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Abstract. The growing demand for machine learning tools to solve hard
tasks, from natural language processing to image understanding, recently
shifted the attention to understand and possibly to explain the behaviour
of deep learning. Deep neural networks represent today the state-of-theart in many applications that have been shown to be solved by datadriven approaches. However, they are also well known for their complexity, which hinders the interpretation of their functioning. To address this
issue, researchers have lately focused either on understanding the optimization algorithms or on extracting information from a trained model;
in this context we propose the Activation Pattern Diagram (APD) as
a new tool to analyse neural networks by mainly focusing on the input
data. The APD is a graphical representation of how a dataset is learned
by a neural network with piecewise linear activation functions, such as
the ReLU activation. By analysing the evolution of the diagram during
the training procedure, the APD sheds light on the learning process and
how data influences it. Additionally, we introduce a way to plot the APD
to help the visualization and interpretation of the diagram.
Keywords: Activation Patterns · Piecewise Linear Functions · Neural
Networks · Visualization.
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Introduction

Deep neural networks (DNNs) have achieved remarkably good results in a broad
range of tasks, including Computer Vision [7,8,15], Natural Language Processing
[2] and game playing [14]. Nevertheless, due to the complexity of these models,
many phenomena are still only partially understood, such as their ability of to
generalize well with over-parameterized models [17] or their fragility to adversarial attacks [16]. Moreover, the ever growing adoption of black-box models
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fueled the need of explainable systems, in order to gain the trust of the user and
improve the confidence for safety-critical applications [3].
In order to explain neural networks, a number of techniques provide justifications for the predictions [10], such as sensitivity analysis [15]. On the other hand,
other methods have been proposed to investigate the properties of DNNs, e.g.,
to estimate the expressiveness of the model [5,6,13], to analyse the behaviour of
DNNs with different optimization techniques [18] or to characterize input data
complexity [1].
The inspection of a deep neural network can be simplified by employing
piecewise linear activation functions, such as the ReLU activation [4]. These
activations partition the input space in linear regions to learn complex functions
[11], thus properties of those regions, such as the number or the size, can be
exploited to better understand the learned function [1, 5, 6, 13, 18].
In [1] we defined a novel data structure, the Activation Pattern Diagram
(APD), that can be used to understand and visualize how data is transformed by
a neural network with piecewise linear activations. Additionally, we introduced
a method to estimate the input data complexity of a dataset, given the function
learned by a DNN with ReLU activations. More in detail, we showed that the
distribution of the input instances among the linear regions, summarised by the
APD, can be used to estimate the confidence of the model in predicting the label
for a given instance. Briefly, linear regions identify the transformation applied
by the neural network; if many instances share the same linear region, then we
expect them to be “more common”, and easier, than an instance that has its
own linear region. In fact, linear regions are denser around decision boundaries
[18].
In order to further explore the APD properties, we aim at investigating its
evolution during the training process. To this end, in the following we will:
– introduce a proof-of-concept for a novel tool to visualize the APD on a
selected subset of instances, providing a new strategy to interpret DNNs;
– show preliminary results of the evolution of the APD during learning.

2

From Activation Patterns to the APD

Let Nθ (x0 ) be a Deep Neural Network with input x0 ∈ Rn0 and trainable parameters θ. A layer hl with size nl , for l ∈ 1, . . . , L, is defined by neurons
hl,i = gl,i ◦ fl,i , for i ∈ 1, . . . , nl , where fl,i is a linear preactivation function
and gl,i a nonlinear activation function.
Let xl be the output of the l-th layer and the input data to the network for
l = 0, then, we define fl,i (xl−1 ) = Wl xl−1 + bl,i , where both Wl ∈ Rnl−1 and
bl,i ∈ R belong to the trainable parameters θ. Regarding activation functions,
we will focus on ReLU activation function, i.e., gl,i (x) = max{0, x}.
Finally, we can represent the DNN Nθ as a function Nθ : Rn0 → Rout that
can be decomposed as
Nθ (x) = (fout ◦ hL ◦ · · · ◦ h1 )(x),

(1)

where fout is the output layer (e.g., softmax, sigmoid, . . . ).
Moreover, given a dataset D ⊆ Rn0 , we define the activation pattern Al (x0 )
of layer l given input x0 ∈ D as the following (binary) vector:
Al (x0 ) = [ai | ai = 1 if hl,i (xl−1 ) > 0 else ai = 0, ∀i = 1, . . . , nl ].

(2)

In order to distinguish activation patterns by the layer to which they belong, let
us adjust the notation as follows:
A∗l (x0 ) = (l, Al (x0 )), ∀x0 ∈ D, l ∈ 1, . . . , L.

(3)

Then, let us define the set of activation patterns of layer l for all instances in D
as:
A∗l (D) = {A∗l (x0 ) | x0 ∈ D}, l ∈ 1, . . . , L,
where |A∗l (D)| will denote its cardinality.
Lastly, the activation pattern diagram (APD) of dataset D is a directed
acyclic graph AP DNθ (D) = (V, E), where
– V is the set of vertices defined by the activation patterns of all the layers,
i.e.:
L
[
V =
A∗l (D).
l=1

– E is the set of edges defined by the activation of each input instance x0 ∈ D,
i.e. (A∗l−1 (x0 ), A∗l (x0 )) ∈ E for l ∈ 2, . . . L.
Note that the APD has the same depth of the network. In the following we
will consider an extended version of the APD, in which we add a node for each
predicted label and edges (A∗L (x0 ), Nθ (x0 )), where Nθ (x0 ) is the predicted label
for x0 , for each input instance.
Example 1. Let us consider a network Nθ with L = 2 and n1 , n2 = 2. Given
a dataset with one instance x0 , we may have A∗1 (x0 ) = (1, [0, 0]), A∗2 (x0 ) =
(2, [1, 0]) and Nθ (x0 ) = y0 , i.e. y0 is the predicted label for x0 . Then the APD is
defined as:



V = {(1, [0, 0]), (2, [1, 0]), y0 }, E = (1, [0, 0]), (2, [1, 0]) , (2, [1, 0]), y0 .

