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1 Introduction

The majority of formalisms for distributed ontology integration based on the p2p archi-
tecture providemapping languagesable to express semantic relations between concepts
of different ontologies. These formalisms can express thata conceptC in Ontology 1 is
equivalent (less/more general than) a conceptD in Ontology 2 (see [13] for a survey).
Few mapping languages allow also to express semantic relations between properties [8,
6], and thus state that a relationR in Ontology 1 is equivalent (less/more general than)
a relationS in Ontology 2. These mappings, hereafter calledhomogeneous mappings,
are able to cope with a large, but not the totality of heterogeneities between ontologies.

Assume, for instance, that a knowledge engineer builds an ontology of family unions
containing the binary relationsmarriedWith andpartnerOf between two per-
sons. Suppose also that a second ontology engineer, asked todesign a ontology for the
same purpose, defines a conceptMarriage, whose instances are the actual civil or
religious marriages, and the conceptcivilUnion, whose instances are all the civil
unions. We can easily see that while the first ontology prefers to model unions as rela-
tions, the second represents them as concepts. Despite thisdifference of style in mod-
elling, the conceptMarriage and the relationmarriedWith represent the same (or
a very similar) real world aspect, and similarly withpartnerOf andcivilUnion.
To reconcile heterogeneous representations of this sort (which are instances of so-called
schematic differences. See [2]) we need a mapping language that allows to map con-
cepts of one ontology into relations of another ontology.

Motivated by these observations, we have illustrated in [9]the need of rich map-
ping languages that incorporate homogeneous andheterogeneous mappings, such as
mappings between concepts and relations. [9] contains a preliminary investigation on
how to define such rich mapping language in Distributed Description Logics (DDL)
[12], and [8] presents a logic and an algorithm for the representation and reasoning
with homogeneous mappings in DDL.

Here we address the task of representing and reasoning with both homogeneous and
heterogeneous mappings. In particular, we extend the semantics of DDL to deal with
heterogeneous mappings. The idea behind this is the abilityto relate triples of the form
〈object 1, relation name, object 2〉 in one ontology with objects in the domain of
another ontology. We provide a sound and complete axiomatization of the effects of all
mappings from a source ontology to a target ontology. This isthe crucial step towards
the axiomatization for an arbitrary network of ontologies as shown in [12].



2 A rich language for mappings

Distributed Description Logic (DDL) [12] is anaturalgeneralisation of the Description
Logic (DL) framework designed to formalise multiple ontologiespairwise linked by
semantic mappings. In DDL, ontologies correspond to description logic theories (T-
boxes), while semantic mappings correspond to collectionsof bridge rules(B).

Given a non empty setI of indexes, used to identify ontologies, let{DLi}i∈I be a
collection of description logics3. For eachi ∈ I let us denote a T-box ofDLi asTi. In
this paper, we assume that eachDLi is description logic weaker or at most equivalent to
ALCQIb, which corresponds toALCQI with role union, conjunction and difference
(see [15]). Because of lack of space, we omit the precise description of ALCQIb, and
we assume that the reader is familiar with DDL as described in[12].

We indicate with{Ti}i∈I a family of T-Boxes indexed byI. Intuitively,Ti is the DL
formalisation of thei-th ontology. To make every description distinct, we will prefix it
with the index of ontology it belongs to. For instance, the conceptC that occurs in the
i-th ontology is denoted asi : C. Similarly, i : C ⊑ D indicates that the axiomC ⊑ D

is being considered in thei-th ontology.
Semantic mappings between different ontologies are expressed via collections of

bridge rules. In the following we useA,B,C and D as place-holders for concepts
andR,S, P andQ as place-holders for roles. We instead useX andY to denote both
concepts and roles.

An homogeneous bridge rulefrom i to j is an expression defined as follows:

i : X
⊑

−→ j : Y (into bridge rule) (1)

i : X
⊒

−→ j : Y (onto bridge rule) (2)

whereX andY are either concepts ofDLi andDLj respectively, or roles ofDLi and
DLj respectively. Anheterogeneous bridge rulefrom i to j is as follows:

i : R
⊑

−։ j : C (role-into-concept bridge rule) (3)

i : R
⊒

−։ j : C (role-onto-concept bridge rule) (4)

i : C
⊑

−։ j : R (concept-into-role bridge rule) (5)

i : C
⊒

−։ j : R (concept-onto-role bridge rule) (6)

whereR is a role andC is a concept. Adistributed T-box(DTB) T = 〈{Ti}i∈I ,B〉
consists of a collection{Ti}i∈I of T-boxes, and a collectionB = {Bij}i6=j∈I of bridge
rules between them.

