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Abstract. Aiming at ontology-based data access to temporal data, we
investigate the problems of determining the data complexity of answering
an ontology-mediated query (OMQ) given in linear temporal logic LTL
and deciding whether it is rewritable to an FO(<)-formula, possibly with
extra built-in predicates. Using known facts about the complexity of
regular languages, we show that OMQ answering in AC? coincides with
FO(<, =n)-rewritiability, which admits unary predicates x = 0 (mod n),
and that deciding FO(<)- and FO(<, =n)-rewritiability of LTL OMQs
is EXPSPACE-complete. We further observe that answering any OMQ is
either in ACC®, in which case it is FO(<, MOD)-rewritable, or NC*-
complete, and prove that distinguishing between these two cases can be
done in EXPSPACE. Finally, we identify fragments of LTL for which some
of these decision problems become PSPACE-, IT}- and cONP-complete.

1 Introduction

Classical ontology-based data access (OBDA) [820] was launched by identifying
ontology and query languages that uniformly guarantee FO-rewritability of all
ontology-mediated queries (OMQs) given in those languages. Thus, by design,
OBDA ontologies are rather inexpressive. An alternative, non-uniform approach
to OBDA would be—at least in theory—to develop algorithms that, given any
OMQ in some expressive languages, could recognise the data complexity of an-
swering that OMQ and construct its rewriting of optimal type. The datalog com-
munity has been investigating FO- and linear-datalog-rewritability (aka bound-
edness and linearisability) of datalog programs since the 1980s [26/25/TTT9]. The
data complexity and rewritability of individual OMQs in various description log-
ics have become an active research area in the past decade [T77IT6ITSITH].
Here we take first steps towards extending the non-uniform analysis to OBDA
over temporal data (see [3] for a survey of results in uniform temporal OBDA).
We consider OMQs given in linear temporal logic LTL, which were uniformly
classified in [2/4] according to their data complexity and rewritability type.

Ezxample 1. Let O be an LTL ontology with the following axioms containing the
temporal operators O (eventually) and Ox/Op (next/previous minute):

Malfunction — O Fized, (1)
Fized — Op InOperation, (2)

Copyright (©) 2020 for this paper by its authors. Use permitted under Creative
Commons License Attribution 4.0 International (CC BY 4.0).



Malfunction A Op Malfunction A O Malfunction — —Og InOperation.  (3)
We query temporal data, say the ABox
A = {Malfunction(2), Malfunction(5), Malfunction(6), Fized(6), Malfunction(7)}
using LTL-formulas such as

» = Malfunction A \/ o} (Fized N \/ ﬁObZInOpemtion),
1<i<5 1<5<5

which can be understood as a Boolean query asking whether there was a mal-
function that was fixed in < 5m but within the next 5m the equipment went out
of operation again. The certain answer to the OMQ (O, ») over A is yes.

Our aim in this paper is to understand the complexity of deciding whether
a given LTL OMQ is rewritable to an FO(<)-formula with the order relation <
over timestamps and possibly other built-in predicates. As shown in [4], every
LTL OMQ is rewritable to an FO(<)-formula extended with relational prim-
itive recursion (or to a monadic second-order formula), whose evaluation over
data instances is in the complexity class NC!. Here, we first establish a con-
nection between LTL OMQs and regular languages, and then use it to prove
that deciding FO(<)-rewritability of such OMQs is EXPSPACE-complete, with
the lower bound shown for Horn LTL ontologies with the next-time operator O
and atomic queries, and also for Krom ontologies with positive LTL queries. For
atomic OMQs (OMAQs, for short) with linear Horn LTL ontologies that con-
tain Op only, deciding FO(<)-rewritability turns out to be PSPACE-complete; the
complexity goes down to CONP for OMAQs with Krom ontologies and the next-
and previous-time operators. On the other hand, deciding FO(<)-rewritability
becomes II%-complete for core (that is, both Horn and Krom) ontologies and
positive existential temporal queries, which do not contain negation and the op-
erators always in the future/past, since and until. OMQs with such queries are
referred to as OMPEQs.

Using the connection with regular languages and the seminal results of [5], we
show that OMQ answering in AC® coincides with rewritability to FO(<, =)-
formulas, which admit unary predicates = 0 (mod n), and that deciding FO(<
, =n)-rewritiability of LTL OMQs is EXPSPACE-complete. We further observe
that answering any OMQ is either in ACC?, in which case it is FO(<, MOD)-
rewritable, or NC!-complete, and prove that distinguishing between these two
cases can be done in EXPSPACE. For OMAQs with linear Horn LTL ontologies
with Op only, these problems become decidable in PSPACE. All our complexity
results for circuit complexity and rewritability of OMQs are summarised below:

class of OMQs in AC° in ACC® / NC'-comp.