3

APD evolution during training

In this section we will show results obtained with a neural network with L = 3
layers with 40 neurons each, trained on the MNIST dataset [9] with SGD and
fixed learning rate at 0.001.
In figure 1 we have the loss for the training process (0.1 train/validation split
of the 60 000 total instances) on the left, while on the right we have the evolution
of the number of unique activation patterns, i.e. |A∗l (D)| for l ∈ 1, . . . 3, where D
is the training set. We can see that the number of unique patterns at each epoch
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Fig. 1: (Left) Train (orange) and validation (blue) loss. The best validation is
achieved at epoch 309. (Right) Number of unique activation patterns per layer,
i.e. |A∗l (D)|, with regard to the network at a given epoch. All the layers steadily
increase the number of activation patterns during training. Furthermore, the first
layer (blue) has 4 times the number of activation patterns of the second layer,
while the third layer (green) doesn’t reach more that 4 000 activation patterns
in all the 500 epochs.

decreases with the layer’s depth; moreover, the number of activation patterns of
each layer is always far below the theoretical upper bound of 240 possible patterns
(see [6] for an explanation of this phenomenon) and less than the 54 000 training
instances, thus activation patterns are shared between instances.
In figure 2 we plotted the APD obtained by performing predictions for the
same 500 instances of label “1” with the learned model at epochs 10, 50, 150
and 300. The plots are Sankey diagrams from the Plotly library [12], where:
– the blue rectangles, from left to right, represent the activation patterns of the
layers and the predicted labels, with height and color intensity proportional
to the number of instances activating that pattern or predicting that label.
As an example, in each APD, the upper right rectangle represent all correctly
predicted labels;
– the color of the edges corresponds to the proportion of wrong instances
belonging to the edge, and size proportional to the number of instances
following that edge.
From figure 2 we can observe that activation patterns are shared more in deeper
layers, as emerges from figure 1. As a consequence, from epoch 150 there are some
clear flows of instances that share the same activation patterns. Lastly, wrongly
classified instances, with regard to the chosen subset of instances, mostly belong
to activation patterns that are not shared by many instances.
The trend observed in the previous figures is confirmed by figure 3. We first
clustered instances based on the pattern of both the second and last layer, i.e.
if x0 , x1 belong to cluster (or “flow”) C, then A2 (x0 ) = A2 (x1 ) and A3 (x0 ) =
A3 (x1 ). Note that such clusters correspond to paths from the second to third
layer in figure 2. Then, we observed the distribution of all (second row) or
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Fig. 2: Four different APDs with regard to the same 500 instances of label “1”
and the model learned at epochs 10, 50, 150 and 300. The APD is composed
by four levels of blue nodes; the nodes of each level identify, from left to right,
the activation patterns of the three layers of the network and the predicted
labels. Additionally, the nodes have height and color intensity proportional to
the number of instances they represent. The first layer, as expected from figure
1, has always more patterns, while in the level of predicted labels we have a tall
node on top representing the mostly predicted label, i.e. “1”. The edges have
size proportional to the number of instances they represent, and different colors
depending on the proportion of errors.
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Fig. 3: Distribution of wrongly classified instances (first row) and all instances
(second row) among clusters (“flows”) defined by activation patterns of second
and third layer. Clusters correspond to the edges in the APD between the activation patterns of the second and third layer, respectively. In the x-axis we have
the strength of the clusters, with log-bins, i.e. the number of instances belonging
to that cluster. In the y-axis we have the purity of the cluster, i.e. the proportion
of instances belonging to the most frequently predicted label in the cluster.

wrongly classified (first row) instances among the clusters with regard to two
measures: purity, i.e. the proportion of instances of the most frequently predicted class in the cluster, and strength, i.e. the cluster size. We can observe
that there is a number of instances belonging to clusters with high purity and
high strength, that are almost always correct from epoch 150, while wrongly
classified instances usually belong to small clusters or clusters with low purity.
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Concluding remarks

In the previous section we showed some of the possible observations resulting
from the analysis of how data flows through the APD during the training process.
Additionally, we introduced a novel visualization tool to plot the APD for a given
set of input instances.
We are able to cluster data based on how the neural network performs the
task, paving the way to further experiments with the aim of both studying how
the characteristics of input data influences the learning process and providing an
interpretation for the function learned by a neural network. As an example, the
APD can provide a way to quickly assess when a trained DNN is straying from

what it was trained on, potentially providing early warnings “on field”, when it
behaves in ways that were not expected or foreseen.
Among the possible future research venues, we want to investigate topological
measures to quantify the information contained in the APD and experiment the
influence of hyperparameters, such as the chosen architecture or optimization
algorithm, on the shape of the diagram. Lastly, in our experiments we used all
the neurons in each layer of the APD, but additional research may introduce
new ways to identify only the relevant part of activation patterns.
Furthermore, we here introduced a visualization of the APD with the Plotly
library [12], that might represent a new tool for the researcher or user who wants
to understand the inner functioning of a DNN.
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