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Abstract

We study the homogeneous model of international trade under the monopolistic competition of producers.
The utility function assumes additive separable. The transport costs are of “iceberg types”. We consider both
market equilibrium and social optimality and study the idea of Sergey Kokovin (NRU HSE): “the search for
equilibrium is equivalent to the problem of optimization, but revenue, not utility”. For the case of two countries,
we show that (i) in symmetric market equilibrium, the elasticity of production costs is a convex combination of
the elasticities of normalized revenue in individual consumption; while (ii) in symmetric social optimality, the
elasticity of production costs is a convex combination of the elasticities of sub-utility of individual consumption.
These generalize the well-known facts in closed economy under monopolistic competition: “in equilibrium,
the elasticity of revenue equals the elasticity of total costs” and “in optimality, the elasticity of revenue equals
the elasticity of utility”. Moreover, we find that, in symmetric market equilibrium, the “inverse” elasticities
of production costs is a convex combination of the “inverse” elasticities of normalized revenue in individual
consumption. It turns out that the last result can be generalized in the case of international trade of several
countries.
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1. Introduction

The concept of monopolistic competition, introduced by Chamberlin [1], widely develops now, start-
ing with the famous paper by Dixit and Stiglitz [2] for the case of a closed economy, by Krugman
[3, 4] for the international trade and Melitz [5] for the heterogeneous case. Usually, monopolistic
competition models study two concepts: (i) the market equilibrium, see, e.g. [6, 7, 8, 9, 10, 11, 12]; (ii)
the social optimality, see, e.g. [13, 14, 15]. Note that Osharin and Verbus [16] used weighted inverse
elasticities of substitution tackling other issues, and this idea seems to be quite natural and general.

In this paper we study a unified approach to both market equilibrium and social optimality. It can
allow to clarify the nature of these concepts.

The paper is organized as follows. Section 2 lays out the model for the case of two countries and
contains some preliminary considerations. Here we describe the main assumptions of monopolis-
tic competition (Section 2.1), the consumers (Section 2.2) and producers (Section 2.3). Moreover, we
consider the symmetric case (Section 2.4), define the concept of symmetric Equilibrium and symmet-
ric Optimality (Section 2.5). In Section 3 we formulate the results for the case of international trade
between two countries. In Proposition 1 the conditions are formulated that satisfy (i) in symmetric
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market equilibrium, the elasticities of production costs and the elasticities of normalized revenue in
individual consumptions; (ii) in symmetric social optimality, the elasticities of production costs and
the elasticities of sub-utility of individual consumptions. It turns out that these conditions have the
identical form. Therefore, the search for equilibrium is equivalent to the problem of optimization,
but revenue, not utility'. Corollary 1 shows that (i) in symmetric market equilibrium, the elasticity
of production costs is a convex combination of the elasticities of normalized revenue in individual
consumption; while (ii) in symmetric social optimality, the elasticity of production costs is a convex
combination of the elasticities of sub-utility of individual consumption®. Let us note that the obvious
disadvantage of the formulas in Proposition 1 and Corollary 1 is the poor interpretability of the coefhi-
cients sfqu, sfqu, sﬁ,t, sOFpt, see (27)-(30). We hope that Proposition 2 does not have this disadvantage. It
turns out that it is necessary to compare not elasticities (of costs, revenues, utility), but their “inverse”
values, (1/elasticities). Due to Proposition 2, in symmetric market equilibrium, the “inverse” elastici-
ties of production costs is a convex combination of the “inverse” elasticities of normalized revenue in
individual consumption. Moreover, the coefficients of this convex combination have a clear meaning:
they are the ratio of total domestic consumption to the size of the firm. Moreover, Proposition 2 can
be generalized to the case of several countries, see Section 4, Proposition 3. Section 5 concludes.

2. The basic model of open economy

In this section we set the basic monopolistic competition model for open economy (international trade
case case). Let be two countries, H (“big”) and F (“small”).

