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Abstract. This paper deals with nonlinear control design for Parrot
Mambo or Parrot Rolling Spider quadcopters using the Simulink Sup-
port Package for Parrot Minidrones. A full rigid body model of the flying
vehicle that doesn’t assume smallness of the Euler angles is considered.
For synthesis of the control the nonlinear dynamics inversion and inte-
grator backstepping approaches are used. Block diagrams illustrate how
the control laws are applied to Parrot Minidrone flight control and can
be used in nonlinear control education. Exercises to design nonlinear
Parrot Minidrone control algorithms as Simulink Subsystem blocks are
suggested.

Keywords: Nonlinear control - Control education - Quadrotor UAVs -
Integrator backstepping.

1 Introduction

During the last two decades control of quadrotors became extremely popular
among control theorists and practitioners. There are many reasons for such pop-
ularity. In spite of the fact that a quadrotor is inherently an underactuated
mechanical system, it demonstrates nice controllability properties. This turned
quadrotors into a test application for many control theories. Moreover, in con-
trast to wide-spread in control theory academical or educational mechanical
examples, see e.g. [4], quadcopters can be considered as real industrial systems
which are employed in many civil and military tasks.

Such theoretical and practical appeal resulted in a bulk of papers, see e.g. [2,
3,5-7,9-12,15-17]. To solve position reference trajectory tracking control prob-
lems different approaches can be found in the literature, e.g. the PID and LQR
control (see [7,10]), integrator backstepping based designs ([3,11]) or neural
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networks (see e.g. [2]). Unknown model parameters, in particular, uknown quad-
copter mass and moments of inertia, were accounted for in [1] and [13]. Still, it
remains a challenge for a quadcopter control system to account for the influence
of external uncontrolled disturbances, e.g. wind, and to satisfy state and control
constraints during quadrotor motion, see e.g. [14-16].

The main feature of the current paper is that the suggested nonlinear con-
trol algorithms and the corresponding block diagrams are presented for the
purpose of implementation on the Parrot Minidrones (Parrot Mambo or Par-
rot Rolling Spider) using the Simulink Support Package for Parrot Minidrones
(SSPPM) [18]. This package is included in the Matlab environment and is be-
ing actively developed. SSPPM allows to create Parrot Minidrones flight control
algorithms using Simulink blocks and deploy control algorithms directly on the
drone via a Bluetooth wireless network.

Parrot Minidrones together with the SSPPM can be considered as a nice and
affordable control laboratory equipment due to a very low price of the minidrones
and availability of the Matlab/Simulink environment at technical universities.
The Parrot Mambo and Parrot Rolling Spider Minidrones are equipped with
an ultrasonic sensor, accelerometer, gyroscope, pressure sensor and a downward
facing camera, from which one can restore acceleration, angular velocity, altitude
and displacement in the horizontal plane.

The appeal of using Parrot Minidrones together with the SSPPM for control
education purposes is also underpinned by the fact that the SSPPM is a thorough
modelling environment ready for implementation on the hardware. It contains
all necessary default control system components, such as a quadrotor nonlinear
mathematical model with the identified physical parameters, the state estimator
subsystem that recovers state of the model from the measured data, a tuned
PID controller to realize some basic angular and position reference motions.
Moreover, researchers can replace any component of the system with their own
one and test how their control or state estimation algorithm performs on a true-
to-life quadrotor model or real flying device.

The paper is organized as follows. The quadcopter equations of motion are
revised in Section 2. The synthesis of nonlinear control for tracking reference
altitude and angular position trajectories is considered in Section 3. Section 4
presents design of nonlinear control for tracking reference position trajectories.
Nonlinear adaptive control in case when the quadcopter mass and its moments
of inertia are treated as unknown constants is discussed in Section 5. Section 6
gives numerical simulation and experimental results. Finally, the paper concludes
with some remarks in Section 7.

