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Abstract. In this paper, the mechanics of E. Cartan is used to formulate the quan-
tum electrodynamics of the meson field. The dynamics of quantized fields are
written in the form of Cartan mechanics. One of the Cartan equations - the Schré-
dinger equation is solved by the perturbation theory method. As a result, the pro-
cesses of photon boson emission and photon boson absorption are studied.

The modern use of the tools of Cartan mechanics for the formulation of all
branches of theoretical physics: mechanics, electrodynamics, quantum mechan-
ics also involves the spread of Cartan mechanics in problems of quantum elec-
trodynamics.

Along with the well-known mechanics of Lagrange and Hamilton, the use of
Cartan mechanics tools has become very promising

This paper answers this question. To quantize the meson field, the Lagrangian
and Hamiltonian formalism is used. And for quantization of the electromagnetic
field, Maxwell's equations and the energy formula of the electromagnetic field
are used. The type of electromagnetic current is derived from the Lagrangian in-
variance concerning the phase W-operator of the meson field.

And the form of electromagnetic interaction of the electromagnetic field is.
A, with a meson current from electrodynamics

Keywords: Cartan mechanics; quantum electrodynamics, meson field.

1 Introduction

Along with the well-known mechanics of Lagrange and Hamilton, the use of Cartan
mechanics tools has become very promising [5].

Its application first to the problems of mechanics, then, in general relativity, Einstein
and, finally, to field theory) showed the universality and convenience of its application
to other problems of physics.
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One of these problems is quantum field theory and, in particular, quantum electro-
dynamics.

In this paper, the mechanics of E. Cartan is used to formulate the quantum electro-
dynamics of the meson field.

Mesons are bound states of a quark and an antiquark. Mesons have a baryon number
B =0 and an integer (including zero) spin, i.e., they are bosons. The masses and quan-
tum numbers of mesons are determined by the types of quark and antiquark that make
up the meson, their radial quantum numbers, the relative orientation of their spins, and
the values of isospins and orbital moments. The interaction caused by the meson field
of nuclear forces is carried out using virtual particles.

The quark model allows one to qualitatively describe the structure of mesons and to
obtain their quantum numbers.

The dynamics of quantized fields are written in the form of Cartan mechanics. One
of the Cartan equations - the Schrodinger equation is solved by the perturbation theory
method. As a result, the processes of photon boson emission and photon boson absorp-
tion are studied.

2 Main content. E. Cartan mechanics in quantum
electrodynamics of a meson field

The Lagrangian of the meson field L has the form [10]:

1 0¥* oW = = m2c? .
L=[av {3222 (Fy). (Pw) -2t ww) 1)
The Lagrange equation has the form:
9 6L sLo_ o 10%w m2c?
Ega—ait*_sw*_o_czarz MY+ )
By rewriting equation (2) in the form:
1 9%y m2c?
el Ceen £ ©)
see that it follows from the equation::
ihi—q; = cvV—h%2A + m2c?y (4)
Equation (4) can be obtained from Lagrangian L;:
L = [ avy {in 2 — cV=h?A + mZc2y}, (5)

really:
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98 ok_ _ {ih%—lf —cvV—h2A + mZCZ‘P}.

at 0¥ sy+
56t

The Hamiltonian corresponding to the Lagrangian L; has the form:

H=[avi, 2+, 2 -,

Sy sL
where Iy = =3 = ih¥*, [y~ = 5= = 0.
55r ET:

For the second quantization of mesons, the corresponding ideas of Haken [10] were
used:

H = [dvihy 22— £ = [ dV¥*cV—hZA + mZc2¥ (6)
when by expanding the operators ¥ u ¥ in the creation and annihilation operators of
quanta of this field - mesons, we reduce the corresponding Hamiltonian (6) to the sec-

ond quantization representation (7).

To pass to the representation of secondary quantization, we expand ¥ by the annihi-
lation operators:

Rl

e—ik:

ag,

N W)

(2m)

il

e~ K"

and ¥+ =Y a* g concerning the creation operators.

