfor
querieswithout answervariablesand w.r.t. knowledge basesin which the ABox is a
singleton.

5 Conclusion

We have shown that in the presenceof inverseroles,conjunctive queryansweringis
computationallymorecostlythaninstancechecking.A CorrespondingNEXPTIME up-
perboundfor Theorem1 andcontainmentof conjunctivequeryentailmentin EXPTIME

for ALC will be shown elsewhere.As (almost)remarked by a reviewer, the proof of
Theorem2 caneasilybeadaptedto rootedqueryentailmentif transitive rolesandrole
hierarchiesarepresent.Detailson thiswill alsobegivenelsewhere.
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A From ALC rs to ALC I without TBoxes

We show thatrootedqueryentailmentin ALC rs w.r.t. theemptyTBox canbepolyno-
mially reducedto rootedqueryentailmentin ALCI w.r.t. theemptyTBox.

As alreadyexplained,the main ideabehindthe reductionis to replaceeachsym-
metric role r with the compositionof r ¡ and r . Let A be an ALC rs ABox and q a
conjunctive query. We assumew.l.o.g. that all conceptsin A are in negation normal
form (NNF), i.e., that negation is appliedonly to conceptnames.Let Ind(A) denote
thesetof all individual namesoccurringin A , rol(A ) bethesetof role namesusedin
A , andlet rol(q) be de�ned analogously. Fix a freshconceptnameR. Intuitively, the
purposeof R is to distinguish“real” domainelementsfrom theauxiliaryonesthatserve
asintermediatepointsin thecompositionof r ¡ andr . Also, de�ne X asanabbrevia-
tion for u r 2 rol(A ) [ rol(q) 9r ¡ :> . We will enforcethatX is satis�ed by all relevant real
individuals,thusachieving re�exivity.

We now presentthedetailsof thereduction.For eachconceptC in NNF, let ±(C)
denotetheresultof replacing

– everysubconcept9r:C with 9r ¡ :9r:(C u R u X ), and
– everysubconcept8r:C with 8r ¡ :8r:C;

Now de�ne anALCI ABox A 0 andaqueryq0 by manipulatingA andq asfollows:

1. replaceeveryconceptassertionC(a) 2 A with ±(C)(a);
2. for all a 2 Ind(A), addaconceptassertionR u X (a) to A ;



3. replaceevery role assertionr (a;b) 2 A with r (c;a) andr (c;b), wherec is a fresh
individualname;

4. for everyvariablev in q, addR(v) to q;
5. replaceevery roleatomr (v; v0) 2 q with r (v¤; v) andr (v¤; v), wherev¤ is a fresh

variable.

Thefollowing lemmashows thatour reductionis correct.

Lemma 2. A 6j= q iff A 0 6j= q0.

Proof. “ ) ”. If A 6j= q, thenthereis a modelI of A suchthat I 6j= q. De�ne a model
I 0 asfollows:

– ¢ I 0
= ¢ I [ f xd;r ;e j r 2 rol(A ) [ rol(q) and(d;e) 2 r I g;

– r I 0
= f (xd;r ;e ; d); (xd;r ;e ; e) j (d;e) 2 r I g

– A I 0
= A I for all conceptnamesA exceptR;

– RI 0
= ¢ I ;

– aI 0
= aI for all a 2 Ind(A);

– if c wasintroducedinto A 0 to split theassertionr (a;b) 2 A , setcI 0
= xa I ;r ;bI .

It is readilycheckedthatI 0 is a modelof A 0. In particular, X I 0
= ¢ I 0

sincerolesare
interpretedre�exively in I . Furthermore,sinceI 6j= q, wehaveI 0 6j= q0: supposeto the
contrarythat I 0 j= ¼ q0 for somematch¼. Sinceq0 containsthe atomR(v) for every
variablev 2 Var(q), wehave¼(v) 2 ¢ I for all v 2 Var(q). Let ¼0 betherestrictionof
¼to thevariablesin Var(q). It is readilycheckedthatI j= ¼0

q, whichis acontradiction.

“ ( ”. If A 0 6j= q0, thenthereis amodelI 0 of A 0 suchthatI 0 6j= q0. De�ne amodelI as
follows:

– ¢ I = (R u X ) I 0
;

– r I = f (d;e) j 9f :(f ; d) 2 r I ^ (f ; e) 2 r I g;
– A I = A I 0

\ ¢ I ;
– aI = aI 0

for all a 2 Ind(A).

Observethatr I is re�exive(dueto thechoiceof ¢ I asasubsetof X I ) andsymmetric.
Also observe that the interpretationof the individual namesis well-de�ned: sinceA 0

containsR u X (a) for all a 2 Ind(A), aI 0
2 ¢ I . SinceI 0 6j= q0 andit is easilyseen

thatI j= q would imply I 0 j= q0, we have I 6j= q. It remainsto show thatI is a model
of A . This is aconsequenceof thefollowing claim,which is easilyprovedby induction
on thestructureof C.

Claim. For all d 2 ¢ I andall C 2 sub(A), d 2 ±(C) I 0
impliesd 2 C I .

Weonly do thetwo interestingcases.

– Let C = 8r:D . Then±(C) = 8r ¡ :8r:±(D). Let (d;e) 2 r I . We have to show that
e 2 D I . Since(d;e) 2 r I , by de�nition of I wehave (d;e) 2 (r ¡ )I 0

± r I 0
. Since

d 2 ±(C)I 0
, wehave e 2 D I 0

andit remainsto applytheinductionhypothesis.
– Let C = 9r:D . Then±(C) = 9r ¡ :9r:(±(D) u R u X ). Sinced 2 ±(C) I 0

, thereis
ane 2 ¢ I 0

suchthat(i) (d;e) 2 (r ¡ )I 0
±r I 0

and(ii) e 2 (±(D)u Ru X ) I 0
. By (ii),

d 2 ¢ I . By (i) andde�nition of I , (d;e) 2 r I . By (ii) andinductionhypothesis,
d 2 D I andwearedone.

o


