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Abstract  
The paper proposes a method for assessing the state of a technological process on the basis of 
fuzzy clustering of its parameters, and then calculation of the Kullback–Leibler divergence for 
clustering results taken at discrete time points. A description of the software that implements 

the method in question as well as the results of a simulation experiment are presented. 
 

Keywords 1 
Fuzzy clustering, Kullback–Leibler divergence, technological process state assessment 

1. Introduction 

Modern complex technological processes (TP) are characterized by a large number of multiply 

connected parameters which need monitoring and controlling in accordance with the specified 

algorithms to reach the objective indicators for production. A representative in this group of processes 

is the production of yellow phosphorus from apatite-nepheline ores wastes accumulating in large 

volumes in the dumps of mining and processing plants and representing a serious environmental hazard 

to nearby territories. Solving the problem of waste recovery and conducting related research to create 

information support (infoware) for the control system of this process is an urgent research problem [11]. 

The presence of many different technological zones and equipment leads to the fact that 

mathematical models for individual units and technological areas are developed by separate research 

teams, they have high complexity, a different set of limitations, initial conditions, a different 

methodological apparatus, and consequently inconsistency in the accuracy of the solutions obtained. 

Besides, quality assessments of individual models for technological objects are carried out according to 

criteria that are not agreed upon, which leads to significant difficulties in creating complex models of 

the entire technological system for solving optimal control problems. 

Optimal control of TP begins with an assessment of its condition, which is difficult to perform in 

accordance with the above mentioned aspects of models building for individual engineering units and 

zones. The state assessment should be based on a unified approach to modeling of all TP elements, 

taking into account accuracy equalization of individual fragments in the complex model. Under the 

conditions considered, it is advisable to use methods that provide a solution to the problem of assessing 

the state without penetrating into the physics of the operation of a particular technological unit, but they 

should allow providing the required accuracy. 

This opportunity is provided by machine learning methods, the spectrum of which is quite wide and 

continues to improve: training with a teacher (artificial neural networks, the support vector method), 

without a teacher (various types of clustering), with reinforcement (genetic algorithms). Each of these 

approaches has its own advantages and limitations, therefore, currently combined methods are widely 

used, implemented in boosting technologies – a consistent improvement of the obtaining solution [4]. 

However, in each specific application, it is necessary to create an architecture for a technological 

information processing system and adapt well-known methods to a specific application, which makes 
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the problem of developing methods for assessing the state of a given TP for phosphorus production 

urgent. 

In the proposed method for processing technological information coming from the control 

equipment of CPES for the production of phosphorus from apatite-nepheline ore wastes, at the 

beginning, clustering of the incoming information at discrete time points and accumulation of its results 

over a certain interval are performed. Then the differences between the clustering results are calculated, 

on the basis of which it becomes possible to make conclusions about the current state of TP and forecast 

its development. 

2. Materials and methods 

Clustering methods are widely used in various subject areas where the problem is to identify 

regularities in the data coming from instrumentation installed on a real object, simulation results, and 

other sources. 

Clustering of technological information and analysis of its results is an integral part of the 

algorithmic support of TP intelligent monitoring, the improvement of which goes not only along the 

way of hardware upgrading, but also in the direction of complicating data processing procedures. This 

allows control systems to be adjusted more accurately by both the separate units and the integral TP 

and it allows reducing the probability of emergency operation for the equipment operation [2,13]. 

Clustering problems in principle do not have a unique solution, therefore, there are many clustering 

methods, among these methods graph methods, taxonomy (hierarchical clustering), statistical methods, 

Kohonen networks and fuzzy clustering can be distinguished. The choice of a method depends on the 

research objectives for which clustering is carried out. There is a large number of modifications for the 

procedure [7,8], which allows analyzing data structures, however, this is not a priority when processing 

technological information on phosphorus production in which there is no data hierarchy. It is significant 

that the other methods, like hierarchical clustering, do not contain parameters in their results that would 

characterize the confidence that a point of the attribute space belongs to each found cluster. 

Similar information can be provided by a group of fuzzy clustering methods such as Fuzzy C-Means, 

Kernel Fuzzy C-Means, Gustafson – Kessel and their modification [6] including the use of ensemble 

clustering [10]. However, the results analysis for clustering in each case requires additional efforts to 

interpret them for the subject area under consideration and is carried out either using expert methods or 

using any other approaches. 

The proposed method for analyzing the results of clustering is based on the assumption that when 

observing TP for a certain time, some points of the attribute space can "move" from one cluster to the 

other, and the dynamics of this movement can serve as a characteristic of the TP state. Clustering 

application allows reducing the size of the processing data to carry out the further analysis. 

