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On an explicit difference method for solving one
nonlinear parabolic equation with double degeneration
and nonlocal spatial operator.

Ludmila L. Glazyrina“, Olga V. Glazyrina® and Maria F. Pavlova®

“Kazan Federal University, 35 Kremlyovskaya str., Kazan, 420008, Russian Federation

Abstract

We consider the initial-boundary value problem for nonlinear parabolic equation. This type of equation can be
classified as a parabolic equation with double degeneration: degeneration can be present in space operator, and
anonlinear function which is under the derivative sign with respect to the variable ¢, may not be separated from
zero. The space operator of the considered equation nonlinearly depends on the sought function, its gradient
and the non-local (integral) solution characteristic. This problem has an applied nature. Such equations appear,
for example, in modeling the process of bacteria population spreading. In the present paper we propose and
investigate the explicit differential scheme. A priori estimates are obtained, and the convergence of constructed
algorithm is proved. The current work is a continuation of the research begun in the works [1], [2], [3], where
the existence and uniqueness theorems for the generalized solution have been proved, the convergence of
the finite-element method scheme and the explicit difference scheme in the case when nonlinearity is present
only in the spatial operator have been investigated. In paper [4] for a problem with double degeneration, an
approximate method has been studied. That method was constructed with the use of semidiscretization with
respect to a variable ¢ and the finite element method in the space variable with lowering nonlocality to the
lower layer, the existence of an approximate solution and the convergence of the constructed algorithms were
proved.
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1. Statement of the problem

Let the Q be bounded domain in the space R”, T is its boundary, Q, Qr = Q x (0, T). In the domain Q7
consider the initial-boundary value problem

d L
(g(tu) - ; a—Xi(ki(x, u,Vu,Bu)) =f, xe€eQ te(0,7), (1)
u(x,0) = up(x) x€Q, u(x,t)=0, x€I, te[0,T]. (2)

Here k;, uy are known functions, B is an operator of the form

Bu(t)=/g(x, u(x, t)) dx, (3)

Q/
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g is a given function, Q’ is a domain that is contained in Q or coincides with it.
Lets define the operator L

n
le: i(x, u,Vu, Bu))

We assume that function ¢(¢) is an absolutely continuous, strongly increasing function and it satisfy
the following inequalities for arbitrary ¢ € R?,

¢
bo | 1% -by < ®(§) = /(p’(t)tdt sby [ &% +bs, a>1, (4)
0
| (&) 1= bi | 177 +bs, &)
(@' (£)¢) =0, (6)

here b;; are constants such that following inequalities are correct
boi > 0, b1; 20, by; >0, b3; 20, by; >0, b5; 20,i=1,2,

functions ki(x, &, &, v), i = 1,..., n, are continuous with respect to &, v and £, measurable with respect
to x and for arbitrary x € Q, &, v € R, £1, &%, £ € R" satisfy the following conditions

| ki(x, &, & |<d02|§1|p1+d1, dy>0, d=0, p>1, (7)
Yokl b EvEzdy Y | &P -ds,  dy >0, ds =0, (8)
i=1 i=1

Y (ki ki(x, &, 8%, ) (& - &) = 0. ©)

i=1

Lets note that the condition (7) implies that the operator L, acting from Wp1 (Q) into Wp’,l(Q), where

/

p =
with respect to the gradient of the operator L.

We assume that the function g(x, £), defining the operator B, is continuous with respect to £,
measurable with respect to x and satisfies the following condition

, is bounded. The conditions (8), (9) provide, respectively, the coercivity and monotonicity

lg(x, &)| = go(x) + |E)° for almost all x € Q, (10)

where g is a function integrable over Q, s = 0.

Space operators with non-localities of the form (3) arise, for example, in the mathematical describ-
ing the diffusion of bacteria population when it is assumed that the propagation speed at a point is
specified by the global state of environment (e.g., see [5], [6]).

Lets define a generalized solution for a problem (1)-(2).

A function u € Ly(0, T; Wy(Q)) () Leo(0, T; Lo(2)) such that

dp(u)

u(x,0) = up(x) almost everywhere in Q, € Ly(0, T; Wp_,l(Q)), (11)



will be called a generalized solution of problem (1), (2), if for any function v from L,(0, T; WPI(Q)) the
integral identity holds

T T i
/<a(g(u),v>dt+//2ki(x, u,Vu,Bu) j—v dxdt = /{f,v)dt, (12)
0 g o o = . 0

here {g, v) is the value of a functional g from Wp’,l(Q) on element v from WI} (Q).