N| W

(2m)
Hamiltonian (6) in the second quantization representation will take the form:

i(K #-K7)
Hy = [dV¥+cV—h2A + m2c2¥ = Y ppcVh2KZ + m2c? [dVE———atpag =

(2m)3
=Yg cVh?K? + m?c?a*zag )

To quantize the electromagnetic field, we use the exposition method in [23].
The electric field strength E and the magnetic field induction H can be represented
in the form:

E =Yg, 0gdzalroVAm, (8)
H = Yo Proliga VAT, ©)

Here hK = P — is the photon momentum, a — indices of 2 directions perpendicular to

it. We substitute the expressions (8) and (9) into the Maxwell equations for the electro-

magnetic field in a vacuum: V- E = V- H = 0, this gives the equation:
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V-ég, =V -hg, =0,

Ra Ka —
=~ B _ 19H _ = N _ dPR*a(t) 1> }
VXE = —-70= Xga Wgdra )V X €gg = = Xga 4 - Mka» GiVES
dPg (1) = wp =
Ka — 2 o, —  _Kp,
= "W RAgg MV X €, = hg,
The equation:
- - 10F _ - - — 1 qua N
VXH= cot Yia PRV X higq _ZKanI?' at CRa
leads to:
dq?a(t) — - oS
Pl?a(t)_ at uVXxhg, = €Ra

VX (VX €Ra =W' -}?a _A_)I?a =%VXE}A“,
what gives
- Wy 2 -
Aeg, = — (T) Ka
Similarly:
VX(VX}_{Ea)ZW'ﬁﬁa AhKa—?VX _)I?a'
what gives

Ahgq = — (Tﬁ)z Mg

(10)

(11)

(12)

(13)

Expressions (12) and (13) show that €z, u 71,;“ — are eigenvectors of the d'Alembert

o % 5 Lz =
operator A with eigenvalues (TK) , therefore ey, are orthogonal e | K # K ora #
a

a, similarly hy, are orthogonal k' K # K ora # a.
Thus, the energy of the electromagnetic field H is equal to:

Hy = —[dV(H* + E?) = —- 41 [ AV (Sga o Pia Pra Mia 1
> 2

- _1 2 _
+XRak o VROR ARalR o« PRa PR o €Ra " Ck'a) = 3 Lika(Pra” + WR*dRe") =
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= Y, hog (£ Koo 2) =Y~ hows Ka 4 ;i [YKg. _Ka _
YRa 2hwg + i 4Ra Yo g \[Zh? + 1 7, 9Ra \W
K K

, ’w* 1 1
-1 z—gqﬁa +E =Z,;aha),?(a;§aa,ga+g) (14)

We have obtained the Hamiltonian of the electromagnetic field in the secondary
quantization representation.
The Lagrangian of the meson field (1) is invariant concerning the transformations:

Y - eldy g @ - p-layp
Therefore [3]:

. ov ot cov _(or o or or _
5L —5!1'+ 5!# + aw60 #+a"’_“’*6ax_ﬂ_<aw axuaa_w)aw+<w
6 axH dxH
ad oL
- - | 6W* + L4 ——= 0¥ 15
) (a:”; ) (az:; ) (1)

Using infinitesimal transformations:
=(1+i)Pu¥ =1 —ia)¥V* ¥ -¥Y=6¥ =ia¥ ¥*-¥* =
=0¥* = —ia¥*

and the Lagrange equations we bring (15) to the form:

. 0 aL . 0 oL "
0=6L= {lax_ﬂ<awlp> —lax—u<ww >}a
IxH axH

So, a consequence of the Lagrangian invariance is the existence of the 4th vector j*:

. . oL . AL o,
]#2 leu—lw'iu (16)
am at")xV-
For which the conservation law holds
=0 @an

Using (1) we obtain the explicit form of the probability current:

oy oy
=G - as ) g
Electricity:

jH = et (18)
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Thus, the Hamiltonian of the interaction of an electromagnetic field with a field having
an electric charge [16]

1 .
=2 [ dVj A, (19)

From the expression for j# and A, it can be seen that Hy; has the form:

ZKaq (gq Iié *aKbqa+gﬁa“a1? ﬁb” ) (20)

Using the results of the second quantization of the meson and electromagnetic fields
and their interaction, one can formulate quantum electrodynamics in the form of the
mechanics of E. Cartan [5].