2 Mathematical Model of Quadcopter Motion

Consider a quadcopter rigid body model, with translational and rotational dy-
namics described by the following systems, respectively, (see e.g. [5,10]):

v — cos 7y cos 1 sin 0 + sin 7y sin
mg_F(—cos*ysinz/;sinﬁ—coswsiny)’ (1)
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mZ = —mg + F cosf cosy (2)
and o
n==tw,

Iw=M—-wx lw, (3)

where ¢ = (2,y)T and z are coordinates of the vehicle center of mass in the
inertial frame; v, 0, 1 are roll, pitch and yaw angles, respectively, n = (v, 6,¢)T;
m stands for the quadcopter mass, g is the acceleration due to gravity; F' rep-
resents the thrust produced by the quadcopter rotors; M = (M,, M,, M) is
the vector of torques; w = (wy, wy,w,)T is the vector of angular velocities in the

body-fixed frame, I = diag(l,, I, I.) is the diagonal inertia matrix,

1 —sinytgfh —cosvytgb
C=|0 —cosvy sin 7y
0 sinysec cosysect

Let us note that for a quadcopter the thrust F' and the vector of torques M
are functions of the four rotor angular velocities {2; and can be modeled by

F 1 1 1 1 f
M| [ o 1 o - fo
My | T =1 0o 1 o0 fs |
M, b/k —b/k b/k —b/k | \ fu

where f; = k2?2 is the thrust force of the i-th rotor; k and b are the rotors lift
and drag aerodynamic coefficients, respectively; [ is the distance between the
quadrotor center of mass and the rotors.

3 Attitude and Altitude Control

In this section we consider the synthesis of nonlinear control for tracking refer-
ence altitude and angular position trajectories. Let the angular n = 1o(t) and the
altitude z = zo(t) reference signals be given as twice continuously differentiable
functions of time. Suppose that absolute values of the roll v and the pitch 6 at
any time does not reach the value of 7/2 to avoid singularity of the C and G
functional matrices defined in this paper.

Introduce the tracking error variables e, = z — zy(t), e, = n — no(t) and
rewrite the equations (2) and (3) in the variables e, and e, respectively, as

F
é,=—g+ - cos B cosy — Z(t) )

and .
&y = Cw+ CI M — CI™'w x Tw — ijo(t). ()

The control problem is to find F' and M such that

lim e.(t)=0, lim e,(t)=0.

t——+o0 t—+oo
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Choose the stabilizing control laws as below

F = oGeoss 0+ Folt) = hués — kaez), (6)
M = wx I+ 107 (iio(t) — Cw — Créy — Caey ) (7)

where k1 > 0, ko > 0 are positive gain coefficients and C7; > 0, Co > 0 are
positive definite gain matrices. Then, the equations (4) and (5) with the controls
(6) and (7), respectively, are written as

€.+ kié. +koe, =0, é,+Cié,+ Carep,=0, (8)

with the equilibrium point e, = 0, e,, = 0 being globally asymptotically stable.

One can take the gain coefficients k1 > 0, k3 > 0 and matrices C; > 0,
Cy > 0 to guarantee that |e,| < A, if ¢t > ¢, and |e,| < A, if t > t,. Here
A, = 0.05e.(0), A, = 0.05e,(0); t. and t, are the desired transient times,
respectively; || - || stands for the Euclidian norm. As the desired characteristic
polynomials of equations (8) one takes

Q:(N) =N+ 2w A+ w2, Qn(A) =X + 2w+ w),

respectively, where w, = 4.8/t,, w, = 4.8/t,. This results in k1 = 2w,, ks = w?
and C1 = 2w, E, Cy = w%E. Here, E is the identity matrix of size 3 x 3.

Figure 1 illustrates how the control laws (6) and (7) are applied to Parrot
Minidrone flight control with the help of Simulink Support Package for Parrot
Minidrones. For educational purposes we propose the following exercise.

Reference Attitude & F f Thrusts to motor

, M i —
trajectory ~ —— altitude control ——» (sjg;t;:/ll Il\)/:lxekr commands M??ig::)tne
2,(0). 7,(0) Eq. (6)—(7) oc] SSPPM block
z,2,1,0 Estimator <
SSPPM block

Fig. 1. Angular stabilization and altitude control block diagram.

Exercise 1. Design a nonlinear Parrot Minidrone control algorithm as a
Simulink Subsystem block to track the following reference trajectories:

(a) Uo(t) = [0,0,0}717 ZO(t) =1;
[0,0,0]7, t <5,
[

(b) no(t) =< [0,0,0.2nt — «]T, t € (5,15),
[0,0,27]T, t > 15;
5
a;t’, t €[0,5)],
20(t) = { i=0 0.5

1, t > 5.
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In both cases the following initial conditions are suggested: z(0) = 2(0) = 0,
1(0) = w(0) = 0.