Bridge rules (3) and (4) state that, from thej-th point of view the roleR in i is less
general, resp. more general, than its local conceptC. Similarly, bridge rules (5) and
(6) state that, from thej-th point of view the conceptC in i is less general, resp. more
general, than its local roleR. Thus, the bridge rule

i : marriedInChurchWith
⊑

−։ j : Marriage

3 We assume familiarity with Description Logic and related reasoning systems,described in [1].



expresses the fact that, according to ontologyj, the relationmarriedInChurchWith
in ontologyi is less general than its local conceptMarriage, while

i : civilUnion
⊑

−։ j : partnerOf i : civilUnion
⊒

−։ j : partnerOf

say that, according to ontologyj, the conceptcivilUnion in ontologyj is equivalent
to its local relationpartnerOf.

In this paper we require that for every (into or onto) bridge rule between rolesi :
P −→ j : R in Bij , alsoi : inv(P ) −→ j : inv(R) is in Bij (whereinv(X) is the
inverse ofX). This to simplify the notation of the rules defined in Section 3.

The semantic of DDL assigns to each ontologyTi a local interpretation domain.
The first component of an interpretation of a DTB is a family ofinterpretations{Ii}i∈I ,
one for each T-boxTi. EachIi is called alocal interpretationand consists of apossibly
emptydomain∆Ii and a valuation function·Ii , which maps every concept to a subset of
∆Ii , and every role to a subset of∆Ii ×∆Ii . The interpretation on the empty domain is
used to provide a semantics for distributed T-boxes in whichsome of the local T-boxes
are inconsistent. The reader interested in this aspect of DDL can refer to [12].

The second component of the DDL semantics are families of domain relations. Do-
main relations define how the different T-box interact and are necessary to define the
satisfiability of bridge rules.

Definition 1. A domain relationrij from i to j is a subset of∆Ii ×∆Ij . We userij(d)
to denote{d′ ∈ ∆Ij | 〈d, d′〉 ∈ rij}; for any subsetD of ∆Ii , we userij(D) to denote
⋃

d∈D rij(d); for any R ⊆ ∆Ii × ∆Ii we userij(R) to denote
⋃

〈d,d′〉∈R rij(d) ×

rij(d
′).

A domain relationrij represents a possible way of mapping the elements of∆Ii

into its domain∆Ij , seen fromj’s perspective. The domain relation is used to interpret
homogeneous bridge rules.

Definition 2. The domain relationrij satisfies a homogeneous bridge rule w.r.t.,Ii and
Ij , written as〈Ii, rij , Ij〉 |= br, when

〈Ii, rij , Ij〉 � i : X
⊑

−→ j : Y if rij(X
Ii) ⊆ Y Ij (7)

〈Ii, rij , Ij〉 � i : X
⊒

−→ j : Y if rij(X
Ii) ⊇ Y Ij (8)

whereX andY are either two concepts or two roles.

Domain relations do not provide sufficient information to interpret heterogeneous
mappings. Intuitively, an heterogeneous bridge rule between a relationR and a con-
cept C connects a pair of objects related byR with an object which is inC. This
suggests that, to evaluate heterogeneous bridge rules fromroles in i to concepts inj
we need a relation that maps triples of the form〈object 1, relation name, object 2〉
from ontologyi into objects of∆Ij . As an example we would like to map the triple
〈John, marriedWith, Mary〉 of the first ontology into the marriagem123 of the sec-
ond ontology, with the intuitive meaning thatm123 is the marriage which correspond
to the married couple composed ofJohn andMary. We first formally introduce the
triples〈object 1, relation name, object 2〉 for a given ontologyi.



Given a local interpretationIi we consider the set of triples “induced” by the inter-
pretation as the set ofadmissible triplesΣIi . LetIi be a local interpretation

〈

∆Ii , ·Ii

〉

for DLi, andR be the set of all atomic relations relations ofDLi. We indicate withΣIi

the set of all triples〈x1,X, x2〉 such thatx1, x2 ∈ ∆Ii ; X ∈ R; and(x1, x2) ∈ XIi .
Intuitively, 〈John, marriedWith, Mary〉 is an admissible triple inΣIi if John is

married withMary, or more formally if the pair(John, Mary) belongs to the interpre-
tation ofmarriedWith in Ii.