To do this, take the 2 Cartan form Q in the form:

= {indl 1t) - | £:VR2K7 + mcZ af a; + Bg hoog (b by, +2) +
+ZRag (ga 7@ aghz, + g agag_; a)] | 1t)dt}Ad€ +
+Xx ([br: b}?]—fsm )dEX Ndn¥ + by, by Jduk AdoX +
+ g |bh b |dvE AdeX + 3z ([ag, ab | —Spp )daX AdBX +
+Yerlag agdv® Ads® + Tgplat, at]dw® AdsX . (21)

Here

[a,b] = ab — ba (22)
The equations of E. Cartan [5] give:

0= S0 80 &% _ & 520 _ 80

8d8  sanK sagk  5d6K sauK  sdeK savK  sdpK sdaK  5dsK sdyK
M;; == — {ihdl 1t)—[Z JR2KZ + me?af al+ZKath( Ka+% +
+ Titaq (905_saibie + 9705y _gbaa) |1 100t} = [be, bE]-8gz = [b by] ==
[b+'b1<] = [aK' a;?] Sgr = [aK' aK] = [at' a;%]. (23)
Equation (23) describes two interacting bosonic fields and their dynamics, which is
described by the Schrodinger equation [10].

dllt) [Z VR2KZ + mc2 afa; + Y, hog (b%ab,?a +%) +

+ XRag (ga aaKbJ' +gragag_ abqa)] | 1¢). (24)

Introducing the notation Hp for the sum of the Hamiltonians of the free fields of the
meson and electromagnetic fields:

Hy = $i02KZ + mc? af a; + g hog (bpobge +3) #)
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and H; for the Hamiltonian of the interaction of the meson field with the electromag-
netic field:

Hy = Xgag (ga _ﬁaKba + g agag_ abqa) (26)
we rewrite equation (24) in the form:

L9 = (Ho + Hy)l 10). (27)

And let's move on to the description of the interaction [10]:

—iHpt

|1ty =e 1 |t) (28)
dlt) —iHpt
H,! 1t)+e R 40 == Hol 1t) + Hie v | t),
what gives:
iHgt —iHgt
i = e n Hie ® |t) = Hy (D)l t) (29)

For calculate

iHot —iHot

H,(t)=en Hie n

we use [10]
iHgt —iHgt
a(t) =eh by Ga€ ho =€lmqbaabqatbqa€ lwqbﬁabqat
Therefore:
dbz_(t)
Z‘Z = lwq[b qar qa] - l(qu qa(t) (30)

Solution (30) has the form:
bﬁa(t) = e_iwﬁtbaa (31)
and b7, (t) = e'“abZ,,. (32)

Similarly:

dag(® .|z m2c?
ac ¢ h? (33)
m2c? [y m2c2
and al?(t) — —i K24 Vi IfaK’ +(t) l. K +7h2 ta}é. (34)
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Therefore:

qa

tgte <\/(I? i)+ m2 c J 2 mzc +wq)9al¥a1?_¢7bﬁa>- (35)

2.2 2.2
(K- *)2+m o |R24TEL +wa>9
Hl(t) = ZEC{(‘]’ <ge (\/ \/ h2 q a%_ﬁa[—(»bj: +

We pass from the differential equation (29) to the integral [10]:
| £) =10)+—f; dOH,(6) 1 6). (36)
In the first order of perturbation theory, integral equation (36) takes the form:
1)~ | 0>+iftd0H1(9)|o> =10)+

/ (e wq)ea%_qa,?b%a +\

+ 1140 S g [10). 37)
m2 c m2c2
k -t(J(K q)2 J 247 +wq)ea;§aﬁ_abaa)

Suppose that in the initial state | 0) there is a charged boson with momentum

+ge

hK,:l 0) = a;%ll vacuum). (38)
Then:

| t) =~ aﬂ | vacuum) +o f do ZKaq gge quaa _49%, bA | vacuum) =

9q

e 1 gt
= aKll vacuum) + = Yia —

- Dag _zb7, | vacuum) (39)

Kq N
a(e ' ama

Here:

€R,d =\/(I?—ﬁ)2+$ \/KZ 2+a)§. (40)
Thus, we obtained a linear combination of the initial state a;gll vacuum) of the exist-
ence of one charged boson and the state Y5, Cﬁaa,i{l_abga | vacuum), in which this
boson emitted one photon with momentum hq and polarization a.