Hint. In case (b) find the coefficients a; to fulfill the initial and terminal
conditions on z(t).

4 Horizontal and Vertical Position Control

In the current section we deal with the design of nonlinear control for tracking

reference position trajectories. Let the altitude z = 2o (¢) and the x, y position £ =

&o(t) = [zo(t), yo(t)]T reference signals be four times continuously differentiable.
For the convenience sake, introduce the new control variables

(My, My, M,)" = M = Cw +CI™" (M — w x Iw) (9)
and rewrite the system (3) as 3
=M.

Let a reference yaw trajectory vo(t) be given (see [5] for a discussion why to
choose a reference yaw trajectory at this stage instead of a pitch or roll reference
behavior). Define the tracking error variable ey, = ¥ — 1(¢). Then, the yaw
tracking control M, is written as

Mz = ’(ZJ.()(t) — k‘géw — k‘46w, (10)

where k3 > 0, k4 > 0 are some positive gain coefficients. Hence, the zero equi-
librium of the closed-loop yaw error dynamics given by

é¢ + k3éw + k’46¢ =0

is globally asymptotically stable.
Next, the system (1) with control (6) takes the form

§=(g+Z(t) — kré. — kaez)
o —cosytgf + siny tgysech (11)
—sinytgd — cosytgysecd )

To find the z, y tracking control law rewrite the system (11) with control (10)
as

euv) = (ﬁ) — (g + 20 — k1€, — kae,) secl

o [ cos 1 —siny 0 sec 6 M,
sint) cos sec?y tgytg M, )’
where f; are nonlinear scalar functions of the state.

Introduce the tracking error variable e; = { — £o(t) and let G denote the
matrix of coefficients of controls M, and M, in (12). Then, the z,y trajectory

(12)
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tracking control is written using nonlinear dynamics inversion as

()« (1)

— 016?) — Cgég - Cgég — C46§:| .

Here the gain matrices C; > 0 are such that the zero equilibrium of the resulting
closed-loop system given by

624) + 01623) + Cgé'g + C3é£ + 0465 =0 (14)

is globally asymptotically stable.
Additionally, to fulfill the condition ||e¢|| < A¢ ift > t¢, where A¢ = 0.05e¢(0)
and t¢ is the required transient time, one takes

Qe(A) = A + 4we A 4 6wiA® 4+ 4w + Wi, we = 7.8/t

as the desired characteristic polynomial of each equation of the system (14). This
choice yields Cy = 4w¢E, Cy = 6wiE, C3 = 4wlE, Cy = Wi E, where E is the
identity matrix of size 2 x 2.

Figure 2 describes how the control laws (6), (10) and (13) are applied to Par-
rot Minidrone flight control using Simulink Support Package for Parrot Minidrones.
Finally, the following exercise is suggested.

; $:16:2,2,1, @
Yaw control M .
Reference Lz, (00) —> M
trajectory v A/]I.: m(g}l)'l
&©.9,© > XY-position control M *
Eq.(13) ~ Control Mixer f’ mzl:)sr:‘sr:l(;rx‘m;(s)lor N Parrot Estimator |
T M, SSPPM block eceporl Minidrone SSPPM block
Reference trajectory altiude
© —  control
o Eq.(6) | F
t z,%,0,y

Fig. 2. Position control block diagram.

Exercise 2. Design a nonlinear Parrot Minidrone control algorithm as a
Simulink Subsystem block to track the following reference trajectories:

(a) &(t) =[0,0]", 2(t)

=1, o(t) =0.
(b) &o(t) = [cost,sint]T, 2(t) =1,

Po(t) =t +m/2.

The initial conditions are £(0) = £(0) = 0, 2(0) = 2(0) = 0, n(0) = w(0) = 0.
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5 Adaptive Control

This section considers the synthesis of nonlinear adaptive control for tracking
reference altitude and angular position trajectories. The quadcopter mass m and
components I, I, I, of the diagonal inertia matrix I are treated as unknown
constants.