Definition 3. A concept-role domain relationcrij from i to j is a subset of∆Ii ×ΣIj .
A role-concept domain relationrcij from i to j is a subset ofΣIi × ∆Ij .

The domain relationrcij represents a possible way of mapping pairs ofRIi into ele-
ments ofCIj , seen fromj’s perspective. Concept-role and role-concept domain rela-
tions are used to interpret heterogeneous mappings.

Definition 4. Therole-concept domain relationrcij satisfies a role-(into/onto)-concept
bridge rule w.r.t.,Ii andIj , written〈Ii, rcij , Ij〉 |= br, when

1. (Ii, rcij , Ij) |= i : R
⊑

−։ j : C if for all (x1, x2) ∈ RIi and for all pairs
((x1,X, x2), x) ∈ rcij with XIi ⊆ RIi , we have thatx ∈ CIj

2. (Ii, rcij , Ij) |= i : R
⊒

−։ j : C if for all x ∈ CIj there is a pair((x1,X, x2), x) ∈
rcij , such thatXIi ⊆ RIi .

Theconcept-role domain relationcrij satisfies a concept-(into/onto)-role bridge rule
w.r.t.,Ii andIj , written〈Ii, crij , Ij〉 |= br, when

3. (Ii, crij , Ij) |= i : C
⊑

−։ j : R if for all x ∈ CIi , and for all pairs(x, 〈x1,X, x2〉) ∈
crij , it is true thatXIj ⊆ RIj ;

4. (Ii, crij , Ij) |= i : C
⊒

−։ j : R if for all (x1, x2) ∈ RIj there is a pair
(x, 〈x1,X, x2〉) ∈ crij , such thatXIj ⊆ RIj andx ∈ CIi .

Satisfiability of a role-into-concept bridge rule forces the role-concept domain rela-
tion crij to map pair of elements(x1, x2) which belong toRIi into elementsx in CIj .
Note that, from the definition of role-concept domain relation two arbitrary objectsy1

andy2 could occur in a pair(〈y1,X, y2〉 , y) with X different fromR itself but such
thatXIi ⊆ RIi , Thus also this pair(y1, y2) belongs toRIi and we have to force alsoy
to be inCIj . In other words, we can say that satisfiability of a role-into-concept bridge
rule forces the role-concept domain relation to map pairs ofelements(x1, x2) which
belong toR, or to any of its atomic subrolesX, into elementsx in CIi .

A distributed interpretationI of a DTBT consists of the 4-tuple

〈{Ii}i∈I , {rij}i6=j∈I , {crij}i6=j∈I , {rcij}i6=j∈I〉 .

I satisfiesthe elements of a DTBT if, for every i, j ∈ I:

1. I � i : A ⊑ B, if Ii � A ⊑ B

2. I � Ti, if I � i : A ⊑ B for all A ⊑ B in Ti

3. I � Bij , if



– 〈Ii, rij , Ij〉 satisfies all the homogeneous bridge rules inBij ,
– 〈Ii, crij , Ij〉 satisfies all the concept-to-role bridge rules inBij ,
– 〈Ii, rcij , Ij〉 satisfies all the role-to-concept bridge rules inBij

4. I � T, if for every i, j ∈ I, I � Ti andI � Bij

Entailment and satisfiability of a single concept are definedin the usual way by means
of the above satisfiability of a distributed T-Box (e.g. see [12]).

3 The effects of bridge rules

Bridge rules can be thought of as inter-theory axioms, whichconstrain the models of the
theories representing the different ontologies. An important characteristic of mappings
specified by DDL bridge rules is that they are directional, inthe sense that they are
defined from a source ontologyOs to a target ontologyOt, and they allow to transfer
knowledge only fromOs to Ot, without any undesired back-flow effect. In this section
we show that the semantic of mappings defined in the previous Section fulfills this
requirement. Furthermore we characterize the effects of the bridge rules in terms of the
knowledge they allow to propagate fromOs to Ot.

