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Abstract.  In this paper, we contin ue the recertly started work on inte-
grating action formalisms with description logics (DLs), by investigating
planning in the context of DLs. We prove that the plan existence prob-
lem is decidable for actions described in fragments of ALC QI O. More
precisely, we show that its computational complexity coincides with the
one of projection for DLs between ALC and ALCQI O.

1 Intro duction

The ideato investigateaction formalisms basedon description logicswasinspired
by the expressivity gap between existing action formalisms: they were either
based on FO logic and undecidable, like the Situation Calculus [12] and the
Fluent Calculus [14], or decidablebut only propositional.

First results on integrating DLs with action formalisms from [2] show that
reasoningremains decidableeven if an action formalism is basedon the expres-
sive DL ALCQI O. In [2], ABox assertionsare used for describing the current
state of the world, and the pre- and post-conditions of actions. Domain con-
straints are captured by acyclic TBoxes, and post-conditions may corntain only
atomic concept and role assertions. It is shawvn in [2] that the projection and
executability problem for actions canbe reducedto standard DL reasoningprob-
lems. Further papersin this line [11,10] treat the problem of computing ABox
updates and the rami cation problem induced by GCls.

Howevwer, in the mentioned DL-action-framework, planning, an important
reasoningtask, has not yet been considered. Intuitiv ely, given an initial state
A, nal statej and a nal setof actions Op, the plan existene problem is the
following: \is there a plan (a sequenceof actions from Op) which transforms A
into j ?". It is known that, already in the propositional case,planning is a hard
problem. For example, the plan existence problem for propositional STRIPS-
style actions is PSpace-complete [5, 7].

The planning problem in DL action formalisms is not only interesting from
the theoretical point of view. It is well known that web ontology languagesfor
the Semartic Web are basedon description logics; thus actions described in DLs
can be viewed as simple semariic web services.In this context, planning is a
very important reasoningtask asit supports, e.g., web service discovery which
is neededfor an automatic serviceexecution.



This paper is, to our best knowledge, the “rst try to formally de ne the
planning problem in the context of description logics. It is basedon the action
formalism from [2]. We investigate the computational complexity of the plan
existenceproblem for the description logics\b etween" ALC and ALCQI O. We
show that, in these logics, the plan existenceproblem is decidable, and of the
same computational complexity as projection. In the last section we discuss
possibleways of developing practical planning algorithms for DLs.

2 Preliminaries

In this paper we will use a slightly modi ed version of the action formalism
from [2]. We disallow occlusions,a sourceof a limited non-determinism in [2].
Moreover, we intro duce parameterisedactions (operators). The formalism is not
restricted to a particular DL, but for our complexity results we will considerthe
DL ALCQI O and its fragmerts. We refrain from introducing the syntax and
semartics of ALCQI O in full detail, referring instead to [1].

We give only the de nition of ABoxes,asit slightly di®ersfrom the onefrom
[1]. An ABox assertion is of the form C(a), r(a;b), or : r(a;b) where a;b are
individual names,C is a concept,and r a role name. An ABox is a nite set of
ABox assertions.

The main ingredients of our framework are operators and actions (as de ned
below), ABoxes for describing the current knowledge about the state of a®airs
in the application domain, and acyclic TBoxesfor describing generalknowledge
about the application domain similar to state constraints in the SitCalc and
Fluent Calculus.

De nition 1 (Action, operator). Let Nx and N, be disjoint and countably
in nite sets of variables and individual names Moreover, let T be an acyclic
TBox. A primitiv e literal for T is an ABox assertion

A(a);: A(a);r(a;b); or : r(a;b)

with A a primitive concept namein T, r arole name,and a;b2 N,. An atomic
atomic ® = (pre; post) for T consists of

{ a nite setpre of ABox assertions, the pre-conditions;
{ a nite setpostof conditional post-conditions of the form '=A , wher ' is
an ABox assertion and A is a primitiv e literal for T.

for T.
An operator for T is a parametrised atomic action for T, i.e., an action in
which de nition variablesfrom Ny may occur in place of individual names.

We call post-conditions of the form > (t)=A unconditional and write just A
instead.



Applying an action changesthe state of a®airs,and thus transforms an inter-
pretation | into aninterpretation |  Intuitiv ely, the pre-conditions specify under
which conditions the action is applicable. The post-condition '=A says that, if
' is true in the original interpretation |, then A is true in the interpretation | °
obtained by applying the action.