Let J = [I;, I, I,]T and D(v), v = [v1,v2,v3]T be the diagonal matrix with
the elements d;; = v;, i = 1,2,3. Then, the following equalities hold

wx Iw=Slw, Iw=D(w)J,

0 —w, wy
S = wy, 0 —wy
—wy wy O

and the equations (3) can be written as

n=Cu,
T = M — SD(w).. (15)
The reference angular position trajectory tracking problem is to find the con-
trol M such that
li =
S el =0

where e, = 1 —no(t) is the tracking error, 1o(t) is the reference angular position
trajectory.

To find the stabilizing control M let us use the adaptive integrator backstep-
ping technique, see [8]. To that end, consider first the function

1
Vi(e,) = 563;677 >0

and introduce the error e, = w — x1, where x; is the desired reference behavior
of the w variable to be defined later. The time derivative of Vi(e,) along the
trajectories of the system (15) is given by

Viey) = eléy = el [Cew + Cx1 — no(t)] - (16)

The choice x; = C~ 1y (t) — C’_lKlen, where K7 > 0 is some positive definite
matrix, transforms (16) into the form

Vl(en) = egCew — egKlen.

Further, introduce the estimation error J = J — J, where J is an estimate
for the unknown parameter vector J. Hence, since J is a constant vector, the

following equality holds J = —J. To find the tracking control M consider the
function

- 1 1 ~ -
Va(en, ew, J) = Vile,) + ieglew + 5JTFa—lJ >0,
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where I, > 0 is a positive definite matrix. The time derivative of Va(ey, ey, J)
along the trajectories of the system (15) is written as

Va(en, €w, J) = ezé77 +elre, + ija_lj
=elCey — el Kiey + el (M — SD(w)J — Ixy) — J' I,
= —ezKlen + el (CTe,, + M — SD(w)J — D(Xl)j>
~JTSDW) + D) ew — JITIV,

where Y1 = O~ Yij(t) + C~Yijp(t) — C~'Kye, — C~'K¢é,. To eliminate the
unknown parameter estimation error J one takes

J ==L, [SD@) + D))" ew. (a7)
Finally, the choice
M = SD(w)J + D(x1)J — CTe, — Kae,, (18)
where K5 > 0 is a positive definite matrix, results in
Vg(en,ew) = —ef[(le,7 — egngw < 0.

Therefore, for the system (15) in closed-loop form with the control (18) and pa-
rameter update law (17) by the LaSalle-Yoshizawa theorem holds the following:
ey (t) = 0ast— +oo.

Next, consider the reference altitude trajectory tracking adaptive control
problem.

Let m be an estimate of the unknown quadcopter mass m. Define also the
error variable

m=m—m. (19)

The control problem is to find F' in (4) which guarantees that

lim e,(t) =0.

t——+oo

To find the stabilizing control F' using the backstepping approach consider
first the function

1
Vi(e,) = 562 >0

z

and introduce the error variable ( = é, — x2, where x» is the desired reference
behavior of é, to be given later. The time derivative of Vj(e,) is as follows

Vl(ez) =e.é, = e, (C + X2) .

The choice x3 = —cie,, where ¢; > 0 is some positive constant, gives

Vi(e:) = e.( — cre2

2"
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Notice that the unknown coefficient 1/m of the thrust F' in the system (4)

can be written as
1 1 T
=z (20)

m M mm

Additionally, since m is a constant, from (19) follows that 7 = —m. Finally, to
find the tracking control F' consider the function

m2 > 0.

- 1
Va (e, ¢, m) =Vi(e.) + §C2 + Shom

Its time derivative along the trajectories of the system (4) in view of (20) is
written as follows

1
k.m

mm

Vs (ex,(,m) = e é, + Cé +

F F
= echcleg +C<fg+ — cosfcosy — —njjcosﬂcosy
m mm

7204’616.2)7]6 m
a

F
= —cleg +¢ (ez —g+ Acos@cos'y—éo—i—cléz)
m
F 1 :\n
— (CACOSQCOS’Y-F??A”L) m
m ka m

To eliminate the unknown values of m and ™ one chooses

. F
m = —ka(— cos f cos . (21)
m
Finally, one takes
m
F=—" (g+% —c1é, — e, — c30), 22
COSHCOSV(HZO c1é; — e, — () (22)

where ¢; > 0 is a positive constant, to obtain
Va (e2,¢) = —cre? — c¢? < 0.