FO(<) FO(<,=n)  |FO(<, MOD)/FO(RPR)

LTL OMQs
LTL3®, OMAQs |EXPSPACE [Th EXPSPACE [Th < EXPSPACE [Th
LTLS,,. OMPEQs

lin. LTLR, OMAQs| PSPACE [Th.[7] PSPACE [Th. [} < PSPACE [Th.[7]

LTLS),,, OMAQs CONP [Th.Js| all in AC” [4] -

LTLS,. OMPEQs Ji [Th.@ all in AC” [4] -



2 Preliminaries

In our setting, the alphabet of linear temporal logic LTL comprises a set of atomic
concepts A;, i < w. Basic temporal concepts, C, are defined by the grammar

C u= A | 0,0 | 0,0 | O.C | OC

with the operators Op /O, (always in the future/past) and Or/Op (at the next/
previous moment). A temporal ontology, O, is a finite set of azioms of the form

CiN-ANCx = Crp1 V-V Crim, (4)

where k,m > 0, the C; are basic temporal concepts, the empty A is T, and the
empty V is L. Following the DL-Lite convention [I2], we classify ontologies by
the shape of their axioms and the temporal operators that can occur in them.
Suppose ¢ € {horn, krom, core, bool} and o € {0,0,00}. The axioms of an
LTLZ-ontology may only contain occurrences of the (future and past) temporal
operators in o and satisfy the following restrictions on k and m in indicated
by ¢: horn requires m < 1, krom requires k + m < 2, core both k +m < 2
and m < 1, while bool imposes no restrictions. For example, axiom from
Example 1 is allowed in all of these fragments, (3)) is equivalent to a horn axiom
(with L on the right-hand side), and can be expressed in krom as explained
in Remark 1. A basic concept is called an IDB (intensional database) concept in
an ontology O if its atomic concept occurs on the right-hand side of an axiom
in O. The set of IDB atomic concepts in O is denoted by idb(O). An LTL? .-
ontology is called linear if each of its axioms C; A --- A Cy, — B is such that B
is either L or atomic and at most one C;, 1 <i <k, is an IDB concept.

An ABoz is a finite set A of atoms A;(¢), for £ € Z, together with a finite
interval tem(,A) = [min. A, max.A| of integers such that min. 4 < max.4 and
whenever A4;(¢) € A then min. A < ¢ < max.A. Without loss of generality, we
always assume that min.4 = 0. The interval tem(.A) is called the active domain
of A. If tem(.A) is not specified explicitly, it is assumed to be [0, m], where m is
the maximal timestamp in A. By a signature, =, we mean any finite set of atomic
concepts. An ABox A is said to be a 5-ABoz if A;(¢) € A implies A; € Z.

We query ABoxes by means of temporal concepts, », which are LTL-formulas
built from the atoms A;, Booleans A, V, =, temporal operators Op, Op, <p
(eventually), U (until), and their past-time counterparts Op, Oy, <p (some time
in the past) and S (since). If 3 does not contain -, Oz, O, U and S, we call it
a positive existential temporal concept.

A (temporal) interpretation is a structure Z = (Z, A, AT, ...) with AZ C Z,
for every i < w. The extension s’ of a temporal concept s in T is defined
inductively as usual in LTL under the ‘strict semantics’ [T412):

(OF%)I:{n€Z|n+1E%I}, (DF%)I:{nEZHfE%I7 forallk:>n},
(Opse)t ={n € Z|thereis k > n with k € 5 },
(51U 50)" = {n € Z | there is k > n with k € 5 and m € s forn <m <k},



and symmetrically for the past operators. An axiom is true in Z if we have
Cctn---NCt € CE U---UCHE,,,. An interpretation Z is a model of O if all
axioms of O are true in Z; it is a model of A if A;(¢) € A implies ¢ € AL,

An LTLZ ontology-mediated query (OMQ) is a pair of the form g = (O, »),
where O is an LTL? ontology and s a temporal concept. If s is a positive
existential temporal concept, we call g a positive existential OMQ (OMPEQ),
and if s is an atomic concept, we call ¢ atomic (OMAQ). The set of atomic
concepts occurring in an OMQ q is denoted by sig(q). We can treat q as a Boolean
OMQ, which returns yes/no as an answer, or as a specific OMQ, which returns
timestamps from the ABox in question assigned to the free variable, say x, in
the standard FO-translation of s. In the latter case, we write g(z) = (O, »(z)).

More precisely, a certain answer to a Boolean OMQ g = (O, ») over an ABox
A is yes if, for every model Z of O and A, there is k € Z such that k € s»Z, in
which case we write (O, A) = Jzsx(x). If (O, A) K& Jzse(x), the certain answer
to q over A is no. We write (O, A) = »(k), for k € Z, if k € 57 in all models
Z of O and A. A certain answer to a specific OMQ q(z) = (O, »#(x)) over A is
any k € tem(A) with (O, A) [= (k). By the evaluation (or answering) problems
for ¢ and q(z) we understand the decision problems (0, A) =’ Jzsx(x) and
Y0, A) =" (k)" with input A and, resp., A and k € tem(A). We say that q or
g(x) is in a complexity class C if the corresponding evaluation problem is in C.