De nition 2. Let T be an acyclic TBox, ® = (pre; post) an atomic action for
T, and | ;1 © models of T respecting the unique name assumption (UNA) and
sharing the same domain and interpretation of all individual names. We say
that ® may transform |1 to 1°(1 ) I 19 i®, for each primitive concept A and
role namer, we have

Al’:= (Al [ fa j'=A(a)2 postand| E ' g)n
fa j'=:A(a)2 postand!| F'g
r'®= (' [ f@;0)]j'=r (a;b) 2 postand | E ' g)n
f(a;0)j'=:r(ajb 2 postand! F ' g

Note that this de nition doesnot chedk whether the action is indeed executable,
i.e., whether the pre-conditions are satis ed. It just says what the result of
applying the action is, irrespective of whether it is executableor not. Sincewe
use acyclic TBoxesto describe background knowledge, there cannot exist more
than onel ®such that | ) [ 19 Thus, actions are deterministic.

Like in [2], we assumethat actions ® = (pre; post) are consistent with T in
the following sense:for every model | of T, there exists| ©, sucdhthat 1 ) T 1°
It is not dicult to seethat this is the casei® f' 1=A;' ,= Ag p post implies
that the ABox f' 1;' »gisinconsistert w.rt. T.

Two standard reasoningproblemsabout actions, projection and executability,
are thoroughly investigated in [2] in the context of DLs. Executability is the
problem of whether an action can be applied in a given situation, i.e. if pre-
conditions are satis ed in the states of the world consideredpossible.

are true for all models| of A and T:

{ | Fpre

Projection is the problem of whether applying an action achieves the de-
sired e®ect,i.e., whether an assertionthat we want to make true really holds
after executing the action. Formally,the assertion' is a consejuene of applying
®;::: @, in A wrt T i®for all modelsl of A and T and for all | © with
1) &m0, | & wehavel OF



In [2] it was shown that projection and executability are decidable for the
logics between ALC and ALCQI O. More precisely projection in L can be re-
duced to (in)consistency of an ABox relative to an acyclic TBox in LO. The
following theorem from [2] statesthat upper complexity bounds obtained in this
way are optimal:

Theorem 1. ([2]) Projection and executability of composite actions are:

(a) PSpace-completein ALC,ALCO,ALCQ, and ALCQO;
(b) ExpTime -completein ALCI and ALCI O;
(c) co-NExpTime -completein ALCQI and ALCQI O.

Looking carefully at the reduction of projection in L to ABox inconsistency
in LO from [2, 3], we concludethat the upper complexity boundsfrom Theorem
1 hold even for the \stronger" projection problem, namely the one where the
assertion' is a disjunction of ABox assertions.We will needthis strengthened
complexity result in the coming sections.

3 Planning problem

We cortinue by de ning the plan existence problem in our framework. As in
the previous section, we do not 'x the DL, but assumeit to be a sublogic of
ALCQI O.

First we introduce a bit of notation. If o is an operator (for a TBox T), we
usevar(0) to denotethe set of variablesin 0. A substitution v for o is a mapping
v:var(o)! N;. An action ®that is obtained by applying a substitution v to ois
denotedas® := o[v]. Intuitiv ely, the plan existenceproblem is: given an acyclic
TBox T which describesthe badkground knowledge,ABoxesA and j describing
respectively the initial and the goal state, and a set of operators Op, is there a
plan (sequenceof actions obtained by instantiating operators from Op) which
"transforms"” A into j ?

In this paper, we assumethat operators can be instantiated with individuals
from a nite setInd % N,. Moreover, we assumethat T, A and j cortain only
individuals from Ind (we say that they are basedon Ind). For an operator o, we
setolnd] ;= fo[v]j v :va(o) ! Indg and for Op a set of operators, we set
Op[Ind] := fo[l nd] j 02 Opg. In the following de nition, we formally introduce
the notion of a planing task:

Denition 3 (Planning task). A planningtaskis atuple} = (Ind;T;Op;A;j ),
where

{ Indis a nite setof individual names;

{ T is an acyclic TBox haseal on Ind;

{ Opis a nite setof atomic operators for T}
{ A (initial state) is an ABox basal on Ind;

{ i (goal) is an ABox hased on Ind.



A plan in | is a composite action ® = ®y;:::;®, suchthat ® 2 OpInd],
i=1:k. Aplan®= ®y;:::;® in | is a solution to the planning task | i®:

1. ®is executablein A w.r.t. T; and
2. for all interpretations | and | ®suchthat | F A;T and!l ) § 19 it holds
that | O j .

Two common planning problems, PLANEX and PLANLEN, c.f. [7], are de-
“ned below:

De nition 4 (Planning problems). Plan existenceproblem (PLANEX) : Does
a given planning task | havea solution?

