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Abstract

This article proposes a classification method for the case when the features of the classified
objects are represented by the terms of linguistic variables, or when values with measurement
errors are formalized by fuzzy sets. The method is based on the logical approach to the
inference in MIMO fuzzy systems using fuzzy truth value. The use of the fuzzy truth value
makes it possible to reduce the computational complexity to polynomial and thus to classify
objects with a large number of features. The rule base may be composed from the sample
objects whose membership degrees to the given classes can be determined using the method
of pairwise comparisons.
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1. Introduction

Many of classification methods that have been proposed in recent decades (e.g. [1, 2]) are based on
the technologies of soft computing, such as neural networks, fuzzy inference systems and
evolutionary algorithms. Neural networks cannot utilize the linguistic information obtained from a
subject area expert. At the same time, traditional fuzzy systems do not support machine learning. As a
response to these drawbacks, so-called neuro-fuzzy systems that combine the advantages of neural
networks and fuzzy systems were developed.

The methods considered above assume that the features of the classified objects can only take
scalar values. This article proposes a classification method for the case when the features of the
classified objects are represented by the terms of linguistic variables [3, 4], or when values with
measurement errors are formalized by fuzzy sets.

The article is divided into several sections. The second section provides a formal definition of
fuzzy inference in MIMO (Multiple Inputs — Multiple Outputs) systems. The third section presents an
inference method based on the fuzzy truth value, which allows to perform fuzzy inference with a
polynomial dependence of computational complexity on the number of inputs. The fourth section
defines the inference result for the rule base using the center of gravity defuzzification method. The
last section addresses the issue of multi-classification based on the described inference method.

2. Fuzzy inference in MIMO systems

MIMO fuzzy systems formalize the reasoning based on the fuzzy rule base defined as

Ry If xq is A1 and x5 is A, and ...and x,, is Ay, 2.1)
then y; is Byj and y, is By, and ...and y,,, is By, k = 1, N, '
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where N is the number of rules, Ay € X;,i = 1,n,Bj, € Y;,j = 1,m are fuzzy sets described by
membership functions 4, (x;) u quk(yj) respectively; x4, x5, ..., x, and y;, y5, ..., i, are input and
output variables respectively, and
[X1, X0, i, X )T =X € Xy X X, X oo X X, = X,
V1, Y2 s Y]t =Y €Yy XYy X o0 X Vi,
Let us denote Ay, = A1 X Ayg X -+ X Ay, While

nuAk(x) = .Tl_:uAik (xi)l

i=1n
where T; is an arbitrary t-norm. Hence, if the outputs y;, j = 1,m are independent, (2.1) can be
represented as a set of fuzzy implications
Rjk : Ak g Bjk' ] = 1,m. (22)

A given rule Ry is formalized as a fuzzy relation defined on the set X X Y;, i.e. Ry S X X Y; isa
fuzzy set with the following membership function:

‘uR]'k(x’yj) = MAkﬁBjk(x'yj)ﬁ ] = 1,—771

Let us denote the input values of a system described by expression (2.2) as A" = A7 X A} X -+ X Ay,
or as “x; is A and x, is A3 and ... and x,, is A;,” with a corresponding membership function g, (x)
defined as
par(x) = Tp_ppr(xp).
i=1,n
Hence, according to the fuzzy modus ponens rule, the output values Bj’k cY, j=1m are
determined by the fuzzy composition of the fuzzy set A" and the relation Ry, i.e.

Bjy=A"o(Ax > Bjy), j=1m,

whence

ugy, (v7) = sup {.UA’(x) by (uAk(x).uB,-k(yj))}, j=1m, (2.3)

where T; is an arbitrary t-norm, I( -, -) is a fuzzy implication. The computational complexity of
(2.3) equals O(| X1 | - |X2| - ... - |Xn| - [Y]), i.e. it depends on the number of inputs exponentially.
Fuzzy implications which are commonly used in considered logical approach [5] can be divided
into the following types [1]:
o  S-implications:

I(a,b) = S{N{a}, b}, (24)
e.g. the implications of Lukasiewicz, Reichenbach, Kleene-Dienes, Fodor and Dubois-Prade;
e  R-implications:
I(a,b) = sup {z|T{a,z} < b},
(a,b) ze[ol;)l]{ | T{a, z} < b} (2.5)
e.g. the implications of Rescher, Goguen and Gdodel,
o  Q-implications:
I(a,b) = S{N{a}, T{a,b}}, (2.6)

e.g. Zadeh’s implication.
In (2.4) — (2.6), T, S and N stand for an arbitrary t-norm, s-norm, and fuzzy negation respectively,
a, b €[0;1].



3. Inference method based on fuzzy truth value

The method utilizes the truth modification rule [3]

par (x) = TAk|A’(.UAk (x)),

where 7,4, 14/(+) is the fuzzy truth value of the fuzzy set A4, relative to A’, which represents the
compatibility CP (A, A") of A;, with respect to A’, where A’ is considered reliable [6]:

Taa’ @) = Hep(aay@) = sup {uy (0}, ve[0;1].

ba, (X)=v
x€X
Let us denote pi4, (x) = v. Then:
o (%) = 14,100 (14, (X)) = 14,000 (V). (3.1)

Using (3.1) we can transform the fuzzy modus ponens rule (2.3) into
Ts Jpe—
g 00) = 208 [enaa @ <1 (s Oy =T @2

Expression (3.2) has the computational complexity of O(|v| - |Y]).
As it follows from [7],

Hep(ay, a)(V) = ,Tll_n“cp(Aik, an(W) =
i=1,n
= (:uCP(Alk,A’l)(vl) T, Hep(Aqy, A;)(”z)) T, Hep(agy, Ag)(v3) T.. Ty Hep(Ank, Ap) (vn),
where T; is an extended using the extension principle n-ary t-norm [6], and

'uCP(Aik' A;)(vi) B Ha S(l;lflij)zvi {MA: (xi)}.
ik
Xi€EX;

For example, binary t-norm is defined by the expression

Hcp(ay, A" (w) = i;Tvll—ZMCP(Aik: A;)(vi) = sup {MCP(Alk,A'l) (v) T, Hep(Ayy, A’Z)(vz)}-

vy Tiv,=v
(v1, v2)€[0;1]2

The latter expression has the computational complexity of O(|v|?).