Ezample 2. (i) Let q; = (01,C A D) with O; = {&:A — B, 0.B — C}.
The certain answer to q; over A; = {D(0), B(1), A(1)} is yes, but over Ay =
{D(0), A(1)} it is no. The only answer to g, (z) = (O1,(CAD)(x)) over A; is 0.
(i) Let O = {OpA — B, OpB — A, AANB — L }. The answer to g, = (O3, C)
over Ay = {A(0)} is no, but over Ay = {A(0), A(1)} it is yes. There are no
answers to g,(z) = (01, C(x)) over Aj;, while over Az there are two of them: 0
and 1. (ZZZ) Let O3 = {Oka/\AO — By, OpB1_p NA1 — By | k=0, 1} For any
word e =€ ...e, € {0,1}", let Ae = {Bo(0)} U {4, (i) |0 <i<n}U{E(n)}.
The answer to g3 = (O3, By A E) over A, is yes iff the number of 1s in e is
even. (iv) Let Oy = {4 — OxB} and g, = (O4, B). Then, the answer to q, over
A = {A(0)} is yes; however, there are no certain answers to g,(z) = (O4, B(x))
over A. (v) Let O5 = {A — BV OrB}. The certain answer to g5 = (Os, B) over
A = {A(0),C(1)} is yes; however, there are no certain answers to gs(x) over A.

Remark 1. Let O be as in Example 1 and let O’ be the result of replacing in
O by Malfunction\NOp, X — 1 and T — X V Fized, for a fresh concept name X.
Then the OMQ q = (O, ) in Example 1 is ‘equivalent’ to ¢’ = (O, ») in the
sense that ¢ and ¢’ have the same certain answers over any sig(q)-ABox A.
Let £ be a class of FO-formulas that can be interpreted over finite linear or-
ders. A Boolean OMQ q is L-rewritable over =-ABozes if there is an L-sentence
Q such that, for any Z-ABox A, the certain answer to q over Aisyesiff S 4 E Q.
Here, G 4 is a structure with domain tem(.A) ordered by <, in which & 4 = A;(¢)
iff A;(¢) € A. A specific OMQ q(z) is L-rewritable over Z-ABozxes if there is
an L-formula Q(x) with one free variable x such that, for any =-ABox A, k is
a certain answer to q over A iff &4 = Q(k). The sentence @ and the formula
Q(z) are called L-rewritings of the Boolean and specific OMQ g, respectively.



We require four languages £ for rewriting LTL OMQs:

FO(<) (monadic) first-order formulas with the built-in predicate < for order;
FO(<,=n) FO(<)-formulas with predicates x = 0 (mod N), for any N > 1;

FO(<,MOD) FO(<)-formulas with quantifiers 3V, for N > 1, defined by taking
&4 | 3Nz ap(x) iff the cardinality of the set {n € tem(A) | &4 = ¥(n)} is
divisible by N (z = 0 (mod N) can obviously be defined as 3™y (y < z));

FO(RPR) FO(<) with relational primitive recursion [10].
Ezample 3. (i) An FO(<)-rewriting of ¢} () is

p1(2) = D(@) A [Cl@) v Fy(Aly) AV ((z < 2 < y) > B,
Jzp1(x) is an FO(<)-rewriting of q,. (i7) An FO(<, =n)-rewriting of q,(z) is

pa(x) = C(x)V 3,y [(A(z) A Ay) Aodd(z,y)) V (B(z) A B(y) Aodd(z,y)) V
(A(z) A B(y) A —odd(z, y))],

where odd(z,y) = (z = 0(mod 2) <+ y # 0(mod 2)) implies that the distance
between x and y is odd, and an FO(<, =y)-rewriting of g, is Jxpa(x). (iti) The
OMQ g5 is not rewritable to an FO-formula with any numeric predicates as
PARITY is not in AC? [I3]; the following is an FO(<, MOD)-rewriting of gs:

3 =3,y (E(x) Az < y) AV2((y < 2 < z) = (Ao(2) V A1(2))) A
(Bo(y) AN T2 ((y < 2 S 2) A A1(2)) V (Bi(y) A ~F2 ((y < 2 < 2) A Ai(2)))).

(iv) An FO(<)-rewriting of q,(z) is w4(z) = B(z)VA(z—1); an FO(<)-rewriting
of g, is ¢4 = Jx(A(z) V B(x)). (v) The same @4 is an FO(<)-rewriting of g5,
and B(x) is a rewriting of q5(z).

A uniform classification of specific LTL OMQs by their rewritability type has
been obtained in [4]. Here, we only mention in passing that all (Boolean and spe-
cific) LTL OMQs are FO(RPR)-rewritable and can be answered in NC'. In this
paper, we take a non-uniform approach to rewritability, aiming to understand
how (complex it is) to decide the optimal type of FO-rewritability for a given
LTL OMQ q over =-ABoxes. Clearly, we can always assume that = C sig(q).