2. Auxiliary results and notation

In what follows, we will assume that the domain Q is a n-dimensional parallelepiped: Q = {x €ER, :
O<x;<l, i=1,2,...,n. } On Q construct a uniform mesh @ with a mesh step h; in the i-th direction,

h= (h1,..., hy), h = min h;. We will assume that there is a constant ¢ such that h < ch, h = max h;.

l<isn o
We denote !
a)h={x=(x1,---sxn)€Q: xizjhi,jzo,...,M,M=h"},
i
Yh=0opnT, wp = p\ys.

On [0, T] we construct a uniform mesh with a step r:

_ . T _
w0, =13t€[0,T]: t=jr, j=0,.... M, M=— ¢, «;=w\{0}.
T

We denote by H the set of mesh functions defined on @, H are the functions from H, that equal
zero on y. Let further r is the n-dimensional vector with coordinates

ri = £1, Vy(x) = (95, y(x), 9p, ¥(X), ..., 9y, y(x)),

_ yx,-(x)’ ri = +13
ariy(x) - { y)'ci(x), = 1.

Let us denote by H,(x) a mesh cell @, , which contains all the mesh points participating in the notation
of operator V,y(x), w, is the set of points x € @, at which the operator V,y(x) is defined. In the space

of mesh functions H introduce the following norms and scalar products

o= Y Hoy@ o), [y.o] =12 Y0

XEwy
n
Iy lp= 0y 210, Ly = (12 Y Y 9y P.1),,
roi=1
[y, ]
Iy ll-p= sup ;
P 1ol

here H, = mes H,(x).
For mesh functions, we define piecewise constant extensions x and t each

Mz(x) = {z(x),x € w,x€H(x)},



I~ w(t) {w(t), t = kr,(k- 1)t < t’ < kt},
w(t) {w(t), t = kt,kr < ' < (k+ 1)1},
ITw = II'lw, ILw=IITI,w.

Lemma 1. (See [7]) If ¢(£) is an absolutely continuous increasing function, then the following
inequality holds

(@(&) - p(M)E = B(E) - (), V& neR. (13)
Lemma 2. (See [7]) Let a = 2, function ¢ satisfies the condition (4) and besides
0(E) = be | E1977, be > 0. (14)

Then for any constant 0 > 1 there is ¢ = const > 0, such that for any &, 5 € R! the inequality holds

(@(&) = @m0 = (0 -1)n) = D) () + [ £ -1 |*. (15)

Lemma 3. (See [7]) Let ¢(&¢) be an absolutely continuous, monotonically increasing function satis-
fying the conditions(4)—(6). Then for any function v such that

Ve L(0,T; W, () () Leo(O, T Lol ), (16)

P _
") 10,7 W, @), 1)
v(x, 0) eW Q[ ) Lo, (18)

the following equality holds
T
/<a“’( oY dt = m}% / /CI)(v(t)) dx dt - /(D(U(O)) dx. (19)
T-1 Q Q

It is easy to check the validity of the following lemma.
Lemma 4. (See [7]) For any y €H the inequality holds

Iy lep= A Iy lles (20)

c 4

where A, @ = Tenp-ayap’ if pa and A, = p ,if 1<p<a.

3. Construction and investigation of an explicit difference scheme
For the problem (1), (2), consider the explicit difference scheme
0(y) + Ay(x, 1) = fur(x, 1), x € wp, t € @ \{T}, (21)

y(xa 0) = YO(X); y |Yh= 0.

Here A is a difference operator acting from Hto H , defined by the relation

[y, wl = Y Z {3 ki, V1, Bry), 9riw)r,

r i=1



where B, y(t) = B(2™" ), II, y(t)), yo a difference analog of u, such that

Iy — up in Le(Q), (22)

fnr is a mesh function, that is an approximation of the original equation right side, which we define
as follows

1 1 o
[fhr> 0] = on Z Z(fhr”-, or,v)r YU EH,

r i=0
where .
1
o= folt) = e [ [ e dean
T mes(Hr(x))
L H(x)
Conditions (7)—(8) on the coefficients k; provide continuity, boundedness:
| Ay = co | y I, + 2o, (23)
coercivity of the operator A :
[Ay, Y] = dy | y |£, —ds, (24)

with constants d; > 0, d3 = 0, ¢y > 0, ¢y = 0, independent on h and 7. The unique solvability of the
difference scheme (21) follows from the condition that the function ¢ is strictly monotonic.
Lemma 5. Let @ > 2, function ¢ satisfies the conditions (4)-(5) and besides

up € Le(Q),  f € Ly(0, T; W, '(Q), ¢ = max{a’, p'}.

Then for any
ha
Cunapr 1P
T < (25)
hp+n(p—a)/a
c————, >,
2Pn p

for the solution of the difference scheme (21) the following a priori estimates hold

tl

Z |y ||fps const, (26)
=0
max | y(t') |%< const, (27)
Ve,
t/
>t |y |és const vt € @, (28)
=0
1 T-kt
e > rlo(t + k) = p(y(1), ¥(t + k) = ()] < const (29)
t=0
vk e {1,...,N}.

