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Abstract—The field of research is the creating of fuzzy
concept lattices based on fuzzy data “objects-properties”. Our
contribution is the account of existential relations on the set of
observed and/or measured properties, i.e. “properties existence
constraints”. Two most well-known approaches to creating of
fuzzy concepts lattices are considered: the one-sided threshold
and fuzzy closure methods. It is shown that for the more
popular one-sided threshold method, potential violations of
properties existence constraints in the concept lattice are
countered by the rational threshold cut method, previously
developed for extracting crisp formal concepts from fuzzy
initial data. However, this way is fundamentally unacceptable
for the fuzzy closure method. For this case, the idea of special
preliminary processing of the initial data is put forward - the
“normalization” of the fuzzy set of properties for each object in
the training sample. The practical importance of the study is to
increase an adequacy of Fuzzy Formal Concept Analysis.
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l. INTRODUCTION

One of the most powerful methods of data mining for the
last two decades is the Formal Concepts Analysis (FCA)
[1-3]. This is the applied branch of the algebraic theory of
lattices, which reflects classical representation of the concept
[4, 5]. According to this view the concept is the fundamental
element of mind that is defined by the extent and intent. The
extent is made up by objects, which are applied to the
concept. The intent is made up by properties, which are
inherent to the concept. These properties are inherent to all
objects from the extent of concept.

In FCA intent and extent are associated with the relation
I between the set of objects G and set of properties M, I: G X
M — {True,False}. The tuple (G, M,I) is usually set in
the form of the object-properties reflection table and is
referred to as a formal context (FC). FC induces Galois
operators “T” and “l”. Formal concept is defined by the
bicluster (X,Y), which is formed X € G (extent) andY € M
(intent). This bicluster (X,Y) satisfies X T=Y and Y |= X,
where X T={m € M|vVg € X:1(g,m) =True} and Y | =
{g € G|Ym € Y:I(g,m) = True}. The set consists of all
formal contexts, that is extracted from FC, and is ordered by
extent (or intent) inclusion. This set forms the complete
lattice and is called the lattice of formal concepts.

On the one hand fuzzy FCA (FFCA) is adaptation to the
FCA elasticity of “human concepts” proved by psychologists
in the sense that the question of applicability of the concept
to the object is the question of degree and not the question of
“yes”/’no”. People work productively in the conditions of
such granulation of opinions [6, 7]. On the other hand,
reviewing the realities of accumulating empirical information
results in FFCA. In practice, the assessment of the truth of
judgments such as “the object g € G has the property m €
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M” is often vague. For example, it can be set by an expert or
formed by combining information from competing and
conflicting sources, and so on. In such cases the truth of
judgments also needs to be granulated [8]. Formally both the
first and the second are reduced to the fact that I: G x M —
L, where L is a multi-valued truth scale. The actual naming
of “fuzzy FCA” is related to the choice of the scale L = [0,1]
used in fuzzy logic by L.A. Zadeh.

Another development of FCA is related to the
understanding of its hypothetical-deductive nature. In
contrast to a posteriori fixed set G, the set of measured
properties of objects M is formed by the subject of analysis a
priori and, as shown in [9], is actually the product of
hypotheses about the conceptual description of the research
domain of interest. In addition to the composition of the set
M, existential relations on this set are also defined, known as
properties existence constraints (PEC) [10-12]. To derive
crisp formal concepts from a fuzzy FC in the presence of a
PEC in [12], the method of rational a-section of relation I is
proposed.

The purpose of this article is to show ways to account for
the PEC in the derivation of fuzzy formal concepts.

Il.  PROPERTIES EXISTENCE CONSTRAINTS

According to [9] subject of Formal Concept Analysis (FCA)
a priori forms a system of measured properties, i.e. makes a
set M content and two (and only two) existential relations
for this set:

e conditionality C: M X M — {True, False}, when it
is established beforehand that having the property
m;, every object g necessarily has the property my
(although the converse may be incorrect), i.e.
C(mj,my) © Vg € G:m; € {g} T->my € {g} T
Conditionality  reflexive, not symmetric and
transitive;

e incompatibility E: M X M — {True, False}, when it
is predetermined that having the property m;, every
object gobviously does not have property m;, and on
the contrary, i.e. E(m;,m;) < Vg € G:m; € {g} T
my, & {g} T. The relation E antireflexive, symmetric
and not transitive, but characterized by the so-called
“transitivity relative to conditionality”, which means
Va,b,c € M:C(a,b) NE(b,c) = E(a,c).

It should be noted that the relation of conditionality
generates a reflexive, symmetrical and transitive relation of
inter-conditionality H in a set of properties: H(m;, m;) <
C(m;, my) A C(my, m;).