For any q and = C sig(q), we regard the set Y= = 25 as an alphabet. A
Z-ABox A can be given as a Y=-word w4 = ag ... a, with a; = {A | A(i) € A}.
Conversely, any Y=z-word w = qg . .. a, can be understood as an ABox A,, with
tem(A,) = [0,n] and A(%) € A, iff A € a;. The language L=(q) of the Boolean
OMQ gq is the set of Y'=z-words w4 such that the certain answer to q over A
is yes. For a specific q(z), we take I's = Xz U XL, for a disjoint copy X% of
XY=, and represent a pair (A,i) with a Z-ABox A and i € tem(A) as a ['=-
word wa; = ag...a)...an, where aj = {A | A(j) € A} € Y= for j # i, and
a; ={A| A(i) € A} € XL. The language L=(g(x)) is the set of I's-words w
such that i is a certain answer to q(x) over A.



Proposition 1. Let L be one of the classes of FO-formulas introduced above.
(1) A Boolean OMQ q = (O, ») is L-rewritable over Z-ABozes iff L=z(q) is L-
definable. (ii) A specific OMQ q(x) = (O, 3(z)) is L-rewritable over =-ABozes
iff L=z(q(x)) is L-definable. Both L=(q) and L=(q(z)) are regular for any =.

Proof. We only show that Lz(q) is regular. Let subg be the set of temporal
concepts in g and their negations. A type is any maximal subset 7 of subg that
is consistent with . The set of all types is denoted by T'. We define an NFA
A over X'z whose language is XL \ Lz=(q). The states in 2 comprise the set
Q- = {7 € T | —5 € 7}. The transition relation —,, for a € Xz, is defined by
setting 71 —4 72 if the following conditions hold (assuming that the temporal
operators are expressed via U and S): a C 7o, C1 U Cy € 71 iff Cy € 7 or
CiUCy € 75 and Cy € 79, and symmetrically for S. The set of initial states
comprises 7 € @, with 7 U {Op—s¢} is consistent with O; the set of accepting
states comprises those 7 € Q—,, for which 7 U {Ox—s¢} is consistent with O. It
is readily seen that, for every a € X% we have a € L() iff (O, Ag) = Jzs(z).
The number of states in 2 does not exceed O(2!4). Since LTL-satisfiability is in
PSPACE, the NFA 2 can be constructed in exponential time in |q].

The following table summarises known results connecting definability of reg-
ular languages L with properties of their syntactic monoids M (L) and syntactic
morphisms 1y, (see Section [3|and [5] for details) and with their circuit complex-
ity (under a reasonable binary encoding of L’s alphabet):

definability of L |algebraic characterisation of L |circuit complexity
FO( ) M (L) is aperiodic
FO(<, =n) nr is quasi-aperiodic in AC®
FO(<, MOD) all groups in M (L) are solvable |in ACCP
FO(RPR) arbitrary M (L) in NC!

’7 ‘M (L) contains unsolvable group‘NCl—hard ‘

The statement in the table that all groups in M (L) are solvable iff L is in ACC
holds unless ACC® = NC*. Using Proposition |1} these results can be extended
to rewritability and data complexity of Boolean and specific LTL OMQs: (a) an
OMQ is FO(<,=y)-rewritable iff it can be answered in AC’, (b) an OMQ is
FO(<,MOD)- rewrltable iff it can be answered in ACC? (unless ACC? =NCh,
(c) an OMQ is FO(<, RPR)-rewritable iff it can be answered in NC*.

3 Deciding FO-Rewritability: Upper Bounds

Since deciding FO(<)-definability of regular languages given by NFAs is PSPACE-
complete [9J6], we obtain by Proposition 1| I

Theorem 1. Deciding FO(<)-rewritability of LTLy 2, OMQs over Z-ABoes is
in EXPSPACE.

The exact complexity of deciding FO(<, =y)-definability and NC'-hardness
of regular languages seems to be open (their decidability was shown in [5].) So



our first aim is to settle these issues. Given an NFA 20 = (Q, X, 6, Qo, F'), states
q,¢ € Q,and w = ag...a, € X*, we write ¢ —,, ¢ if there is a run of 2
on w that starts with (go,0) and ends with (¢',n + 1). We say that a state
q € Q is accessible if ¢ —, ¢, for some ¢ € Qo and w € X*. Two states
q1,q2 € Q are equivalent if, for each w € X*, we have q; —,, ¢’ for some ¢’ € F
iff go —,, ¢” for some ¢” € F. A DFA is minimal if each of its states is accessible
and it has no distinct equivalent states. Every DFA 21 = (Q, X, 4, qo, F) can
be converted to a minimal DFA 2" = (Q', X, 0, ¢, F’) with L(2) = L(2A’) in
the following way [23]. Let R = {q € Q | ¢ is accessible in A} and let ~ be a
relation on R defined by taking q ~ ¢’ iff ¢ and ¢’ are equivalent. Clearly, ~
is an equivalence relation; we denote by ¢/~ the equivalence class of ¢ € R.
Now, we set Q' = {q/~ | ¢ € R} and define §’ by taking ¢/~ —4 ¢'/~, where
{¢'} = d(a,q), for all ¢ € R and a € X' (which is obviously well-defined). Finally,
we set ¢ = qo/~ and F' = {q/~ | ¢ € RN F}. It is known that, for any regular
language L, all minimal DFAs 21 with L(2') = L are isomorphic; we call each
such 2" a minimal DFA of L.