Bounded plan existenceproblem (PLANLEN) : For a planning task| and a
natural number n, is there a plan of length at most 2" which is a solution to | ?

4 Complexit y of planning

In this section, we will presen a decisionprocedurefor the plan existenceprob-
lem. It turns out that PLANEX is not more ditcult, at least in theory, than
projection in the DLs from Theorem 1.

In what follows, for the sake of simplicity we assumethat T = ;. It is not
dixcult to shaw that the complexity results form this sectionhold in the caseof
non-empty acyclic TBoxes.

Obviously, the plan existence problem is closely related to projection and
executability. First we introducesomenotation. Let A be an ABox, ® a (possibly
composite) action, and' an ABox assertionor a disjunction of ABox assertions.
We will write A® ' i®"' is a consequencef applying ® in A. For an ABox
B, we write A® = Bi® A® ' forall' 2 B.

Let | = (Ind;;;Op;A;j) be a planning task. for which we want to decide
if it has a solution. This meansthat we want to ched if there is a sequence
of actions from Op[Ind] which transform the initial state (described by A) into
the goal state (described by j ). In the propositional case,planning is based
on step-wise computation of the next state { which corresponds to computing
updated ABoxes. However, in [11], it is shavn that an updated ABox may be
exponertially large in the sizeof the initial ABox and the update, which makes
this approac unsuitable. We baseour approach in this paper on the following
obsenation: possible worlds obtained by applying (composite) actions in the
initial world A canbeimplicitly described by A together with the list of applied
atomic changes (intuitiv ely, this is an accurrulated list of the triggered post-
conditions).

We de ne the set of possible(negated) atomic changesas:

L:=fA;: Aj'=A 2 ®®2 Op[Indlg

An update for | is a consistert subsetof L. Let U be a set of all updates
for | . Then U is our seard space,the size of which jUj is exponertial in the



sizeof jLj (and | ). Fora U 2 U, weset:U = f. | j | 2 Ug. Intuitiv ely,
Up := fl 2 L jA F Igrepreserts the initial state, and all updatesU 2 U suc
that AY F | represen goalsstates'.

In the next step, we de ne the transition relation \! ®A" between updates.
Let U and V be two updates. For ® = (pre; post), we say that U ! ®A V i®:

@i AY F pre W
(i) V= (Un: postd)[ posty, whereposts = fAjAY 'g
'=A 2 post

Obviously, the relatior®1\! ®A " isapartial function for every ®. In the following
lemma, we shaw that \! 5" simulates\) g"? on the level of updates.

is exeutablein A;
(b) Let U¢ be de'ned asin (a). Then for all interpretations | ;1 °suchthat | F
A, wehavethat | ) @@, 12I®1 ) y, 1°

Proof. Proof by induction on k. For k = O, trivially true. Assumethat the claim
holds for k = m, and let us prove that it implies the samefor k = m + 1.
(a) follows directly from the point (i) of the de nition of (?m A . As for (b), let
-@m 4. | % The latter holds i® there exists | “such that
) epe, 1%%and1%) g . 1% By LLH., we have that for | E A it holds

e, 1@ 1) y, 1% Finally, the point (i) of the denition of
P A implies that there exists | ©such that | ) y, 1%and 1%) g, ., 1%i®
) u, | %andl %) I % It is not dixcult to seethat the latter holds i®

U
poster |,
I ) Um 41 e

We now present a procedure which decidesif a state V 2 U is reactable
from U 2 U by executing a sequenceof actions from Op[Ind] (an adaption of the
reachability algorithm from [13]). Sincethe seard spaceU is of size3%(< 24,
there is no needto chedk for the existenceof longer paths.

reachable (| ;U;V)
if path (} ;U;V;jLj)
then return TRUE
return FALSE

path (! ;U;V;i) chedks if V is reachable from U by a path of length at most 2':

! Starting from here, we will sometimeswrite U as short for the action (;;U). Please
note that AY £ ' is only an abbreviation for \' is a consequenceof applying (; ;U)
in A", and doesnot imply computing the update of the ABox A with U asin [11].

2) @ isshort for ) &



path( | ;U;V;i)
if (i=0and (U= V orone_step(] ;U;V)))
then return TRUE
for all (W 2 U)
if (path (} ;U;W;ij 1) andpath (; ;W;V;ij 1))
then return TRUE
return FALSE

The predicate one _step (} ;U;V) cheds if V can be reached from U in exactly
one step by applying an action ® 2 Op[Ind].
one_step (] ;U;V)
for all ®2 Op[Ind]
it (U!®% V)
then return TRUE;
return FALSE;

Lemma 2. Let}; = (Ind;T;Op;A;j ) beaplanning taskandlet Uy := fl 2 L j
A F Ig. Then! hasa solution i® there existsan U, 2 U suchthat AY E j
and reachable (| ;Up; U, ) returns TRUE.