2.1. Main assumptions of Monopolistic Competition

As it is usual in monopolistic competition, we assume that (cf. [1, 2, 3])
« consumers are identical, each endowed with one unit of labor;
« labor is the only production factor; consumption, output, prices etc. are measured in labor;
« firms are identical, but produce “varieties” (“almost the same”) of good,;
« each firm produces one variety as a price-maker, but its demand is influenced by other varieties;
« each variety is produced by one firm that produces a single variety;
« each demand function results from additive utility function;
« number (mass) of firms is big enough to ignore firm’s influence on the whole industry/economy;
« free entry drives all profits to zero;
+ labor supply/demand in each country is balance;

« trade in each country is balance.

!As far as the author knows, this idea was first formulated several years ago by Sergey Kokovin, Center for Market
Studies and Spatial Economics, National Research University Higher School of Economics.

“Thus Corollary 1 generalizes the well-known facts in closed economy monopolistic competition: “in equilibrium, the
elasticity of revenue equals the elasticity of total costs” and and “in optimality, the elasticity of revenue equals the elasticity
of utility”.



2.2. Consumers
Let

« LH be the number of consumers in country H,

« L be the number of consumers in country F.
As usual, we assume that L7 > L. Analogously, let

« N be the number (mass) of firms in country H,

« NT be the number (mass) of firms in country F.

Note that L and L are parameters (the known constants) while N and N¥ are the variables de-
termined endogenously. Moreover, let us recall that, in monopolistic competition models, number of
firms is big enough. Therefore, instead of standard “number of firms is N (or N¥)” we consider the
intervals [0, N'] and [0, N¥] with uniformly distributed firms.

Now we introduce four kinds of the individual consumption and prices. Let for every k, [ € {H, F}?,

« x be the amount of the variety produced in country k by firm i € [0, N¥] and consumed by a
consumer in country I,

« pFlbe the price of the unit of the variety produced in country k by firm i € [0, N¥] and consumed
by a consumer in country I.

Let u(-) be a sub-utility function. As usual, we assume that u (-) is twice differentiable and satisfies
the conditions

u(0) = 0, ' (§) > 0, u” (§) < 0,
i.e. it is strictly increasing and strictly concave. Further, let w = w be the wage rate in country H

while the wage rate in country F be w' normalizing to one, w' = 1.
In country H, the problem of representative consumer is

NH NF
/ u(leH) di+/ u(fo) di — max
0 0

NH NF
HH  HH FH (FH
pi di+ pi di<w,
0

s.t.

while, in country F, the problem of representative consumer is

NF NH
/ u(FF)dl+/ u(leF)di—>max
0 0

FFFdl+/ pHF HFdl<1

s.t.

Using First Order Conditions, we get the inverse demand functions

7 ( -kl
() = ) e ot ke gr ), 0

where Af, AF are Lagrange multipliers.

*Hereinafter, due to the tradition of monopolistic competition, we use the notation x; for the function x(i), etc.



2.3. Producers

To introduce the production amount of the firms (the “size” of the firm), let us introduce the parameter
T = 1 as transport costs of “iceberg type”. Each firm in each country produces for consumers in each
country. Thus,
QF = LHx[H 4 r1FxPF i e [0,NT], ()
is the size of firm i € [0, Nf'] in country H, while
OF = IFxfF + o1"xM™ i € [0, NF] (3)

is the size of firm i € [0, NT] in country F.