4. Inference result for a rule base

Let us derive the output value for a base of N rules of the form (2.1) using the center-of-gravity
defuzzification method [8]:

_ Ze=tw Vi #p (k)
yj = =
! Zk=1,_N:uB]'- (jx)

] ] = 11 my
where y; is the crisp value of j-th output, y;, are the points of membership functions HB (yj), for

which the following is true:

b (Fpe) = max {is ()} = 1.

j



Logical approach defines the fuzzy set ij as follows [8]:

B] = ﬂ le,

I=1,N

or as

Hg; () = l:% {/‘B]’-, (yj)}' (4.1)

From (3.2) and (4.1) follows:

i Zk:l,_NJ_’jk . T_{vzup {TAllA’ (v) 1;3 I (U, .UBﬂ(Yj)>}}

[0;1]

T 1
Zien, T4, i )1 (510, 0)

(4.2)

I
B
S

|

5. Fuzzy classification method based on fuzzy inference

The rules (2.1) together with the inference method (4.2) are used to solve modelling problems.
However, they can also be used to solve multi-classification problems [9].

Let us denote the features of an object q as [x4, x5, ..., X, ], Which have terms of linguistic variables
as their values [3]. A, A}, i = 1,n, k = 1,N are fuzzy sets which formalize these terms. Let us also
denote the set of classes as Q = {w;, Wy, ..., wy }. The knowledge is represented as N rules of the
form

Ry If x1 is Aqj and x; is Ay and ...and x,, is Ay, L (5.1)
then gy € w1(Z1x), Gk € W2(Zok) -, Qi € WM (Zm),  k=1,N, '

where zj; is @ membership degree of the object g in a class w; according to rule Ry.. The values of Z,
can be determined by means of pairwise comparison method developed by Thomas L. Saaty [10] on a
set of sample objects Q = {qx}, k = 1,N.

Therefore, {4 }i=17 is a set of fuzzy sets that describe the features of an object g, k = 1,N,
which is used to construct the knowledge base, and {A;};—7; are the values of features of the object
that is being classified. The values z;;, correspond to values y;; in section 4, which allows to combine
(2.1) and (5.1) into

Ry: If xq is Ay and x, is A, and ...and x,, is Ay,
then z; is By and z, is B,y and ...and z,, is B, k = 1, N,

where fuzzy sets By, By, ---» Bmy are singletons:

1, ifz; =7
_ ] 'j ]k:
.quk(Z]) - {0’ iij =+ Z_jkr

and (4.2) can be transformed into

Zk:l,_NZ_jk' T { sup {TA”A’(V) 131(17'”31'1(2_1'1())}}

l=1,_N .
z = ve[0;1] ’ j=1,m (5.2)
T3 _
Teetw, T {vzw] {TA,|A’ W) *1 (v, M) (ij))}}

Let us consider the form of (5.2) depending on type of implication.
e  S-implications:

1 ifz; = z;
3 ) j T~ 4k
I (U, .qul(Z])> - {N(v), if z; # Zjy,



then (5.2) can be simplified into

Yk=TNZjk * T { sup {TA jar (V) * N(”)}}

I=1N (ve[0;1]
£k

)

|
~
I
=
3

Zj =
k=N T_{ sup {‘L‘A jar (V) * N(v)}}

" l=1,N
Laie VEloH]
e  Q-implications:

! (U’ 'qul(Zj)> B {S{N(v),v}, if 2; = Zj,

N(v), if z; # Zjy,

then (5.2) can be written as:

T3 T3
—TnZi* T4 su {‘L’ (v *SNv,v},T_ su {T (v *Nv}
2k=TN Zjk vE[OI;)l] aga’ ) {Nw), v} l?i;(N{vE[Or;Jl] aga’ (W) )

g

Yk=Tn T SFP]{TA:‘IA (v) * S{N(v) v}} l;}’cN {USFPJ{TA”A (v) = N(”)}}

j=1m
e R-implications:

1, ifzi=Z;orv=0
_ ) 'j ]k 1]
I (v, “le(zf)) - {0, if z; # Zy and v > 0,
then (5.2) can be transformed into

Yk=TNZjk * 1N{ sup {TA,|A'(V) * 5(”)}} 2k=TN Zjk * l='£—N{TAl|A’(O)}

= l#k vElD; 1#k .
%= T = , J=1m,
7w T (0
zk=rl_z_,v{ sup fra w0 (¥) :5@)}} Zitw, T{ai ()
Py ve[0;1] 1#k

where

1, ifv=0,
8(v) = {0, ifv 0.

The final solution can be obtained according to the following rule:
q' € wj, if z; > zp,
q' & wj, if z; < zy,
not defined, ifzy < zj < zp,

where zp and zy are fixed threshold values.

6. Conclusion

The article proposed a classification method for objects that have their features represented as
terms of linguistic variables or just formalized by fuzzy sets. The method is based on application of
the local approach and fuzzy truth values to the inference in MIMO systems. The use of fuzzy truth
values and the extension principle enables us to perform the classification with a polynomial
dependence of the computational complexity on the number of features.



A comparative analysis of performance of multi-classifiers based on S-, Q- and R-implications
will be taken as a subject for further studies.
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