A simplified structural flowchart for a chemical power engineering system (CPES) of phosphorus 

production (circled by a dashed line) and the proposed step-by-step processing of technological 

information is presented in Figure 1. The CPES includes technological units (control objects): CO1 – a 

granulator that prepares raw pellets from waste of apatite-nepheline ores, СО2 – a multi-chamber 

indurating machine, where roasted pellets are produced at the exit, they enter the ore-thermal furnace 

indicated as CO3. All technological information is accumulated in the data base (DB) from which it 

goes to the block of clustering C and KLD block, calculating Kullback–Leibler divergence used to track 

the changes of the clustering results at various time intervals. 

The vector of input/output data reflecting the composition of data flows between the control objects 

have the following composition: X1 = (D, u1, V1
s), X2 = (r1, ε, uо , V2

s), X3 = (r2, σk, η , V3
s), where D – 

dispersion of apatite-nepheline ores waste; u1 – mass fraction of moister in the fusion mixture; Vi
s – 

parameters vector, characterizing heat and physical, lithographic and granulometric properties of the 

corresponding material flows for the converted raw material, i = 1, 2, 3; r1 and r2 – radiuses for the raw 

pellet at the output of СО1 and roasted pellet at the input from СО2, respectively; uо, ε – moister content 

and porosity of the pellet; σk – ultimate strength of the pellet; η – the degree of response in the 

decarbonization reactions. The output parameter for CPES is p – purity of the obtained phosphorus. 

 



Х1 γ рХ2
Х3

CO1

D u1 V1
s r1 ε u0 V2

s r2   σk ηj V3
тлг γ р

CO2 CO3

KLDС

DB

R

 
Figure 1: The structure for information processing of TP state  

 

The statement of the problem for assessing the TP state is as follows. Given: the space of objects 

X = (X1, X2, X3, p ) = Rn, where n – total number of technological parameters; m – numbers of clusters, 

which can be various, but it is fixed at each new start of the analysis procedure. There is a learning sample 

of objects {Xi}, i=1, …, l, where l – the size of learning sample. Based on this information, it is required 

to conduct an assessment of the CPES state at time point tf. 

The CPES can be characterized by the range number where the deviation p (%) from the nominal 

value p,nom (another indicator or functional can be used ) is fell into. The set of states forms the multiplicity 

R={R1, R2, …, Rr}, where r – number of states. Each number from R can have a linguistic meaning, for 

example, “nominal condition” (NC), “small deviation from NC”, “mean deviation from NC” and etc. 

If TP is carried out optimally, then it is possible to assume that the values for its parameters ζj 

from X are distributed standardly with the meansquare deviation σζ (ζj) determined from the formula: 

|ζj min – ζj nom|/ σζ ( ζj) = Uq/2, where  ζj min – lower boundary for the field of tolerance zone parameter 

ζj, Uq/2 – quantile of q/2, q – permissible deviation from the nominal value. Let (ζj) i  and (ζj) i+1  are the 

values for the output parameter ζj of TP at i-th and (i+1)-th points of time, respectively. Then, under the 

assumptions made, the sequence (ζj)i will be a random process with discrete time. Any deviation from 

the standard distribution may be a sign of violations in the preparation of raw materials and violation in 

the TP conditions. 

The presented problem of TP states assessment is proposed to be divided into two stages: at the first 

stage, a fuzzy clustering of TP parameters is performed, at the second stage, the Kullback–Leibler 

divergence (KLD) is calculated, which allows estimating the distance of two probability distributions, 

obtained for different TP time intervals, from each other [12]. 

The theoretical aspects of fuzzy clustering are well developed, and for its implementation there are ready-

made software solutions, for example, such as MatLAB, scientific libraries for Python, R and others. In these 

software tools, it is possible to change the methods and parameters of the clustering procedure itself, which 

makes it possible to carry out engineering research of the proposed algorithmic structures. 

The widely known method of fuzzy clustering of C-means (Fuzzy C-means) is a generalization of 

the k-means algorithm, and fuzziness appears in it when describing clusters as fuzzy sets with a core in 

the center of the cluster [3]. Each point is included in all clusters with varying grades of membership, 

the sum of which is equal to one. At the output of this method, matrix U is formed containing the values 

of the membership functions of each point {Xi} to the identified clusters in (1) 

𝑈 =

(

 

𝜇1
1 𝜇2

1 … 𝜇𝑚
1

𝜇1
2 𝜇2

2 … 𝜇𝑚
2

 .   . .   .  
𝜇1
𝑙 𝜇2

𝑙 … 𝜇𝑚
𝑙 )

 , (1) 

where μi
j  – the membership function of data Xj to cluster number i , m – the number of clusters. 



