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Abstract

In [1] a weighted finite element method (WFEM) is constructed to find an approximate solution to the crack
problem. We have shown that the reentrant corner 27 at the boundary of the domain does not affect the
accuracy of finding the solution by this method. The approximate solution by the WFEM converges to the exact
one with the rate of O(h). Three control parameters affect the accuracy of finding the approximate solution by
the WFEM. In this paper we define the body of optimal parameters (BOP) in the WFEM for the crack problem.
The error of the found approximate solution deviates from the smallest error by no more than a predetermined
value when we choose parameters from the BOP.
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1. Introduction

Numerical methods for finding solutions to problems in the theory of elasticity with a singularity
(tearing, sliding modes) play an essential role in fracture mechanics (see, for example, [2, 3]). For the
system of Lamé equations on a nonconvex bounded polygonal domain with Dirichlet conditions, it is
known [4, 5, 6, 7] that the solution to this problem can be written

s

m
u(x) = ) 17 (1, )¥i(n) + plx), ¢ € W (Q).
=0
Here u(x) = (u1, up), x(15, 0)) = (x1, x2), ¥(x) = (Y1, ¥2), x1, x2 are sufficiently smooth functions, w; are
the internal angle 7 < w; < 27 at the singularities p;, (r;, 6;) are the polar coordinates at the point p;
and ¥;(r)) is the cutoff function.

A weighted finite element method (FEM) for finding an approximate solution to the problem of a
crack or a Lamé system in a domain with a boundary containing an angle of 2,z was proposed in [1].
This method is based on the introduction of an R, -generalized solution (see, for example, [8, 9, 10, 11]).
The reentrant corner 27 at the boundary of the domain does not affect accuracy of finding of the
approximate solution by the WFEM in compare to the classical FEM and the method with a refined
mesh. The rate of convergence of an approximate solution by the WFEM to the exact one is O(h)
in the norm of the space W%)H ﬁ/z(Q) and in the weighted energy norm [1]. The determining factor
for the high accuracy of the WFEM is the correct choice of parameters: v is exponent of the weight
function in an R,-generalized solution, v* is the exponent of the weight function in the basis of the
finite element method (see, for example, [12, 13, 14, 15, 16], and § is the radius of the neighborhood in
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Figure 1: Rectangle domain Q with a crack.

which the weight function is specified as the distance to the point of singularity during calculations.
In this article the body of optimal parameters (BOP) for the weighted finite element method for the
crack problem is determined. We have determined the body of parameters at which the error of the
found approximate solution by the WFEM in the norm of the weighted Sobolev space differs from the
smallest error by no more than 5%, 10%, and 15%. We noticed that the BOP depends on the dimension
of mesh or mesh step.

2. R,-generalized solution

In [1] for finding of a displacement field u = (uy, uz) in the crack problem we considered the first
boundary value problem for the Lamé system with coefficients A and p:

- (2div(ue(u)) + grad(Adivu)) = f, x€Q, (1)
u=q, xel. )

Here without loss of generality, we will assume that Q is the rectangle shown in Fig. 1.

Let I be a boundary of domain Q and I'c < T be a crack with sides I';. and I'i.. We denote Q the
closure of Q,ie. Q = QuT.

Comment 1. The solution of the problem (1), (2) has the form ([4])

u(x) = 17 x(r0. 80)%o(ro) + (). (3)

where ry is a distance to O(0,0). Therefore u € W“%"E(Q) (¢ > 0) and for regular finite elements
methods one obtains an order of at most O(h%’g ), where h is the mesh step.

In [1] we proposed the weighted finite element method that allows to find an approximate solution
to problem (1), (2) at a rate of O(h).

Let O° be a disk of radius & > 0 with its centre in the point (0,0),i.e. 0% = {x : (x + xzz)% <5« 1}
and Q' = Qn O’



Let p(x) be a weight function that is positive everywhere, except in O(0, 0), and satisfies the follow-
ing conditions:

a) p(x) = (x2 + x2)2 forx €

b) p(x) = forx e Q\ Q.

We introduce the weighted spaces with norms:

P
””||2W2’fa(9) = ;k / p*ID uffdx,  Julf, (o0 / P utds, lulw @) = l4lwiq)y (4)
= oQ

where D* = %, A= (A, Ap) and [A] = A1 + Ay, k is a nonnegative integer, and « is a real number.
X1 0%y
The space W’g’a(Q) c Wzlfa(Q) is defined as a closure in the norm (4) of the set of infinitely differ-
entiable and finite in Q functions.