We start by characterizing the effects of mappings of a simple DTB 〈Ti, Tj ,Bij〉,
composed of two T-boxesTi andTj and a set of bridge rulesBij from i to j. The first
important property we prove isdirectionality:

Proposition 1. 〈Ti, Tj ,Bij〉 |= i : X ⊑ Y if and only ifTi |= X ⊑ Y

The proof can be found in [7]. According to Proposition 1, bridge rules fromi to j

affect only the logical consequences inj, and leave the consequences ini unchanged.
In the following we characterise the knowledge propagated from i (the source) toj (the
target) using a set ofpropagation rulesof the form:

axioms ini

bridge rules fromi to j

axiom inj

which must be read as: ifTi entails all the axioms ini, andBij contains the bridge rules
from i to j, then〈Ti, Tj ,Bij〉 satisfies axioms inj.

Propagation rules for homogeneous mappings.Simple propagation rules which de-
scribe the effects of the homogeneous mappings are:

i : A ⊑ B

i : A
⊒

−→ j : C

i : B
⊑

−→ j : D

j : C ⊑ D

(9)

i : P ⊑ Q,

i : P
⊒

−→ j : R

i : Q
⊑

−→ j : S

j : R ⊑ S

(10)

i : ∃P.⊤ ⊑ B

i : P
⊒

−→ j : R

i : B
⊑

−→ j : D

j : ∃R.⊤ ⊑ D

(11)

Rule (9) describes a simple propagation of the concept hierarchy forced by bridge
rules between concepts, and is widely described in [12]. This rule says that ifA ⊑ B

is a fact of the T-boxTi, then the effect of the bridge rulesi : A
⊒

−→ j : C and
i : B

⊑

−→ j : D is thatC ⊑ D is also a fact inTj . An analogous effect concerns the



propagation of the role hierarchy due to bridge rules between roles, and is described by
rule (10) whereP,Q,R andS is either a role or an inverse role.4 The effect of the com-
bination of mappings between roles and mappings between concepts is the propagation
of domain and range among relations linked by role-onto-role mappings. Propagation
rule (11) describes a simple effect of these mappings, whereP,R are roles andB,D are
concepts. Rule (11) says that if the domain ofP is contained inB and the appropriate
bridge rules hold, then we can infer that the domain ofR is contained inD. A similar
rule allows to obtainj : ∃R−.⊤ ⊑ D from i : ∃P−.⊤ ⊑ B and the same bridge rules,
thus expressing the propagation of the range restriction.

The general form of propagation rules (9)–(11) is given in Figure 1. Note that rule
(10) can be obtained from rule (b) in Figure 1 by settingl = 1, p = 0,m = 0, while
rule (11) can be obtained by settingl = 0, p = 0,m = 1. Analogously the rule for
range restriction can be obtained by settingl = 0, p = 1,m = 0.

Propagation rules for heterogeneous mappings.The effects of the heterogeneous bridge
rules is the propagation of the role hierarchy into the concept hierarchy and vice-versa.
The simplest forms of these rules are:

i : P ⊑ Q

i : P
⊒

−։ j : C

i : Q
⊑

−։ j : D

j : C ⊑ D

(12)

i : A ⊑ B

i : A
⊒

−։ j : R

i : B
⊑

−։ j : S

j : R ⊑ S

(13)

The general form of these rules is given in Figure 1. The expression
⊔n

k=1
Sk with

n = 0 in rule (d) represents the empty roleR⊥, which is obtained with the axiom
⊤ ⊑ ∀R⊥⊥.

Given a set of bridge rulesBij from DLi to DLj , we have defined four different
rules, shown in Figure 1, which take as input a T-boxTi in DLi and produce a T-boxTj

in DLj . Starting from these rules we define an operatorBij(·), taking as inputTi and
producing a T-boxTj , enriched with the conclusions of rules (a)–(d) in Figure 1.

Theorem 1 (Soundness and Completeness ofBij(·)). Let Tij = 〈Ti, Tj ,Bij〉 be a
distributed T-box, whereTi andTj are expressed in theALCQIb descriptive language.
ThenTij |= j : X ⊑ Y ⇐⇒ Tj ∪ Bij(Ti) |= X ⊑ Y .

The proof can be found in [7]. The generalisation of the axiomatization for an arbitrary
network of ontologies can be obtained following the technique used in [12].