However, Fuzzy C-means has a significant limitation, it breaks into clusters incorrectly in the case 

when they have different dispersion along different axes in the feature space.  In order to eliminate this 

drawback, clustering GMM (Gaussian mixture models) is used in this method [1]. 

Data for clustering are parameter value packages PXk, k=0, 2, …, К, where К – number of packages. 

To form set  PXk time interval T is given, in which at intervals Δt << T the sensors of the control and 

measuring equipment are polled, and T=(К–1)Δt. The question of choosing T and Δt is solved basing 

on the characteristics of the TP, its response time, in particular, as well as the requirements for analyzing 

the state of the TP. 

Line  l in k–th package  PXk contains normalized values of TP parameters to the range [–1, 1]  at the 

time point lΔt in (2) 
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,   (2) 

For each PXk clustering is carried out and as a result a sequence of matrix (1) appears: U1, U2, …, 

UK-1. Mismatching between U1 and Uk is calculated on the base of KLD in (3) 

𝐾𝐿𝑘 =∑∑(𝑈𝑖,𝑗)𝑘 log
(𝑈𝑖,𝑗)𝑘

(𝑈𝑖,𝑗)1

𝑙

𝑖=1

𝑚

𝑗=1

,            (3) 

The sequence of scalar KLk values obtained on the basis of (3) reflects the behavior of the process at 

time (variability compared with the results of initial clustering) and makes it possible to track and 

predict the reproducibility and stability of TP, since KL is a generalized characteristic obtained for PXk 

data packages. 

It is noted that the arrangement of TP parameters into matrix (2) can be different, for example, to fill 

in parameters not in one column, but in several columns at once, the main thing is that this order should 

not change from one PXk to the other. 

The choice of the time interval T should be also carried out taking into account time scales and TP 

characteristics. In CPES of phosphorus producing the beginning and the end of the T interval is 

advisable to take at the beginning and at the end of the next technological cycle, respectively. 

3. Results and discussions 

The proposed method for assessing the state of TP was tested on a software model developed in the 

MatLAB 2019a environment. Full-scale experiments on CEPS were not carried out, since the 

algorithmic part of the control system is still under development. The simulation of parameters values 

for TP was software-based, in terms of mathematical models of CEPS [9]. The simulation results were 

grouped into a file in CSV format (a text format for representing tabular data), which acted as DB in 

the structure shown in fig. 1. In order to test the described method for assessing the TP state, a trend 

was introduced into the initial data, leading to a change in the phosphorus content at the output of the 

ore-thermal furnace. To calculate GMM model  the function GMModel=fitgmdist(PX,m) was used 

introduced into MatLAB, beginning with R2014a version. Clusters were built  on the basis of the 

obtained model by the function […,U]=cluster(GMModel, PX), which  returns matrix U containing 

posteriori probabilities that replace membership functions in (1). 

Figure 2 shows the results of simulation experiment: at the top there are “heat maps” for PXk, 

visualizing the changes of TP parameters. In the middle part of fig. 2 there is a graph of KLD indicating 

technological conditions, and at the bottom there is a graph of the change p - output of CPES. 

The conducted experiments showed that the use of KLD in the presented version to identify 

tendencies in the state of TP is an informative characteristic, since it allows taking into account the 

complex relationship of the process parameters, their mutual «location» and to identify negative 

scenarios of TP development at earlier stages. Thus, Figure 2 reflects the situation when the output 

value of CPES is still in the zone of the nominal condition while KLD has big deviation from it. 

 



 
Figure 2: Visualized data packages PXk, graph for KLD and p  
 

It should be noted, that a change in the initial number of clusters m (in experiments from 3 to 6) did 

not affect the KLD trend, but it only influences the dispersion of its values. Therefore, the proposed 

method can be considered slightly sensitive to the parameter m. 

4. Conclusion 

The method for assessing the state of the technological process presented in the work uses a two-

stage procedure: fuzzy clustering of data and calculation of the Kullback–Leibler distance between the 

clustering results. Such an approach allows creating a scalar process that aggregates the variability of 

all technological parameters, which provides an opportunity to build simpler procedures for assessing 

the state of the technological process and its forecast. The developed method is quite universal and can 

find its application in the algorithmic support of various control systems.  
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