We say that ¢ € Wi{f(l") if there exists a function ®(x) from W; ,(Q) such that ®(x)|r = ¢(x) and

lol W2(00,8) = c1>i|?:f(p || W3 ()

Let W3 ,(Q, 6) be the set of functions satisfying the following conditions:

a+|A| ,
(a) |D’1u(x)| < (%) ,x € Q,|A| =0,1,C; > 0is a constant;

(b) |u] La@g) = C2» Gz = const,

with norm (4).
By analogy, one can introduce sets for other spaces.
The spaces and sets for vector-functions are designated with bold letters, for example W3 ,(Q).
Definition 1. [10] Let the right-hand sides of (1), (2) satisfy the conditions

felp(Q). qeW 300, f=0.

A functionu, = (u,1, Uy3) from the space Wé,wm(Q) is called an R, -generalized solution to the prob-

lem (1), (2) if it satisfies boundary condition (2) almost everywhere onT and for every v from W1V+ﬁ/2(Q)
the integral identities

ai(ay, vi) = /

Q

(A +2p) dx =

ouy Ap*'v1)  duyy A(pP'vi)  duyy Ap*'v1)  duyp A(pPVv)
+ +A + U
axl 8x1 8x2 8x2 aXz axl 8X1 6x2

= /szflVldx = Li(v);

Q

9 P 2v 9 9 2v 9 9 2v 9 9 2v
Uy 9(p V2)+/1 un p Vz)+(/1+2y) uyz 9(p V2)+;1 uyz 9(p*" 1)
axl 8x2 8x2 8x1 8xg aXZ 8X1 8x1

A dx =

az(uy, vz) = /

Q

= /szszzdx = h(n);

Q



holds for any fixed value of v satisfying the inequality v = p.

Comment 2. We notice that an R,-generalized solution has a sheaf of solutions in the neigh-
borhood of the singularity point if it is defined in the weighted space W%’W 5/2(€) and does not take
into account the additional properties of this solution (see, for example, [17]). In [10] we proved the
uniqueness of an R,-generalized solution if it is defined in the set Wé)w ﬁ/z(Q’ d).

An R,-generalized solution satisfies conditions (a), (b) of the set W%’W ﬁ/z(Q’ d). This follows from
the asymptotic of the solution to problem (1), (2) (see (3)). We use the "special” properties of functions
from this set additionally. At the same time, we do not refuse to use the properties of the space
Wé,w ﬂ/z(Q) (the presence of a zero element, etc.).

Comment 3. We proved that an R,-generalized solution is the same for different v (see [10]).

Comment 4. In contrast to the weak solution of problem (1), (2), the weight function is introduced
into the definition of an R,-generalized solution. This allows us to suppress the influence of the singu-
larity on the regularity of the solution. In [18] we proved that an R,-generalized solution of a bound-
ary value problem for a second-order elliptic equation belongs to the weighted space Wiw ﬁ/z(Q).
Subsequently this made it possible to establish the convergence of the approximate solution to the
R,-generalized solution with a rate O(h) ([19]).

3. Weighted finite element method

The weighted finite element method for finding an approximate an R, -generalized solution of problem
(1), (2) was constructed in [1]. Here we briefly describe construction of the WFEM.

We perform a quasi-uniform triangulation of the domain Q (see Fig. 2). Let K is the union of all the
triangles Kj, i = 1, ..., n; h is the maximal length of the sides of the triangles and it called mesh step.
The vertices P;, i = 1,..., M of the triangles K are nodes of the triangulation, {PM} = {P;,..., Py} and
the point O € PM. Let P = {Pk}’,flv is the set of internal triangulation nodes.

To each node P; € P we assign the weighted function

l}i = pvk(x)(pl-, i=1,...,N,

where ¢; is linear function on each triangle K, equal to 1 at the node P; and zero at all the other nodes,
V" is a real number.
We introduce weighted vector basis { {/x(x) ’,ﬁjN , where

(i(x), 0.k =2i-1,
l/’k(x){ . E@i(x)), k= 2 i=1,.,N.

We denote by V" the linear span {xpk(x)}’,ng . In V" we denote the subset V" = {(veVh:vwPp)=
0,P; €T}.

Definition 2. A function u” in the space V" is called an approximate R, -generalized solution
of the problem (1), (2) by the weighted finite element method if it satisfies the boundary condition (2) for
mesh nodes P; € ' and the integral identity

a(u}, v") = I(v")
holds for allvh € V" and v = B. Here a(u”,v") = (a;(u”, o}, ax(ul, o)), I(v) = (L(}), (o).

An approximate solution will be found in the form

2N
u?/ = Z dk(llk(X),
k=1



h\\ /P,\
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Figure 2: Triangulation of domain Q.

“?,1(P[(k+1)/2]), k=2i-1

. ,i=1,...,N, [(k+1)/2] is an integer part
) o (Pksy) k = 2i [+ 272l gerp

here di = p™" (P(ke1y/2)) ¢k Ck = {

of number (k + 1)/2.