The probability of emitting a photon with hg and a is |Cye|”:

ep -t
|an| =w |gq| E%—ﬁsinz %- (41)

19
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In the limiting case t — oo it takes the form:

£ ot
K1q

2 E = 2 E
|Caal” = Z—z|ga|252 (%) = g—z|ga|26( K;q) x— [ dte2 =

2 gal t8(ex,). (42)

Differentiating |CL7Q|2 in time, we find the probability of photon emission per unit time

(per second):

d|Csy 2
| ” [ gl 8(ez,5)- 43)

Ws =

If in the initial state | 0) there is a charged boson with momentum hl?1 and an electro-

magnetic field quantum with momentumhl_()2 and polarization a;:

| 0) = at bZ | vacuum). (44)

K1 " Kyaq
Then approximate equality (37) takes the form:

+
| t) = aK bK @ | vacuum) +

1t x  Tlepzl 4+ + pt +
— = i"ata= -b- at b: _
5 fo ao ZKaqg e aKaK—qbqaaK Roa | vacuum) = aK bK @ | vacuum) +
—igt
e Kq - P bt
+21?arj‘ thq—g aﬂaK AaK G, Oaay | vacuum) = aK Ry | vacuum) +
o KRR, .+ + N
+XRa hegy g agag_g,ag, Saa, | vacuum) = al?lbl?za1| vacuum) +
2
e—lSR?zt 1,y
+Z’?7mﬁ g*ag Og_g, g, | vacuum) = aK bK «,| Vacuum) +
2
—ig> > t
K1+K
e 1Th2 —1 +
—————g'ag .z, vacuum) (45)

ER1+K2. K>
Thus, we obtained a linear combination of two initial states: a boson with momentum
hl?1 and a photon with momentum hl?2 nd polarizationa; and the final state (after in-
teraction): the state of the boson with momentum h(I?1 + Ez), which describes the ab-

sorption of the photon boson. The probability of this process is W'

& Eo o
i 9 4sin? ZKitKe. KZt_ 52| ZKKa K,

h? &

Ky +K; K,
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2 0 1.
72 .2 gk k dO Jibsgyk, 27| |2
7 2 700272_ i) 182,82
t—>o

Based on (46), we obtain the probability of photon absorption per unit time (per sec-
ond):

2
> Ja 27[
dt h
So, we have shown that the mechanics of E. Cartan allows us to formulate quantum
electrodynamics in a form convenient for calculations.

£

g 25(5

(47)

K1+KZ,R2)

3 Conclusions

For the second quantization of mesons, ideas were used [10], which lead to equation
(6), by expanding the operators ¥ u ¥* in the creation and annihilation operators of
quanta of this field - mesons we reduce the Hamiltonian (6) to the second quantization
representation (7).

To quantize the electromagnetic field, we represent E ~” and H ~ in the form of (8)
and (9) and substitute these expressions into Maxwell's equations. As a result, the Max-
well equations become the oscillation equations of the pendulums. And the energy of
the electromagnetic field becomes the sum of the vibrational energies of the pendulums
(14), which is easily quantized. Studying the invariance of the Lagrangian of the meson
field, we find the shape of its current. The Landau and Lifshitz field theory suggests the
type of interaction of the meson current with the electromagnetic field, which leads to
the standard second-quantized form of this interaction. All this allows us to formulate
the quantum electrodynamics of the meson field in the form of Eli Cartan mechanics
(21) and (23). The Cartan equations give the Schrodinger equation (24) approximately
(up to the first order of perturbation theory), solving which we obtain the probability of
emission and absorption of a photon by a boson per unit time.

The modern use of the tools of Cartan mechanics for the formulation of all branches
of theoretical physics: mechanics, electrodynamics, quantum mechanics [3], also in-
volves the spread of Cartan mechanics in quantum electrodynamics asks.

This paper answers this question. To quantize the meson field, the Lagrangian and
Hamiltonian formalism is used. Moreover, for quantization of the electromagnetic field,
Maxwell's equations and the energy formula of the electromagnetic field are used. The
type of electromagnetic current is derived from the Lagrangian invariance concerning
the phase W-operator of the meson field.

Also, the form of electromagnetic interaction of the electromagnetic field is 4, with

a meson current from electrodynamics.
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