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Abstract—Lossy image compression algorithm based on
fractal discrete cosine transform is proposed in this paper. The
created algorithm is compared to an algorithm based on two-
dimensional discrete cosine transform. It is shown
experimentally that the described algorithm brings less
distortion concerning block structure in comparison with
square blocks of two-dimensional discrete cosine transform. It
is remarked that visual quality characteristics of both
algorithms vary poorly for several values ranges of entropy of
compressed image.
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. INTRODUCTION

For compression of images, lossy compression
algorithms are widely used, since the losses introduced into
the image can be invisible to the eyes and practically do not
affect the visual quality. In such algorithms, compression is
performed in the frequency domain, to obtain values in
which discrete orthogonal transforms (DOTSs) are used.
Discrete cosine transform (DCT), namely, its two-
dimensional variation, is widely used in the field of image
processing. Since two-dimensional DCT is defined on a
square region, the resulting artifacts in compression have a
very noticeable mesh structure. To eliminate this effect, one
can use the classical one-dimensional DCT applied to the
sweep generated by some canonical number system (CNS)
[1], or the fractal DCT (FDCT) defined on the fractal region
generated by CNS [2]. In this paper, we study a lossy
compression algorithm that uses various variations of the
FDCT. The results of the algorithm are compared with a
compression based on two-dimensional DCT.

Il.  THE THEORETICAL BASIS

A. Fractal DCT

This section provides brief theoretical information about
the CNS in imaginary quadratic fields [3]-[6], k- fundamental
domains, and FDCT [2].

Let Q(Vd) is a quadratic field: Q(Vd)={z=a+
bd;a,b € Q}, d is an integer, free of squares. Then the field
element z € Q(Vd) is called a whole algebraic field element
if its norm and trace are integers

Norm(z) = (a + b\/a)(a - bx/a),
Tr(z) = (a+ bVd) + (a — bVd).

The whole algebraic element a € Q(v/d) is the basis of

the CNS in the ring of integer elements Q(+v/d), if any whole
element of this field is uniquely representable in the form of
a finite sum
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z=3Y oz al,z; € N={01,..,[Norm(a)| — 1} 1)

CNS in the field Q(vd) is called a pair {o, N}, k-
fundamental domain Gy, is the set of algebraic elements of
the field Q(Vd), created by k-membered sum of a formula
),

Gy = {XZ3 2 al, 2 € N}. 2)

nIm(&k+1n(x+B)) h
Norm(ak)im(a) »  Where

parameter f is set for the reason of orthogonality:

Let ACOS,(m,n) = cos(

Yxeg, A COS(p, x) - ACOS,(q,x) = 0,p # q,

For example, for Norm(a) = 2 parameter £ is calculated
as

_akti-2ak+1
2(a-1)

Then FDCT over G, is called a transformation
X(m) = A(m) Xneg, x (M AXOZ, (m,n),

where m € D, and A(m) is FDCT.
Reverse FDCT (RFDCT) is called

x(n) = Ymep, A (M)X(M)AXOZ (M, n),
where n € G,, and A(m) is the normalizing coefficient of

FDCT.

The normalizing coefficient of FDCT and RFDCT is
equal and is calculated using the following equation:

f; = k

Norm(ak),Zm = 0(moda*)

A(m) = - .
’7 k
Norm(ak),Zm # 0(moda*)

The field Dy, is found algorithmically for the reasons of
orthogonality of the basis functions:

Z ACOS,(p, x) - ACOS, (g, %) = 0
X € G;p,q €ED;p #q
Z ACOS,(p, x) - ACOS, (g, %) # 0;
X €GP, q€Dp=q
The algorithm for calculating this region is described in

[2].
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B. Two-dimensional DCT
Two-dimensional DCT is called the transformation

X(my,my) =

Ni—1oNy—1 k1 (n1+0.5) ko (n,+0.5)
Yins=0 Zing=0 X (1, m3)cos ( m cos m ,

where x(n;,n,) is a source signal (block of image
brightness), N; is the size of the i-th side of the block, and
X(my, m,) isthe resulting spectrum of the source signal.

Then the inverse two-dimensional DCT is called the
transformation

x(n1,m2) = Tt 2o Tt 2o A (M) Az ()X (my, my) X

(nkl(nls1+0.5)) cos (nkz(nl\lé+0.5)),

cos

where 1;(m) is a normalizing coefficient calculated as

L m=0
e
A(m) = > .
—,m=+*0
N

C. Description of the Compression Algorithm

The studied compression algorithm consists of the
following steps:

o splitting the image into blocks;
o calculating the DOT for each of the blocks;

e quantization of the obtained frequency domain (lossy
compression);

e packing of quantized spectral
subsequent lossless compression.

components  for

Fig. 1. An example of dividing an image into blocks when using FDCT
for a=-1+i, k=4.

In the case of FDCP, the partition is performed in
accordance with the k- fundamental fractal region (2). This
area describes the shape of the block, and the block offsets
over the entire image are calculated based on the size of the
block (Fig.1). When using two-dimensional DCT, square
blocks are used. In cases where the blocks go beyond the
image border, the missing values are supplemented by
brightness values from the nearest pixel.

Lossy compression is performed by quantizing the
spectral components of each block in accordance with the
quantization vector (or matrix in the two-dimensional case).
Quantization vectors are calculated for each algorithm based
on the standard square deviation (SSD) of the corresponding
spectral components according to the formula

Imax 40

a=1-5—1I"0

where g; is i-th component of the quantization vector (or
matrix), o; is i-th component of the mean squared error
VECtOr, 0,4, 1S the maximum value of the standard deviation
for all components, Q is the algorithm parameter, which is
the image compression ratio setting. The meaning of this
formula is to give more quantization levels to a component
with a larger standard deviation. For example, for FDCT a =
—1+ i,k = 3, the quantization vector at Q = 1 is equal to
(3,4,5,4,6,7,7,6).