Let the production costs be determined for each firm in each country by the increasing twice dif-
ferentiable function V. Then the profits 77, i € [0, N¥], of firm i in country H and x}, i € [0, NT], of
firm i in country F are

mih = LA ptH 4 FpHExE — v () i€ [0,N"], (4)

LipfFxf+ LM pfaf™ - v (QF), i€ [0,N"]. (5)

Of course, the firms choose inverse demand functions (1) as the prices. Let us introduce so-called
“revenue per consumer”

Ri(@) = P ©

Let us substitute (1) in (4) and (5). Using (6), we get
mit = LRy (™) + L' Rye (xF) = wV (QF), (7)
= L'Ryr (xfT) + LR (x7) -V (Qf). (8)

The Labor Balances in countries H and F are, correspondingly,

NH

/0 v (of)di="L", )
NF

/O V(Qf)di=1L". (10)

2.4. Symmetric case

Let us recall that the consumers are assume identical, the producers are assumed identical. Thus,
as usual, we consider the symmetric case. More precisely, we omit index i in consumption, inverse
demand functions (1), sizes of the firms (2), (3), profits (7), (8) and Labor Balances (9), (10). This way
(1)-(3) and (7)-(10) are

u xkl
pkl (xkl,ll) _ (/11) ,k,l€e {H,F}, (1
O = [HxHH 4 r[FxHE (12
OF = LFxF + cLHPH (13)

“To sell in another country y units of the goods, the firm must produce 7 - y units. “During transportation, the product
melts like an iceberg ..”



= LARy (x"7) + LFRyr (x"F) - wv (QF), (14)
= 'Ry (x™F) + LRy (x™) - v (QF), (15)
NV (o) = L7, (16)
NfV (Q") = L". (17)
Moreover, the Trade Balance (“export equals import”) is
LENHpHF (xHF, AF) xHF = [HNF pPH (FH AH) 1 FH,
i.e., using (6), (11), (16), (17),
Ryr (x") V(QF) = Ry (™) V (Q7). (18)
As to the Social Welfare (total utility), it is
U =L (NPu («) + NFu (7)) + LF - (NFu (xF) + N¥u (x5F)) =
(L%u () + LFu (7)) NP+ (LFu (xFF) + L% (X)) N,
i.e., substituting (16) and (17),
s LAy (xHH) + Ly (xHF) 3 LPu (xF) + Ly (xH) (19
v (") v (QF)

2.5. Symmetric Equilibrium and Symmetric Optimality

For equilibrium, producers choose inverse demand functions (11) and maximize profits (14), (15). So
First Order Conditions (FOC)

ot B ot B orf B orf B
PR (20)

and Second Order Conditions (SOC)

o*x" o2t o*rH ot 2
xH g HH = guHH g HH * gy HF g HF ~ \ gxHHpxHF |~ 0, (21)
s Ot ot o*rf 2
OxFFgxfF 0, OxFFoxE  gyFHgyFH ~ \ gxFFgyxfH | = 0 (22)

hold.
Like in the standard monopolistic competition framework, the firms enter into the market until
their profit remains positive. Therefore, free entry implies the zero-profit condition

7l = o, =f=o. (23)

By definition, the symmetric market equilibrium is a bundle

HH _HF _FF FH HH ,HF _FF H F H F
(xequ > xequ’ xequ’ equ’pequ’pequ’Pequ’pequ’ Aequ’ Aequ’ Nequ’ Nequ’ Wequ)

satisfying the following:



« the rational consumption conditions (11);
« the rational production conditions (20)-(22);
« the free entry condition (23);
« the labor balance conditions (16), (17);
« the trade balance condition (18).
For optimality, the Social Welfare (19) is maximized. So First Order Conditions (FOC)

ou oU oUu oUu
ol = 0 =0, —5F =0, =0 (24)

axHF axFF axFH
and Second Order Conditions (SOC)