As a final remark we can notice that the combination of homogeneous and hetero-
geneous bridge rules does not generate any effect in the logic proposed in this paper.
This because the domain relation and the concept-role and role-concept domain rela-
tions do not affect each other. The investigation of more complex heterogeneous bridge
rules, which can lead to this sort of interaction is left for future work. An additional
open point concerns the extension of our framework in order to account for transitive
roles. It is well known that the unrestricted interaction between number restriction and
transitivity is a source of indecidability; moreover, the bridge rules may infer additional
subsumption relations among the roles. Therefore, guaranteeing appropriate restrictions
to ensure decidability is no longer a matter of analysing the“static” role hierarchy (e.g.,
a in the case ofSHIQ).

4 The formulaR ⊑ S is a shorthand for∃(R ⊓ ¬S).⊤ ⊑ ⊥.



i : A ⊑
Fn

k=1
Bk

i : A
⊒

−→ j : C

i : Bk
⊑

−→ j : Dk, for 1 ≤ k ≤ n

j : C ⊑
Fn

k=1
Dk

(a) Generalisation of rule (9).

i : ∃(P ⊓ ¬(
Fl

h=0
Qh)).

`

¬
Fp

h=0
Ah

´

⊑
`
Fm

h=0
Bh

´

i : P
⊒

−→ j : R

i : Qh
⊑

−→ j : Sh, for 1 ≤ h ≤ l

i : Ah
⊑

−→ j : Ch, for 1 ≤ h ≤ p

i : Bh
⊑

−→ j : Dh, for 1 ≤ h ≤ m

j : ∃(R ⊓ ¬(
Fl

h=1
Sh)).

`

¬
Fp

h=1
Ch

´

⊑
`
Fm

k=1
Dk

´

(b) Generalisation of rules (10) and (11).

i : P ⊑ Q

i : P
⊒

−։ j : C

i : Q
⊑

−։ j : D

j : C ⊑ D

i : P ⊑ ⊥R

i : P
⊒

−։ j : C

j : C ⊑ ⊥

(c) Generalisation of rule (12).

i : A ⊑
Fn

k=1
Bk

i : A
⊒

−։ j : R

i : Bk

⊑

−։ j : Sk, for 1 ≤ k ≤ n

j : R ⊑
Fn

k=1
Sk

(d) Generalisation of rule (13).

Fig. 1.General version of propagation rules.

4 Related Work and Concluding Remarks

Recently, several proposals go in the direction of providing semantic mapping among
different ontologies (e.g. [14, 12, 3]). However, to the best of our knowledge there is
no specific work on heterogeneous mappings as described in this paper. This in spite
of the fact that there are several attempts at providing somesort of mappings relating
non-homogeneous elements. For example in [6], it is possible to express the mapping
∀x.(∃y.R(x, y) → C(x)); while, in the original version of DDL (see [12]), an analo-

gous mappings can be established by means of the formula1 : ∃R.⊤
⊑

−→ 2 : C. Note
that both cases cannot be considered heterogeneous mappings because they relates the
domain of the relationR with the conceptC; which are both concepts.

The work presented in this paper is clearly connected to the well known modelling
process ofreification (akaobjectification) adopted in UML or ORM (see [10, 11]). As
described in [10], this corresponds to think of certain relationship instances as objects.
In UML this is supported by means ofassociation classes, while in Entity-Relationship
diagram this is often mediated by means ofweak entities. Note that these modelling
paradigms do not support rich inter-schema axioms in the spirit of ontology mappings
as described in [14].

There are other modelling formalisms which enable the bridging between rela-
tions and classes in the context of Description Logics. In particular, the work onDLR
(see [4]), specifically w.r.t. the technique for encoding n-ary relations within a standard
Description Logic, and [5]. The advantage of our approach lies in the fact that the lo-
cal semantics (i.e. the underlying semantics of the single ontology languages) does not
need to be modified in order to consider the global semantics of the system. Specifically,
there is no need to provide an explicit reification of relations since this is incorporated
into the global semantics.



The language and the semantics presented in this paper constitute a genuine con-
tribution in the direction of the integration of heterogeneous ontologies. The language
proposed in this paper makes it possible to directly bind a concept with a relation in a
different ontology, and vice-versa. At the semantic level we have introduced a domain
relation that maps pairs of object appearing in a relation into objects and vice-versa.
This also constitute a novelty in the semantics of knowledgeintegration. Finally we
have proved soundness and completeness of the effects of themappings and we leave
the study of decidability and the definition of a reasoning algorithm for future work.
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