The quantized values of the spectral components are
recorded sequentially, 2 bytes were allocated to each
component.

Ill.  RESEARCH

A. Description of the experiment

The comparison was carried out on 10 halftone images
512%512 in size from the Waterloo Gray Set. All images
were compressed by algorithms using two-dimensional DCT
on blocks 4 x 4 and 8 x 8 and FDCT with parameters a =
—-1+1i;k=3,4,5,6.

As a comparative measure of visual quality, PSNR, or the
ratio of peak signal to noise, and MSSIM, or a measure of
structural similarity averaged over the image, were chosen.

PSNR is calculated by the formula

PSNR(x,y) = 20log,,255 —
10l0g10 - iy ' )20 [x @) = y (@ DI,
where x and y are the compared grayscale images, N; N, are
image width and height respectively; PSNR value is

measured in decibels. The higher the PSNR value, the less
the image has changed compared to the original.

MSSIM is calculated as the average SSIM for disjoint
8x8 blocks :

(Zﬂxﬂy+clz)(2‘7xy+czz)
u,%+u§,+612)(0,%+032,+622)’

MSSIM = — M3l SSIM (x,y),
where x and y are grayscale images being compared, M is the
number of 8x8 blocks, C¢; =2.55, C, =7.65. MSSIM
values range from -1 to 1, the higher value corresponds to a
better visual similarity of two images [7].

SSIM (x,y) = 0

To assess the degree of compression, informational
entropy was used. Information entropy shows how much
information the spectral component carries on average after
compression [8], and describes the theoretical limit of
sequence compression. Accordingly, the lower the value of
entropy, the greater the compression ratio can be achieved by
compressing this sequence. Entropy was calculated from a
sequence of quantized spectral components by the formula

_ H = —¥25% p; logap:, B
where p; — is the probability of occurrence of the value of i in

the sequence.

B. Results

As a result of the study, it turned out that for most images
for equal values of entropy, algorithms based on two-
dimensional DCT show the best values of comparative
measures of visual quality compared to algorithms based on
FDCT (Fig. 2), but the following can be noted: firstly, when
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the entropy is one and a half bits per sample and higher, the
MSSIM value for FDCT-based algorithms differ no more
than by 1%, which means that the difference is almost
imperceptible.

Secondly, starting from a certain value of entropy, the
visual quality of images compressed by the FDCT algorithm
is superior to the visual quality of images compressed by the
algorithm based on two-dimensional DCT. This can also be
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Fig. 2.

MSSiM

seen from the graphs in Fig. 2. Such a property can be useful
in image transmission systems for which low PSNR values
(about 20 dB) are acceptable.

Moreover, Fig. 3 shows the nature of the distortions
introduced by the FDCT fractal blocks. Compared to the
square blocks of two-dimensional DCT, the fractal structure
is less noticeable, and the boundaries of the objects in the
image are sharper, although more noisy.
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FOCT-8
2-DCT 4x4
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b)

Dependence of the visual characteristics of the Cameraman image on the information entropy: a) PSNR; b) MSSIM.

a

b

Fig. 3. Fragments of the Cameraman image: a) before compression; b) after compression by an algorithm based on two-dimensional DCT 8x8 (PSNR =
28.7 dB; MSSIM = 0.81); c) after compression by an algorithm based on FDCT k = 6 (PSNR = 25.42 dB; MSSIM = 0.74). Both compressed images have an
entropy of 0.19 bit/pixel.

Finally, it can be noted that in experiments on images
consisting of text, FDCT-based algorithms showed
themselves better than algorithms based on two-dimensional
DCT, which makes great practical sense when working with
scanned documents and books. An example of the operation
of algorithms in images containing text is shown in Fig. 4.

IV. CONCLUSION

In this paper, a lossy image compression algorithm based
on a fractal discrete cosine transform was implemented and
studied. The implemented algorithm was compared with the
algorithm based on two-dimensional DCT. As a result, it
turned out that FDCT has a completely different character of
distortions introduced into the image during compression: an
image compressed by the FDCT algorithm has sharper but
more noisy object boundaries compared to two-dimensional
DCT,; the structure of fractal blocks is less noticeable than
the structure of a square block of two-dimensional DCT.
Despite the fact that FDCT does not show the best numerical
characteristics of visual quality with an equal value of
entropy compared to two-dimensional DCT, the actual visual
quality differs insignificantly for some values of entropy,
which can be used in a number of image processing areas.

Actual problems associated with the FDCT-based
compression algorithm are the synthesis of fast FDCT
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algorithms, the study of FDCT-based algorithms in other k-
fundamental areas, as well as the synthesis of the algorithm
for reducing the noise introduced by compression when
using FDCT.
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Fig. 4. Image fragments with text: a) before compression; b) after
compression by an algorithm based on FDCT k = 3 (PSNR = 24.54 dB;
MSSIM = 0.92); c) after compression by an algorithm based on two-
dimensional DCT 4x4 (PSNR = 28.04 dB; MSSIM = 0.96); c) after image
compression by an algorithm based on two-dimensional DCT 8x8 (PSNR =
25.86 dB; MSSIM = 0.89). All compressed images have an entropy of 1.2
bits/pixel.
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