A monoid M = (B, -, e) has an associative binary operation - and an identity
e with a-e=e-a=a, for all @ € B. We shorten a - b to ab. Given a DFA 21 =
(Q,%,0,q0, F) and w € X*, define a map f2: Q — Q by setting f3(q) = ¢’ iff
q —w ¢'- The transition monoid of A takes the form M = ({f2 | w € X*},-, f2),
where ¢ is the empty word and f2f2 = f2  for any f2, f2. The syntactic
monoid M (L) of a regular language L is isomorphic to the transition monoid of
a minimal DFA accepting L [23] Chaprter V.1]. A monoid is aperiodic if it does
not contain non-trivial groups (with the monoid operation). Let 2 be a minimal
automaton of L and B the domain of M (L). The map nr: X* — B defined by
nr(w) = f2 is called a syntactic morphism of L. Given a set W C X*, we set
nL(W) = {nr(w) | w € W}. The syntactic morphism 7z, is quasi-aperiodic if,
for any ¢ > 0, the set nr(X*) does not contain non-trivial groups.

Theorem 2. Deciding FO(<, =y)-definability of L(A), A an NFA, is in PSPACE.

Proof. First, we show the theorem for a minimal DFA 2, then extend it to an
arbitrary DFA and, finally, to an NFA. Let 2 = (Q, X, J, qo, F') be minimal. We
use the following criterion: L(2l) is not FO(<, =y)-definable iff there are w and
n € Nsuch that f2 # f2%, f2 = f2., and f2 = f2, f2 = f2, for some u and v
with |v| = |u|. Indeed, let L = L(2). (=) In this case, nr, is quasi-aperiodic, and
so there is ¢ such that ng,(X*) contains a non-trivial group G. Let e be the identity
element of G and let a # e, a € G. We have a!¢l = ¢, alGI7! = ge = a and, since
a,e € np(X*), there are w,u € X' such that a = fi and e = f2, = f2. (&)
Observe that fi‘ = Joiwn(n—iy = fﬁﬁvn_i, for 1 < i < n. Therefore, f2,..., f2,
form a group in 7z, (X*"™), and so L is not FO(<, =y)-definable.

To check this criterion, we can use the known PSPACE algorithms [96] for
checking FO(<)-definability of L(2(). We now show how to extend this result to
any DFA 2. Let Q" be the set of accessible states in 2. We call words w,v € X*
equivalent in A and write w =y v if whenever ¢ —,, ¢ then there is ¢’ € Q"
such that ¢” ~ ¢’ and ¢ —, ¢”, and the other way round. Let 2* be a minimal



DFA of L(2). One can show that w =y v iff f2 = f%". This implies that, in the
criterion above, we can replace every f2 = f??l by = =g y and obtain the same
criterion for an arbitrary DFA, which is checkable in PSPACE. We can finally
obtain a criterion of FO(<, =y)-definability of a language given by an NFA by
replacing every f2 = fym by x =y y, where 2’ is the powerset automaton of 2.
To show that the latter criterion can be checked in PSPACE, we observe that each
state of 2’ can be stored using polynomial space and then adjust the algorithm
for DFAs without increasing its complexity.

Theorem 3. NC'-hardness of L(2), for an NFA 2, can be decided in PSPACE.

Proof. We follows that steps of the proof above, using the following criterion.
The language L(2l), for a minimal DFA 2, is NC'-hard iff there are u, v, w € X*
such that, for z € {u,v,w}, f2 = f2 2., f2# f% and f2, = f2,, for some
iu, iy, 1 € N that are pairwise coprime. Indeed, L(2) is NC!-hard iff there is a
non-solvable group in M (L(2()). By [24, Corollary 3], a group is non-solvable iff
there are 3 elements with pairwise coprime orders whose product is the identity.

In the PSPACE algorithm checking this criterion, we need to compute iy, iy, iy
and check that they are pairwise coprime. It is readily seen that those numbers
(if exist) are < |Q|/9! and can be dealt with in PSPACE.

Using Theorems and Proposition [I], we obtain:

Theorem 4. Both FO(<, =y)-rewritability and NC'-completeness (in data com-
plezity) of LTLYS, OMQs over 5-ABoxes are decidable in EXPSPACE.