Proof. \) " Let the plan ®;:::;® be a solution to | sud that k < 2 .

This meansthat (i)®;:::;® is executablew.r.t. A and (i) A®®x | . By
Lemma 1 (a), there exist unique U;, 1 - i - k, such that Uy !®h U, ¢og!® * Uk.
Thus, reachable( Uo,Uk) returns TRUE Let U = U. By Lemma 1 (b), we

TRUE. Then there exists a sequenceof actions ®;;:::;® sud that Ug ! .®
U, ¢ec! kA Uk(— U, ). By Lemmal, we have that ®1 """ ., ® is executablew.r.t.

The previous lemma tells us that the plan existenceproblem can be decided
by cheding if reachable (Up; Ug ;| ) returns TRUE for some nal state Ur 2
U. If one_step could be decidedin a constart time, reachable would require
PSpace. Howewer, one _step relieson polynomially many projection calls, which
meansthat both one _step and reachable belongto the samecomplexity class
as projection in DLs from Theorem 1, i.e. they are in PSpace (ExpTime , co-
NExpTime ) if projection is in PSpace (ExpTime , co-NExpTime ).

(i) If projection is in PSpace, then we can decide the plan existenceproblem
in PSpace: obviously, guessinga state (update) Ug from U, and cheding
whether AYF = | and reachable (Up; Ug ;! ) returns TRUE, can be done
in NPSpace. Finally, we use the result by Savitch [13] that PSpace =
NPSpace.

(i) If projection is in ExpTime (co-NExpTime ), then we can ched for all U
from U, if AY E ; and reachable (Uy; Ur;! ) returns TRUE. SinceU is



exponertially bigin the sizeof} , plan existenceproblem canthusbe decided
in ExpTime (co-NExpTime ).

We obtained the following lemma:

Lemma 3. LetL 2 fALC ;ALCO;ALCI ;ALCQ;ALCI O;ALCQO;ALCQI;
ALCQI Og. The plan existene problemin L has the same upper complexity
bound as projection in L.

We show that the upper complexity bounds establishedin Lemma 1 are
tight by the following easy reduction of projection to PLANEX. Let A be an
ABox, ® an action without pre-conditions and only with unconditional post-
conditions, and ' an assertion.We de ne the planning task j o.e aSjae' =
(;:::f®g A;f' g). It isnot dixcult to seethat A® £ ' i®ja@ hasasolution.

Since the lower bounds for projection from Theorem 1 hold already in the
caseof the empty TBox and an atomic action with no pre-conditions and no
occlusions and only with unconditional post-conditions [2], we conclude that
the complexity bounds from Lemma 1 are optimal, i.e., plan existenceproblem
is of exactly the same computational complexity as projection. Moreover, the
afore preserted reduction implies that the samehardnessresults hold for the the
bounded plan existenceproblem.

Theorem 2. The planning problemsPLANEX and PLANLEN are:

(a) PSpace-completein ALC, ALCO, ALCQ, and ALCQO;
(b) ExpTime -completein ALCI and ALCI O;
(c) co-NExpTime -completein ALCQI and ALCQI O.

5 Extended Planning

The previous decidability and complexity results are obtained under assumption
that the set of individuals Ind usedto instantiate operators is "nite and a part
of the input. This assumptionis rather natural and in the line with the standard
de nitions of planning tasks for STRIPS operators from [5, 7]. Intuitiv ely, Ind is
a set of individuals the planning agert has cortrol over.

Alternativ ely, one can omit individuals from the input and de ne a planning
task | as| = (T;O0p;A;j). The extendel plan existen@ problem is the one
of whether there is a solution for | , de ning a plan for | to be a sequenceof

Op with individuals from an in nitely countable set N,.
The extended planning raisesnew interesting questions:

Q1 In order to solve | , do we have to usein nitely many individuals?
Q2 If the number of neededindividuals can be showvn to be boundedby f (j; j),
is f a polynomial (exponertial, double-exponertial,...) function?



In the caseof the datalog STRIPS, it is shown that the extendedplan exis-
tence problem is undecidable[7,6]. However, this undecidabilty result does not
automatically carry over to the action formalism usedin this paper. Indeed, the
undecidability result from [7, 6] relies on the closedworld assumption and nega-
tiv e pre-conditions. By using thesetwo, one can de ne operators which are appli-
cableonly if instantiated with \un used" individuals. Suc operators would have
: Usedx) amongits pre-conditions, and Usedx) in the list of post-conditions.
Lik e this, one can enforcea usageof in nitely many individuals.