U U U *U\°
oxHHgHH ~ > oy HHZ HH = gyHFg HF ~ \ gy HHZ HF | ~ 0, (25)
22U 22U 22U U \*
<0, . — >0 (26)
9xFF 9xFF oxFFoxFF  gxFHyxFH oxFFoxFH
hold.
The symmetric social optimality is a bundle
HH _HF _FF _FH afH afF
(xopt > xopt’ xopt’ opt’Nopt’ Nopt)
satisfying the following:
« the rational welfare conditions (24)-(26);
« the labor balance conditions (16), (17).
3. Results
Let us introduce -
st (xHTH xHF AH AF) = LA (xH)
B LHAH (xHH) + LFAF (xHF) ’
F AF (FF
§F (xFF, xTH AH AT = LEAT (x')
> ’ ’ LFAF (xFF) + LHAH (xFH) ’
where A” and AF are real functions.
Let us denote
HH | HF
st = o (X AHE Ry Ry ), (27)
equ = ( Xequs equ’RﬂH ’R)quu> (28)
H H ( HH _HF
Sopt = S (xopt s Xopts Us u) , (29)
§F F(_FF _FH
Sopt = S (xopt,xopt, u, u). (30)



g¢&
g (&)

be the elasticity of function g. Note that

As usual, let &, (£) =

Ery (§) = Eryp (§) = ER(E),

where R (§) = v’ (¢) £ is “normalized” revenue. Let

- LHXHH — LFXFF

H F H _ yH, HH F _ yF_FF
qequ equ> qequ equ’ qopt =L xopt ’ qopt =L x,

opt
be total domestic consumptions while

H _ tH _HH F _HF F _ yF FF H_FH
Qequ =L xequ +7Ll - xequ: Qequ =L xequ +7L xeqw

H _ yH_HH F HF F _ 1F_FF H_FH
Qopt =L Xopt T L - Xopt> Qopt =L Xopt T L Xopt

be firm sizes’.

Note that in propositions below, we assume that market equilibrium and social optimality exist

(and, moreover, are unique)°.

Proposition 1. 1. In symmetric market equilibrium, the elasticities of normalized revenue in indi-
vidual consumptions and the elasticities of production costs satisfy the conditions”

qH
Sequ €r (xequ) = 51~ €v (Qegu)

e Qltu
CH )L HFY _ [ 1 _ Gequ ) H
(1 sequ) ER (xequ) =11 QH £V (Qequ) >
equ

F
q
o 0 (20) = 0 Q).

F
F FH Dequ F
(1-stpu) - Er(xlgn) = | 1- == ) - &v (Qbgu) -
equ
2. In symmetric social optimality, the elasticities of sub-utility of individual consumptions and the
elasticities of production costs satisfy the conditions®

H
q
so};t &y (x(’?plf) = Q(;gt €y (an)’
opt

H
_ qopt
H
Qopt

(1-s7,) & (1) = (1

opt opt -Ev (Qi) ) >

F
q
(1 - sfpt) - &y (xgt) = Ql;ft -Ey (Qont) ,
opt

F
q
sgpt &y (xgﬁ) ={1- Q(;ftt -Ey (Qgpt) .
op

The definition of firm sizes see in (12), (13).

®The questions of the existence and uniqueness of equilibrium and optimality are separate problems (often not quite
simple), which is not the subject of this study.

"The definitions of SZIM , squu see in (27), (28).

¥The definitions of s}, , s}, see in (29), (30).



The following Corollary generalizes the well-known facts in closed economy monopolistic compe-
tition: “in equilibrium, the elasticity of revenue equals the elasticity of total costs” and “in optimality,
the elasticity of revenue equals the elasticity of utility”.

Corollary 1. 1. In symmetric market equilibrium, the elasticity of production costs is a convex com-
bination of the elasticities of normalized revenue in individual consumption, i.e.,

equ ER( equ) (1 - sequ) ER( equ) Ev (Qequ)’

equ ‘SR( equ) (1 - Sequ) 8R( equ) Ey (Qequ)'

2. In symmetric social optimality, the elasticity of production costs is a convex combination of the
elasticities of sub-utility of individual consumption, i.e.,

ﬁit &y ( Xopt ) + (1 - S(I){pt) &y ( opt> Ey (Qopt)

Sopt " Eu (Xope) + (1= 5p1) - Eu (xopt) = Ev (Qope) -

Let us note that the obvious disadvantage of the formulas in Proposition 1 and Corollary 1 is the
poor interpretability of the coefficients (27)-(30). We hope that the proposition below does not have
this disadvantage.