4 Deciding FO-Rewritability: Lower Bounds

Theorem 5. Deciding FO(<)- and FO(<, =y)-rewritability of LTL;, . OMAQs
over =-ABoxes is EXPSPACE-hard.

Proof. The idea of the proof is as follows. Given a Turing machine M with
exponential tape and an input word z, we construct—in a way similar to [9]—
two DFAs 2 and ' of exponential size whose language is FO(<)-definable (star-
free) and, respectively, FO(<, =y)-definable (in AC?) iff M rejects z. Then we
simulate those DFAs by LTLS,, .. ontologies of polynomial size.

Let = be a word and M a Turing machine requiring N = 2" tape cells
on an input of size n. Let N’ be the first prime after N + 1. We construct a
family {2 }o<i<n of simple star-free minimal DFAs whose intersection repre-
sents accepting computations of M on z. We encode computations as words over
Y U{#,b} of the form f¢;fcafl ... fck—1 kb, where the ¢; are configurations.

The DFA 2(y checks that an input starts with an initial and ends with an
accepting configuration of M on x. The 2;, for 0 < i < N, check that the ith
symbol in a configuration ‘follows’ from the (¢ — 1)th, ith, and (¢ 4+ 1)th symbols
in the previous configuration (if 21y is constructed, 2; can skip the first ¢ — 1
symbols and run 2(;). The rest of the family just accept all the words with the



only b at the very end. We then have ﬂiV:/O L(2;) = 0 iff M rejects . We next
construct minimal DFAs 2 and 2" with the languages (L(2p)...L(2An/—1))*
and ((L(p)U{db})... (L(™An'—1) U{b}))*. Thus, we obtain: (i) L() is star-free
iff ﬂZN:’O L(2A;) = 0 (iff M rejects z); (i3) L() is in AC? iff ﬂfvzlo L(;) = 0.

Now we define LTLY, ., ontologies © and O’ simulating 2 and 21'. We name
the states in 2 by triples (i,t,j), where ¢ indicates 2; the state ‘came from’, ¢
is a ‘type’ of the state (say, where the DFA skips the first ¢ — 1 symbols), and
Jj is a counter in ¢ (e.g., saying how many symbols still are to be skipped). The
number of types is constant, while 7, j < 2¥, for k = [log, N'].

The ontology O uses the concepts A% and L}, where i = 0,1and j = 1,...,k,
the symbols in ZU{H#,b}, Q¢, for a typet, X, Y and F. Let X' = YU{H},b, X,Y}.
Forany w = wy ... wy, € (ZU{t,b})*, let A, = {X(0),wi(1),...wn(m),Y (m+
1)}. For a binary word ¢ = by ... by, set

A=A A NAR D Ace=\ (AN NAY), Asc=\/ (Al A N\ AY)

bi=1 j>i b;=0 Jj>i

and let L., L., and L~. be similar concepts for L; We represent each triple
(i,t,7) as the conjunction A; AQ; AL;. We define O so that, having read a prefix
wi ... w; of w, the DFA 2 is in state (i,¢,7) iff O, Ay = (A, A Qe AL+ 1).
To achieve this, for every transition (i1,t1,71) —a (i2, %2, j2) of A, we need

O E Ai, ANQuy ANLj, ANa — Ophy, A OpQy, A Orly,.

As the structure of 2 is repetitive, we can ensure this without writing axioms
for all transitions. For example, consider the fragment of 2 corresponding to
the part of %Ay that, after reading x, checks that the rest of the tape is blank
b. All the states in this part have the same type ¢ with a counter j. So, for
n+1<j < N+ 1, there is a transition (0,¢,j) —p (0,t,7 + 1). We capture all
these transitions by one formula

AgNQoANLsy A Len+1 A b— OrAg A OrQo Nir,, where
k
iL= /I AL Ao NLY = OcLf ALy Ao AORLY) A
=1
N\ (LY ALY, = OcL)) A (LY, ALj, — OcLY,)) .
l1<l2

As aresult, O = (i, AL;) = OgL;11. Similarly, we define 4, dr, ha, and Ly so
that O ': (d]L/\]Ll) — Oplli_1, O ': (hA/\AZ) — OrA;, O ': (LA/\AZ) — OplL;.
This gives us polynomially many horn axioms in O, to which we add

aANb— L, fora,bEE', X = OpAg ANOpQo A Opllg, Ag AQog ALgAY — F.

The ontology @’ is defined in the same way for the DFA 2. It follows that the
certain answer to (O, F') over A,, is yes iff w € L(2), and similarly for (O’, F).



Lemma 1. The LTL;, .. OMAQs (O,F) and (O, F(x)) are FO(<)-rewritable
over X'-ABozxes iff L(2) is star-free; (O',F) and (O, F(x)) are FO(<,=n)-
rewritable over X'-ABozes iff L) is in ACY.