Comment 5. Note that we have introduced into the basis the weight function raised to some
power. The weight basis and an R,-generalized solution made it possible to find an approximate
solution without loss of accuracy on quasi-uniform grids.

We proved that the approximate R,-generalized solution by the weighted FEM converges to the
exact one with the first rate with respect to the mesh step h [19, Theorem 8].

In [1] a numerical analysis was carried out for one model problem on grids of large and small
dimensions.

We have obtained experimentally confirmation of the convergence rate of the approximate solution
to the exact one O(h) in the norm of the space W} (Q) and in the energy norm. In addition, the
smallness of the absolute error (1077) in the overwhelming number of grid nodes was established.

4. Body of optimal parameters

4.1. Algorithm for determining BOP on grids of various dimensions

For calculation of the approximate R,-generalized solution by the weighted finite element method
we need to set the parameters v, v*, §. These parameters can be arbitrary if they satisfy conditions
of the theorem on the existence and uniqueness of the R,-generalized solution and correspond to
the asymptotic properties of the solution. But if you want to find an approximate solution to the
problem with the smallest error, then these parameters should be close to optimal. Currently, there is
no algorithm for theoretical determination of such parameters. For problem (1), (2) we will find them
experimentally.
Consider two model problems in the domain Q:



(A) Boundary value problem (1), (2) with a solution containing only a singular component

K [7 0 A, (6

Uy =—,.|/—cos| — 1- + sin — s
puN2r 2 A+u 2
K [ . (6 A , (0

U =— |—sin| — 2 - + CcOoS — s
uN2m 2 A+p 2

Lamé coefficients are A = 576.923, 1 = 384.615, and stress intensity factor K; = 1.611.

(B) Boundary value problem (1), (2) with a solution containing a singular and a regular component
from the space WZ(Q)

il (3) (i (5))

Uy =—. [—cos| — 1- + sin — +re,

uN2m 2 A+u 2

Uy = K L sin <9> (2— A + cos’ <9>> + 72,
u N2 2 A+u 2

Let us find for problems (A) and (B) the parameters v, v*, §, which allow us to calculate an approxi-
mate solution by the weighted finite element method with the best accuracy on quasiuniform meshes
of various dimensions. In Q we built meshes with a step h = 0.062,0.031, 0.015,0.0077, 0.0038, 0.0019
and determined the BOP for each of these meshes.

The set of optimal parameters will be discrete, as we form it from the results of numerical experi-
ments carried out for given fixed values v, v*, §.

We chose v* equal to 0, 0.1, 0.2, 0.3, 0.4, 0.49. The values of v were selected from the interval [0.5, 5.5]
with a step of 0.1. The radius of the §-neighborhood Q was equated to h, 2h, 3h, .... Calculations were
stopped or later disregarded when the error between the exact solution and the found approximate
solution became larger than specified limiting error. The relative error was determined for all grids
and parameters of WFEM in the weighted Sobolev norm and weighted energy norm with fixed and
predetermined parameters 7 = 2.2, § = 0.062. Note that when choosing other parameters # and &,
there were no significant changes in the results.

For each problem (A), (B) and each mesh we determined three parameters v, v*, § for which the
relative error in the weighted Sobolev norm and weighted energy norm was the smallest. In addition,
we formed sets of parameters Tl(A), TZ(A), TéA) and Tl(B), TZ(B), T3(B) at which the relative errors differed
from the best error by no more than 5%(6.5%), 10% and 15%.

Comment 6. The ratio of the smallest errors was exactly two in both weighted norms on adjacent
meshes for problems (A) and (B). This corresponds to a theoretical estimate of the convergence rate.

For each mesh the body of optimal parameters (BOP) is T; = Ti(A) n Ti(B), i =1,2,3. In addition, we
have determined triples of parameters v, v*, §, which allow us to find an approximate solution with
an error that differs from the best error by no more than 6.5% on all meshes simultaneously.

4.2. Results of numerical experiments

Figures 3, 4, 5, 6 show the parameters v, v*, § at which the errors differ from the best error by no
more than 5% (green), 10% (yellow), 15% (red) at h = 0.031,0.015 and h = 0.0038, 0.0019 respectively.
We present the results for tasks A and B in Figures 3a — 6a and 3b - 6b, respectively. Figures 3c — 6¢
depict the sets T;, i = 1,2,3. In Tables 1 and 2 we indicated the intervals of the parameters v, v*, § of
the BOP at which the relative error in the norm of the weight space deviates from the best error by
no more than the indicated values for & = 0.031,0.015 and h = 0.0038, 0.0019 respectively.
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Figure 3: (3a) the sets Tl(A), TZ(A), TéA); (3b) the sets Tl(B), Tz(B), T3(B); (3¢c) the sets T; = T{A n TiB,i =1,2,3 for
the mesh with step h = 0.031.
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Figure 4: (4a) the sets Tl(A), TZ(A), TB(A); (4b) the sets Tl(B), TZ(B), T3(B); (4c) the sets T; = Tl-A n Tl-B,i =1,2,3 for
the mesh with step h = 0.015.