Proposition 2. In symmetric market equilibrium, the elasticities of normalized revenue in individual
consumptions and the elasticities of production costs satisfy the conditions

9equ ] 1 + B Gequ ' 1 _ 1
bqu Er (x0gi) Qlgu ) Er(xlfn)  &v(Qf)

9equ ) 1 +[1- 9equ ) 1 _ 1
gqu gR (ngu) cha:qu gR (xf(g) SV (quu) .

Moreover, Proposition 2 can be generalized to the case of several countries.

4. The case of several countries

Let, for K countries, I = {1,...,K}. Let,for k€ I and [ € I,
« N* be the mass of firms in country k,

« x! be the amount of variety produced in country k by firm i € [0, N¥] and consumed in country
[ by a consumer,

« p* be the corresponding prices,
« L* be the number of consumer in country k,

« gF = 7¥L!xF be the total output for firm i € [0, N¥] in country k for selling in country I,
kI kk
™ =1, T =1,

« wK be the wage in country k.



The problem of representative consumer in country k € I is

Nl
Z/ u (xilk> di — max
ler J0

/ plk Ik i < ok
ler

o (%) - Akptk = o,

s.t.

For symmetric case, FOC is

where AX is the corresponding Lagrange multiplier.
For a producer in country k € I, total output is

oF - D g

lel

Let us substitute the inverse demand function

u xkl
o )

in profits. Then the profit of a producer in country k is

Z 2 -wk. v (Qk) .
lel
(Let us recall that R(¢) = v/ (£) - £ is “normalized” revenue.)

To define symmetric equilibrium, as usual, we write first and second order conditions, free entry
conditions, labor and trade balances.

It turns out that first second order conditions and free entry conditions allow to generalize Propo-
sition 2.

Let xféu be equilibrium consumption and

_ kIl Kkl
qequ_T L'x equ

Proposition 3. For country k € I, in symmetric market equilibrium, the elasticities of normalized rev-
enue in individual consumptions and the elasticities of production costs satisfy the condition

Z Gequ . 1 1
lel Qel?cqu gR (xekéu) 8V (Qequ)
5. Conclusion

In this paper, we study, in the monopolistic competition framework, the homogeneous model of in-
ternational trade with additively separable utility function for each consumer.

One of the most interesting topic in these studies is the so-called “comparative statics”, i.e., the
influence of the models’ parameters (market size, transport costs, etc.) on the equilibrium and optimal
variables: consumption, firm sizes, market sizes, social welfare, etc., see, e.g. [17, 18, 19, 20, 21, 22, 23].

Instead, we study a unified approach to both market equilibrium and social optimality.

The following results are obtained.



« For the case of international trade between two countries,

- in symmetric market equilibrium, the elasticities of production costs and the elasticities
of normalized revenue in individual consumptions; moreover, the elasticity of produc-
tion costs is a convex combination of the elasticities of normalized revenue in individual
consumption;

— in symmetric social optimality, the elasticities of production costs and the elasticities of
sub-utility of individual consumptions; moreover, the elasticity of production costs is a
convex combination of the elasticities of sub-utility of individual consumption;

- in symmetric market equilibrium, the “inverse” elasticities of production costs is a convex
combination of the “inverse” elasticities of normalized revenue in individual consumption;
moreover, the coefficients of this convex combination have a clear meaning: they are the
ratio of total domestic consumption to the size of the firm.

« The last result generalizes to the case of international trade between several countries.

Therefore, we generalize the well-known facts in closed economy monopolistic competition: “in
equilibrium, the elasticity of revenue equals the elasticity of total costs” and and “in optimality, the
elasticity of revenue equals the elasticity of utility”. It can allow to clarify the nature of these concepts.

Finally, it would be also glad to know whether the best choice for the two economies can gives the
best choice for each economy separately. This can be the topic of future research.
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