Conditionality and incompatibility relations limit set or,
in other words, co-existence of properties for training
selection objects. According to the subject's a priori
hypotheses any object g € G can only have a “normal”
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subset of the set of measurable properties M [11]. The
subset of measurable properties Y € M is normal if and only
if it is closed and compatible:

e Y closed, if it contains all the properties that are
conditioned by any element Y, i.e. vm; € Y: (3m, €
M:C(m;,my)) > my €Y,

e Y compatible, if any two elements Y are not related
by the incompatibility relation, i.e. vm; € Y: (3m, €
M:E(m;,my)) > my €Y.

I1l.  Two MAIN METHODS FOR CONSTRUCTING
LATTICES OF FORMAL CONCEPTS

To date, the FFCA has developed several methods for
constructing lattices of fuzzy formal concepts, as well as
their various modifications (see, for example, the review
[13], articles [14-19]). The most tested methods include the
one-way threshold method [20-22], which is briefly outlined
below, and the method using the fuzzy closure operator [23].

A. The one-way threshold method

The “one-sidedness” of the method is that the fuzzy FC is
interpreted asymmetrically as an aggregate of fuzzy sets over
the universe M, each of which describes one of the FC
objects. In other words, each g € G in the FC is represented
as a fuzzy set {I(g,m,)/my,I(g,m;)/m,,...,1(g,m,)/
m,}, where n = |M|, I(g, m;) — the degree of verity of the
assertion “the property m; € M is inherent in the object g”.
The usual (crisp) formal concept is defined in this case using
the threshold value « € [0,1] as a pair (X,Y), X S G,Y S
M, satisfying the conditions X T=Y and Y I= X, where X 1
={meM|VgeX:I(gm)=a} and YIl={g € G|lVmE
Y:i(g,m) = a}.

Structurally, at the first step of the method, an a-
approximation of the fuzzy correspondence I is made, and
then a crisp FC (G, M, I(®), where

True,

False,

ifI(g,m) = a;}
in other cases.

1(“)(g,m) ={

At the second step, the methodological complex of the
classical FCA is used to derive crisp concepts from
(G, M, 1(®)) and construct their lattice.

The content of the third step is the transformation of each
received crisp concept (X,Y) into a fuzzy one (X, Y). The
intent X, is a fuzzy set over the universe G. The estimate of
the truth X;(g) of an object g € G belong to X, is
determined by the degree to which it has all the properties in
the content Y, or rather, by the assessment of the joint truth
(intersection) of fuzzy judgments “to an object g € G is
inherent in the property m € Y” for all properties of Y. It is
usually proposed to evaluate this degree of membership by a
min-conjunction:

_ (ming,ey I(g,m), ifge X;
Xf(g) B { 0, in other cases.}

It is easy to verify that between such fuzzy concepts the
same partial order will be preserved as between clear
concepts obtained at the intermediate step of the one-way
threshold method. If we additionally require Vg € G:Y =
® — X(g) = 1, we see that the fuzzy concepts constructed
in the described way — the biclusters (X, Y) with a clear

content and fuzzy extent — form a complete lattice of fuzzy
concepts.

B. Fuzzy closure method

The method forms fuzzy concepts with fuzzy extents and
fuzzy intents. An algebraic structure is introduced into
consideration, called a full residual Ilattice (“division
lattice”), L = (L,A,V,®, — ,0,1) such that:

. (L,Av,0,1) is a complete lattice with the smallest
element 0 and the largest element 1;

. {L,® ,1) is a commutative monoid;

+  fuzzy conjunction ® and fuzzy implication —
satisfy the conjugacy conditionx @ y<zeox<y-z.
The authors of [23] use the Lukasevich operators

x®y =max(x +y—1,0),
x -y =min(1 —-x+y,1).

Evaluating this formalization, following [24], we note
that here, as in other approaches based on fuzzy closure (see,
for example, [13, 17]), certain problems arise in interpreting
lattices of fuzzy concepts that depend on the algebraic
structure used because algebraic operations introduced into
the analysis are weakly related to the meaning and
pragmatics of applications.

Continuing the review of the fuzzy closure method, we
denote by LZ the set of all fuzzy sets over the universe Z.

For fuzzy sets X € L u Y € LM, fuzzy sets X T€ LM n
Y le LS are defined as

X1 (m) = Agec(X(9) = 1(g,m)),

Y1 (9) = Ameu(Y (m) = I1(g,m)).

X T (m) indicates the degree of verity that property m
characterizes all objects in a fuzzy set X. Similarly, Y | (g)
indicates the verity that all properties in a fuzzy setY are
inherent in object g.

A pair(X,Y) € L¢ x LM is a fuzzy formal concept if X 1
=Y and Y l=X. The set of all fuzzy formal concepts
extracted from fuzzy FC is partially ordered by the inclusion
of fuzzy intents (or, equally, fuzzy extents) and forms a
complete lattice of fuzzy concepts.