Proof. We only sketch the proof of the former claim, where (=) is clear. (<)
Suppose L(2) is star-free and A is a X’-ABox. Then O, A = F(k) only if (0, A)
is inconsistent, and so there are a(i),b(i) € A for some a # b, or A contains
a subset of the form {X (i —1),a1(i),a2(i +1),a3(i +2),...,a—(k — 1),Y(k)}
such that ajas...ar—; € L(A). As L(2) is star-free, it is definable by an FO(<)-
sentence [23] Ch. VI], and so (O, F) and (O, F(z)) are FO(<)-rewritable.

Theorem 6. Deciding FO(<)- or FO(<, =y)-rewritability of LTL;,. OMPEQs
over Z-ABoxes is EXPSPACE-hard.

Proof. Take an LTL;, . OMAQ q = (O, A) and = C sig(q), assuming that the
axioms in O are of the form C — 1 or C — B, for some C = Cy{ A--- AC), and
atomic B. We construct an LTLg,,,, OMPEQ ¢’ = (O, ») with atomic concepts

{B,B| Besig(q)}. Let O' ={BAB— L, T — BV B| B ecsig(q)} and

x=A v \/ ©%0C v \/ 00.(CAB).
C—1linO C—Bin O

For any Z-ABox A, the certain answers to ¢ and q’ (and to g(x) and ¢’(z)) over
A coincide. It follows that ¢’ and q’'(x) are FO(<)- or FO(<, =y)-rewritable over
Z-ABoxes iff g and g(z) are FO(<)- or FO(<, =y)-rewritable, respectively.

5 Linear, Krom and core OMAQs and OMPEQs

Theorem 7. Deciding FO(<)- or FO(<, =y)-rewritability of linear LTLS,

horn

OMAQs over Z-ABozxes is PSPACE-complete; NC'-completeness is in PSPACE.

Proof. One can reduce L-rewritability of linear specific OMAQs to L-rewritability
of linear Boolean OMAQs. Let g = (O, A1) be a linear OMAQ. We transform g to
q' = (0, A}) such that ¢’ is L-rewritable over =-ABoxes iff g is and A € idb(O")
only occurs in axioms of the form Oﬁl CiN-- -/\Oﬁk A ANOpA — B. For example,
O ={0pX = Ay, OY NOpAy — Ay, ZANOpAy — Ay, OW A Ay — As,
V AOpAs — L} is transformed to an ontology O with the following axioms:

Ay — A Ay — Ay Az — AL Op X — A, ORW A OpX — AL, OAW A Ay — Al
O NOpAly — AL, Z NOp Ay — AL, ORW A Op Ay — ALV ANOp A — L,
OV ANZNOCRAY — Ay, V NOEW AOpAL — L.

Let edb(O) = sig(q)\idb(O) and let ext(O) be the set of (maximal) basic concepts
OL A with A € edb(O) that occur on the left-hand side of an axiom in O. Thus,
ext(O) = {Op X, OFY, Z, OLW, V, OSW, A1, Aa, A3} in the example above.

Let ext=(0') = ext(O’) | 5. Define an NFA B, over I'y = 2¢=(0") which
we illustrate below for the OMAQ ¢’ = (O, A}) in our example, assuming that
E={X\Y,Z,W,V, Ay, Az, A3} and S —. S’ implies S — S’ for all ¢’ D e:



{OAW, 0 X}, {OAW, A2}

{orw, z}

{oxw}

We show that L(q’) is £-definable over =-ABoxes iff L(B4/) is L-definable. The
proof uses an FO(<)-reduction maping @ € =* to e € I';, with a € L(q') iff
e € L(*By), and the other way round. To show that deciding FO(<)-, FO(<
, =n)-definability, or NC'-completeness of L(B4) can be done in PSPACE is
not immediate as neither ¢’ nor B4 is polynomial in |g|. However, the number
of states in B4 is polynomial in g and one can check whether ¢ —. ¢ by a
PSPACE algorithm, which allows us to use Theorems [2] and [3| for B4 without
explicitly constructing it. The lower bounds are proved by reduction of FO(<)-
and FO(<, =y)-definability for regular languages.

Theorem 8. Deciding FO(<)-rewritability of LTLg.,,, OMAQs q = (O, A)
over Z-ABozes is CONP-complete.

Proof. Let ' = (0,Y) with O’ = OU{A — L} and fresh Y, and ¢"" = (O0")Y)
with 0" = OU{X AN A — L} and fresh X,Y. For any (X,Y-free) ABox A,
(0, A) E JzA(z) iff (O, A) E JzY (z) iff A is inconsistent with @’; similarly,
(0, A) E A(k) iff (0", AU{X (k)}) = FzA(z) if AU{X (k)} is inconsistent with
O", for k € tem(A). So we only need to consider Boolean OMAQs q = (O, A)
with the yes-answer only for ABoxes inconsistent with O.