In the caseof DLs consideredin the previous sections,due to the openworld
assumption, it is not possibleto state that all individuals not appearing in the
initial ABox are instancesof the concept: Used

Howevwer, in the presenceof the universal role U, we can make assertions
over the whole domain. For example,the assertion8U:: Useda) can ensurethat
all element domains are unusedin the initial state. We will show that extended
planning in ALCy (extension of ALC with the universal role) is undecidable.
Undecidability us shavn by reducing the halting problem of a deterministic
Turing macdhine to the extended plan existenceproblem, similar to [6].

Let M = (Q; 8 ;% ;¢ ) be a deterministic Turing machine, where

{Q=f

{ 8 = fblanka;;:::;amg a nite alphabet;
{+£:Q£8! Q£ 8§ £ fL; Rgis atransition function;
{ @ is the initial state;

{ g 2 Qisthe nal state.

Let a= a,;:::a, 2 8" bean input word. We will de ne a planning task

i Maa = (0;OPy.aiAM:asim;a) Sud that a planner for | simulates moves of
the Turing Machine M .

Last M, Done and a role nameright. We de ne the initial state Ay .,, the goal
i M:a, and the set of operators Opy ., as:

[f right(to;t1);:::right(ty; 1;tk)g

i M:a = fDoNgto)g
Opy ., = fstart; createsucgx:y); dongx); doneto_left(x; y)g [
frightga.qon (X Y)91[ fleftgaqon(X; ¥)g
#(g;a)=( q%b;R) *(q;a)=( q%b;L)

where the single operators are de ned as follows:

start := (fM (to)g; f Usedto); :::; Usedty); Last(ty);: M (to); Qo(to)g)
createsucdx:y) = (fLast(x);: Usedy)g;

fright(x; y);: Last(x); Las(y); Usedy); Blank(y)g



fighty.aqen(X: ¥) == (FQ(a); A(X);right(x; y)g; f: Q(X);: A(x); B(x); QAy)g
leftyaqon(X: y) = (fQ(a); A(x); right(y; x)g; f: Q(x);: A(X); B (x); QAY)g
dongXx) := (f Qs (X)g; f Dong(x)Q)
doneto_left(x;y) := (f Dongx); right(y; x)g; f Dondy)Qg)

It is not ditcult to show that the following lemma holds:

Lemma 4. The Turing machine M halts for the input a i® there is a solution
to the planning task | m;a = (;;0Py .a;AMiasiMia)-

Thus, we obtained the following theorem:
Theorem 3. The extendel plan existen@ problemis undecidablein ALCy.

To conclude this section, we are leaving questionsQ1 and Q2 open for the
description logics between ALC and ALC QI O. We conjecture that, without the
universalrole, it is not possibleto enforceintro duction of an unbounded number
of individuals. It seemsto be ditcult evento enforcean exponertial number of
new individuals.

6 Conclusion and Future Work

In this paper, we have showvn that the planning problemsPLANEX and PLANLEN
are decidablein action formalisms basedon fragmens of ALCQI O. More pre-
cisely, both PLANEX and PLANLEN are of the samecomputational complexity
as projection in the logics between ALC and ALCQI O. It is a not dixcult to
show that the samecomplexity results apply to the unrestricted version of the
action formalism from [2], the one with occlusions.We conjecture that the ex-
tended plan existenceproblem for DLs without universalrole is also decidable,
but a proof is yet to be done.

A future work will include a dewvelopmen and implementation of excient
planners for description logics. Unfortunately, the complexity results we ob-
tained are quite discouraging. Even in the propositional case, planning is a
very hard combinatorial problem. An advantage in the propositional caseis
that, although PLANEX is PSpace-complete [5, 7], if we are only interested in
polynomial-length plans (which is the casein practice), then planning becomes
NP -complete.On the contrary, for DLs betweenALC and ALC QI O, looking for
polynomial-length plans is not easierthan PLANEX, sincethe hardnessresults
from Theorem 2 hold already for the plans of constart length. Thus it looks
reasonableto start with \small" DLs, like EL or EL() and try to adapt one
of the well-known strategiesfrom propositional planning: reduction to SAT [9];
planning basedon planning graphs[4]; or a combination of the previous two [8].

There seemto be two possiblemethods for reducing projection and planning
in EL to SAT. One would require "pre-computing” relevant consequence£(a)
of the initial ABox, where C(a) is relevant if C is a sub-conceptof the goal or



of the conceptsappearing in the pre-conditions, while the other one would use
propositional formulae to describe models of the initial ABox.
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