Hence, for the system (4) in closed-loop form with the control (22) and pa-
rameter update law (21) by the LaSalle-Yoshizawa theorem one has e, (f) — 0
as t — +o0.

Figure 3 describes how the control laws (22), (21) and (18), (17) are applied
to Parrot Minidrone flight control using Simulink Support Package for Parrot
Minidrones. Additionally, the following exercise is suggested.

Exercise 3. Design an adaptive nonlinear Parrot Minidrone control algorithm
as a Simulink Subsystem block to track the reference trajectories given in Exer-
cise 1.



122 A.E. Golubev, T.V. Glazkov

z,2,0,y
v
Adaptation law 7 l
e > Altitude control
Reference trajectory ™ 1502 g e Thrusts to n‘;otor |, Parrot Estimator ||
AOMO e conmol | My|  SSPPM block i Minidrone SSPPM block
| Eq. (18)

Adaptation law J

Eq. (17)
f 7o

Fig. 3. Adaptive angular stabilization and altitude control block diagram.

6 Simulation and Experimental Results

Figures 4—-10 show numerical simulation and experimental results for the Ex-
ercise 1. For numerical simulations we used the values of the quadrotor model
parameters which were taken from the SSPPM files. Figures 4, 5 give attitude
behaviour of the quadrotor under the control laws (6) and (7). The altitude per-
formance for the considered hovering task is shown in figure 6. The quadrotor
body-frame and rotor angular velocities are given in figures 7—10. Let us note
that the simulation and experimental results show rather good performance of
the designed station-keeping control laws (6) and (7) on the Parrot Mambo

Minidrone.

[ [ === (quadrotor)
015~ 4‘ ********* ‘* ******** m— () (quadrotor)

| | = = =~ & 0 (matlab)

v, 0, rad

Fig. 4. Quadrotor pitch and roll angles (rad) versus time (s) (solid lines) and their
simulated values (dashed line).
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Fig. 5. Quadrotor yaw angle (rad) versus time (s) (solid line) and its simulated values
(dashed line).

| ‘ |

| — air pressure ¢ ultrasonic z (matlab)
| T
!

Fig. 6. Quadrotor altitude (m) versus time (s) (blue and red lines) and its simulated
values (yellow line).
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‘_“’x (quadrotor) —w, (quadrotor) - - -w, & wy (matlab)

0.4

0.2

,w ,radls
y
o

w

'
o
N

Fig. 7. Quadrotor angular velocities w,, wy (rad/s) versus time (s) (solid lines) and
their simulated values (dashed line).

L | | ‘
| “_“’z (quadrotor) w, (matlab)
[ [ ‘
o8- e e =
[ [ [
[
0.6 N TN APTIY PN
»n [
S [
S 04---—-——--——- 4---—---— e R
.N |
3 [
o2 A e
[
[
e
0 T T T T T T T
\ [
[ [ [
-0.2 I I I
0 5 10 15 20

Fig. 8. Quadrotor angular velocity w, (rad/s) versus time (s) (blue line) and its sim-
ulated values (red line).
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300 | ‘

\
| | —Ql(quadrotor) —Ql(matlab)
[

250

200

150

Ql, rad/s

100

50

Fig. 9. Quadcopter rotor angular velocity 21 (rad/s) versus time (s) (blue line) and
its simulated values (red line).

T
—Q, (quadrotor) Q, (matlab)

-150

Qz’ rad/s

-200

-250

-300

Fig. 10. Quadcopter rotor angular velocity {2 (rad/s) versus time (s) (blue line) and
its simulated values (red line).
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7 Conclusion

This paper extended the functionality of the Simulink Support Package for Par-
rot Minidrones (SSPPM) by proposing nonlinear quadrotor control algorithms.
We suggested using Parrot Minidrones together with the SSPPM as a nice and
affordable control laboratory equipment for nonlinear control education. Block
diagrams illustrated how the control laws could be applied to Parrot Minidrone
flight control. Exercises to design nonlinear Parrot Minidrone control algorithms
as Simulink Subsystem blocks were suggested. The experimental results show
rather good performance of the designed station-keeping control laws on the
Parrot Mambo Minidrone.
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