According to [23], the discovery of all fuzzy concepts is
reduced to calculating all the fixed points of a certain fuzzy
closure operator. In a fuzzy FC, the composite operator Tl
:L¢ — IS is the fuzzy closure operator in G, and {1: LM —
LM is the fuzzy closure operator in M. The fixed points of the
Tl and 1T operators determine the extents and intents of
fuzzy formal concepts, respectively.

IV. ACCEPT THE PROPERTIES EXISTENCE CONSTRAINTS

It is obvious (see section 2) that for crisp formal concepts
extracted from this fuzzy FC the “natural” criterion for
accounting for PEC is the normality of sets of properties that
determine the content of the constructed concepts [10-12].
When deriving fuzzy formal concepts from a fuzzy FC, this
approach needs to be expanded. For a fuzzy concept, the
content may be a fuzzy set that is directly incompatible with
the crisp normal sets defined by the PEC. Therefore, in this
case we should rely on a more common condition for
accounting for PEC (the “fundamental” criterion): object
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generated according to any fuzzy concept of a given fuzzy
FC must be characterized by a normal set of properties.

A. Situation when using the one-side threshold method

It is easy to see that to account for PEC in the one-side
threshold method, when a-approximation of fuzzy relation I
instead of the standard a-sections use the method of rational
a-section [12, 25]. In this case the contents of the derived
fuzzy formal concepts will become crisp normal subsets of
the set of measurable properties M and the “natural” criterion
for PEC accounting will be satisfied.

B. Normalization of formal context for use fuzzy closure
method

The method in which the construction of fuzzy concepts
uses the fuzzy closure operator does not use threshold values
and the contents of the output concepts are fuzzy subsets —
defined elements of the set L. So due to the fact that the
PEC requirement is formulated in the language of ordinary
sets (objects in the domain of interest can only have normal
subsets of measurable properties M), there is a need to find a
connection between the power set elements 2™ and set LM,

It is known that in the case L = [0,1] this connection is
established by the fuzzy set decomposition theorem. In our
designation for each g € G we have

{g} 1= Uae[0,1] a-({g} Da @

where {g} T is the fuzzy set of properties of object g; a is the
threshold value, @ € [0,1], ({g} 1), is the crisp set of object
g properties level a.

Now the requirement to carry out the “fundamental”
criteria for PEC accounting can be applied to the right side
(1): PEC will be carried out if all sets ({g} T), are normal.
Note that in real FC for each g € G the number of different
“summands” in (1) is finite.

Finally, to account to the PEC we can offer this effective
method of preprocessing of fuzzy FC (G,M,I) for
constructing the lattice of fuzzy formal concepts:

« according to the available PEC all normal subsets of
the set of measured properties M are detected:;

+ relational I is being normalized: for each g € G the
right part (1) is taken as the initial fuzzy set of
properties except for “summands” where the set of
properties ({g} 1), is not normal.

When constructing a formal algorithm that solves the
problem of PEC accounting for the case of fuzzy closure, we
should take into account some features of the crisp sets that
are part of the decomposition (1) and features of the structure
of the PEC themselves that allow optimizing the filtering
process of normal sets, such as:

+ the incompatibility relation defines the presence of
incompatible property groups in the set M— subsets of
pair wise incompatible properties. Similarly, the
relation of inter-conditionality defines the groups of
inter-conditionality properties;

« when approximation of the fuzzy set {g} T the
decision to discard some of the terms in the left part
(1) can be made based on the analysis of other terms.
If ({g} 1), Was discarded as a set containing two
properties from some group of incompatible

properties, then Va, < a; the set ({g} T),, Will be
discarded too. If ({g} 1),, was discarded as a set that
does not contain at least one property from some
group of inter-conditionality properties then Va, >
a, the set ({g} 1), will be discarded too.

V. CONCLUSION

Realized research allow to specify ways to combine the
deductive achievements of FFCA in the construction of
lattices of formal concepts with understanding the role of
the second - a priori - aspect of the common hypothetical-
deductive nature of FCA. Specifically, we propose ways to
account for existential relations on a set of observed and/or
measured properties which provide derivation of correct
fuzzy concepts.

A promising task is to explore the influence of properties
existence constraints on qualitative and quantitative
characteristics fuzzy concept lattices depending on the
parameters of these constraints and parameters of initial
formal concepts.

Practical value of research results is to improve the
adequacy of application of FCA. In particular it is used in
the construction of fuzzy formal concepts the important role
of which is highly appreciated in different applications (see
for example [20, 22, 26]). When clustering incomplete data
coming from congruent sources (e.g. in short-term
forecasting of traffic flows) - fuzzy FCA can successfully
compete with traditional methods such as k nearest
neighbors method [27].
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