Table 1
Optimal parameters with a given error for the meshes with steps h = 0.031,0.015.
percent of error é v v percent of error é v v
+5% 0.03094 2.1.4.0 0.0 +5% 0.01547 2.2.40 0.0
0.06187 1.6.1.8 0.0 0.03094 1.6.2.1 0.0
+10% 0.03094 1.7.48 0.0 +10% 0.01547 1.8.4.2 0.0
0.06187 1.3.2.2 0.0 0.03094 1.3.24 0.0
0.09281 1.3.2.1 0.0 0.0464-0.12374 1.4.2.2 0.0
0.12374 1.4.22 0.0 +15% 0.01547 1.5.42 0.0
+15% 0.03094 1.4.5.0 0.0 0.01547 3.3.41 0.1
0.03094 2.8.4.8 0.1 0.03094 1.1.26 0.0
0.06187 1.0.2.5 0.0 0.03094 22.28 0.1
0.09281 1.0..24 0.0 0.0464-0.12374 1.2.2.4 0.0

0.12374 1.1.25 0.0
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Figure 5: (5a) the sets Tl(A), TZ(A), TZSA); (5b) the sets Tl(B), T?EB), T3(B); (5¢) the sets T; = TiA n TiB,i =1,2,3 for
the mesh with step i = 0.0038.
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Figure 6: (6a) the sets Tl(A), TZ(A), TS(A); (6b) the sets Tl(B), T?EB), TB(B); (6¢) the sets T; = TiA n TiB,i =1,2,3 for
the mesh with step i = 0.0019.



Table 2
Optimal parameters with a given error for the meshes with steps h = 0.0038, 0.0019.

percent of error é v v percent of error ) v v
+5% 0.00387 2.3.3.2 0.0 +5% 0.00193 2.3.28 0.0
0.00773 1.7.25 0.0 0.00387 1.6..2.6 0.0

0.0116 1.7.23 0.0 0.00387 29.29 0.0

0.01547 19.26 0.0 0.0058 1.7.25 0.0

0.01934-0.02707 1.8.2.2 0.0 0.00773 1.8.29 0.0

0.03094-0.3 1.9.2.1 0.0 0.00967-0.3 1.8.2.1 0.0

+10% 0.00387 2.0.3.2 0.0 +10% 0.00193 19.28 0.0
0.00773 1.4.2.7 0.0 0.00387 1.4.29 0.0

0.00773 3.3.33 0.0 0.00387 24.2.8 0.1

0.00773 2.5.3.1 0.1 0.0058 1.4.2.7 0.0

0.0116 1.4.26 0.0 0.0058 29.29 0.0

0.0116 3.3.33 0.0 0.0058 2.5.2.7 041

0.0116 3.0..3.1 0.1 0.00773 1.6.29 0.0

0.01547 1.6.29 0.0 0.00967 1.5.2.7 0.0

0.01547 3.3.33 0.0 0.00967 29.29 0.0

0.01934-0.3 1.5.24 0.0 0.0116-0.3 1.5.25 0.0

We present the values of the parameters at which the deviation of the relative error from the best
error does not exceed 5%, 5.5% and 6% for problem A on the mesh with a step h = 0.0038 in Fig. 7.

5. Discussion of the results. Conclusion

In this paper we defined the body of optimal parameters in the weighted finite element method to
find an approximate solution to the crack problem with high accuracy. Finding the BOP is based
on a series of numerical experiments. We used the knowledge about the asymptotic behavior of the
solution in the neighborhood of the singularity point and the conditions on the input data v, § of the
existence and uniqueness theorem for the R,-generalized solution. The results of the experiments led
to the following conclusions:

1. The proposed approach allows us to determine the BOP for the weighted finite element method
(Figure 3-6, Table 1,2).

2. BOP depends on the dimension of the mesh (mesh step).

3. With a small deviation in the choice of parameters from the best parameters in WFEM, the
relative error in the norm of the Sobolev weight space grows slightly (see Fig. 7). This indicates
the stability of the process, i.e., a small change in the control parameters corresponds to a small
increase in the relative error of the approximate solution.

4. If we choose the parameters § = 0.062, v = 2.0, v* = 0 then the error does not exceed 6.75% of the
best value the error on all meshes simultaneously. In our opinion this fact is not important. The
optimal parameters for carrying out calculations should be chosen depending on the dimension
of the mesh (mesh step).

5. The proposed method with the found BOP can be used for calculating engineering problems.
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5%, 5.5%, and 6% for problem A on the mesh with a step h = 0.0038.
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