As O is krom, A is inconsistent with O iff (7) there are A(7), B(i) € A with
OFE BAA — L, or (ii) there exist k1 < ko, B(k1) € A and C(kq) € A with
O E B — OF=kioC; cf. M. So if all Lge = {0" | O E B — Ortl-C}
are FO(<)-definable for any B,C € =, then L=(q) is FO(<)-definable and ¢
is FO(<)-rewritable over =-ABoxes. For any B, C, we construct an NFA 2pc
over the alphabet {0} of size O(|q|) that accepts Lpc [4]. Using [22] Theorem
6.1], we show that deciding FO(<)-rewritability of the language of a unary NFA
is CONP-complete, obtaining the required upper bound. To show the matching
lower bound, for any unary NFA 2 = (Q,{a},d,I,F), we define an LTLS, .
ontology Og with the axioms X — I, gAY — 1 and p = Opr, for all ¢ € F
and transitions p —, r in 6. The OMAQ (Ogy, 4) is FO(<)-rewritable over
{X,Y}-ABoxes iff L(2) is FO(<)-definable, as the answer to the OMAQ over an
{X,Y}-ABox A can only be yes iff there are X (i), Y (j) € A with a? ="~ € L().

Theorem 9. Deciding FO(<)-rewritability of LTLS, . OMPEQs q = (O, »)
over Z-ABozes is IIL-complete.



Proof. We assume that O does not contain disjointness axioms B A C — L as
they can be removed from O and 5 replaced by %V o _prc— ) CrOp(BAC),
giving an equivalent OMQ. We further assume that all of the other rules have the
following forms: A — B, A — OB, or A — OpB. As in the proof of Theorem [7]
rewritability of specific OMQs can be reduced to rewritability of Boolean OMQs.

Given O, A, B and k, one can check in polytime whether O, A E B(k),
which, by structural induction, implies that checking O, A = Jzs(x) is in NP.

Let B={w;...w, € XL | Vi|w(i)| >0, >, |w(i)| < |s|}. With every w € B
we associate the language L,, = L(0*w10* ... 0*w,0*) N L=z(q). For Yt-words v
and v’, we write v < v if they are of the same length and v} C v;, for all 4.

As q is an LTLS,, OMPEQ, we have O, A = q iff O, A’ = q, for some
A’ C A, |A'| < |5]. Then, for every v € X'£, we have v € Lz(q) iff thereis v’ <wv
such that v" € L,, for some w € B. It follows that the language L=(q) is FO(<)-
definable iff L,, is FO(<)-definable, for every w € B. For w = w1 ... w; € B and
I = (ig,...,ix), let vy 1 = 00w P ... wpd*. For ¢ € N, let I<. be I with all
i; > c replaced with c. If L,, is FO(<)-definable, there is ¢ with v, ; € L,, iff
Vw, 1., € Ly. By the properties of the canonical models [4], there is a suitable ¢
with ¢ < 2/sE@I+l 41,

Now, g is not FO(<)-rewritable iff we can guess w € B and I such that
max(I) < 2c and only one of v,, 1 and v, 7_, is in L,,. We can check membership
in L, using an NP-oracle, so FO(<)-rewritability is in cONP " = IIY. The
matching lower bound is shown by reduction of VI3CNF [2I]. Given a QBF
VX3Y e with a 3CNF ¢, X = {z1,...,z,} and Y = {y1,...,Ym}, we construct
an LTLS,,, OMPEQ q, = (O, 5,) that is FO(<)-rewritable iff VX3Yp(X,Y)
is true. We use atomic concepts 2 and z}! for z; € X, yf for y; € Y and
0 < j < pi, where p; is the i-th prime number, A and B. O, has the axioms

A— y?7 yz - Opy(jJrl) mod p;
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) — Opal, z! = Opzl, B — O:OpB.

Let ¢’ result from ¢ by replacing all z; with z}, all ~x; with 2?, and similarly
for the y;. We set s, = AANN_ (2 V) A (BV Org’). Suppose VX3V p(X,Y)
is true. Consider an ABox A, for which there is ¢ with O,, A = 2,(t). Then
A(t) € A and Oy, A E Ay(2? Vv 2l)(t), and so, for every i, there is 29(s)
or z}(s) in A, for some s < t. There is an assignment a; € 2% such that
0., A= x?l(l)(s) for all s > t. Take a corresponding assignment ay € 2¥ that
makes ¢ true. There exists a number r such that r mod p; = a2 (7) for all ¢ < m.

Therefore Oy, A = ¢'(t + 1), and so O, A = Op¢’(t). Thus, the sentence
3t [A(t) A /\ 3s ((s < t) A (20(s) V 2{(s))) ]
i=0

is a rewriting of q,,. If VX3Y (X, Y) is false, then there is a € 2% such that ¢ is

false for any assignment to Y. For w = {B}X,, X, = {A,xi‘(o), . ,xi(")}, the
language L., is L(0*{B}(00)*X,0*), and so g, cannot be FO(<)-rewritable.
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