Proof. Multiply both sides of (21) scalarly in H by (63 - (6 - 1)y), where the constant § > 1. As a
result, we get

t[oi(y), 0 - (0 - 1)y] + t[Ay, 0y - (0 = 1)y] = t[fnr, 0y - (0 - 1)y]



or
(i), 03 = (0 - Dyl + 7[Ay, y] = tlfur, ¥] + 7°0fir, y1] - 7°0[Ay, 1]. (30)

Using lemma 2, we estimate the first summand in the left-hand side of the equation ( 30)
[eu(y), 05 = (6 - Dy] = [2(3) - D(y), 1] + e [ ye |7 - (31)

To estimate the first two summands on the right-hand side of (30) we use Holder inequality, ¢ —
inequality and a difference analogue of the Friedrichs inequality, as a result we have

n
eyl = e i 1 +—<1+cg>r |y 12, (32)
P j=0
1 Eal'a+1
i) TTZuﬁm 1+ 25y 1%+ 1y 19) < (33)
j=0
aTa+1
< Zuﬁm I+ )X [ e |5 +err,

5
here cq is the constant from the difference analog of the Friedrichs inequality. From (23) follows that
2 2 -1 _ 2p-
T°0[AY, yi] = 7°0(co | ¥ %5 +Co) | ye ep= T+ 77020 || ye |l+p - (34)
Further, using (31)-(34) and the coercivity of the operator A, from (30) is easy to obtain
(@ (5/) — @), 1+ er” || ye Mg +der |y I ~ds7 <

el
<——1 Z | fieg I +- (1 ve)t |y It +
ef

a o+l

1 ET
LS s I+
0

2+ cAS || ye G +I + 7. (35)
2

Let p = a. We estimate I using Holder’s inequality and lemma 2, as a result we obtain
/ ) / —
s a0 Ly BT 15 Al yelas P01y F 28 1y 107 v s

a+1(C0 )aAP

3

A

Ted
; Iy 151 ve 1% - (36)

IA

Substituting (36) into (35) and summing the resulting inequalities over ¢ from 0 to ¢’ € @,, we will
have

/

p a 4
[@(y()), 1] + (Mz a1 - ES) Syl
p a /0

/

d AL
+ Z(i‘— T*(Z +c)dy - (009)“ ; I y(2) 15 “) ™|y llg=

=0
c Y U I Z S s 1S +@GO)L T+ e (37
S P ot=0 j=0 =0  j=0



First, let us prove that (37) implies the estimate

I y(t) 115 <Z Z I fnej(2) II”/ +Z Z | fnzi(2) ||p/ +
t=0 j=0 =0  j=0
+[®(y(0)), 1] + 1) = m"® vt € &y, (38)

where ¢, m are constants independent of i and 7. For ¢’ = 0 estimate (38) holds. We assume that (38)
isvalid forall ¢’ < #;; ¢/, 1 € w,. Let us prove that (38) holds for ¢’ = #; + 7. To do this, write inequality
(37) for ¢’ = t; + 7, considering, that | y(t) [%< m* Vt < t;,

&P 4 h
[@(y(t + D), 1] + (dz e d)- a) Selyl,+

t=0

+(c - ff(z + )% - (009)0’ mP~ “> Z | yr =

o anh” Dl + /,Z anhf,(t 1S +[@(yO) 1+ e (39)
t=0

Slp =0  j=0

Choosing ¢, &, &3, h and 7 so that

P o
€ €
dz—;j(1+cg)—§ = 6, >0,
A,
c- r—(z + Ay - (0O)*—m™ = & >0, (40)
ael

and using the condition (4), of (39) is easy to obtain (38) for ¢ = t; + 7. Therefore, the estimate (38)
will be valid for any ¢’ € @,. From (37) and (38) the estimates (26)—(28) follow. Note that the constant
c in (25) is chosen so that the inequality (40) holds.
Similarly to the way above, it is easy to verify the validity of estimates(26)—(28) inthe case 1 < p < a.
Let us further prove the validity of the estimate (29).To do this, we sum both sides (21) over ¢ from
t to t + (k - 1)z, then multiply the resulting equality scalarly in H by 7(y( + k7) - y(%)) and again sum
over f from 0 to T — k7, as a result we will have

T-kt

Z [o((F + k1)) - o(y(D), y(F + k) - y(D)] =
t=0

1 T-kr t+(k-1)T ) 1 T-kr t+(k-1)r i
== 2 > AW, (ko) - y(@] + ¢ Z 7[f. y(E + k7) - y(B)]. (41)
=0 =t t=0  t=t

Using the boundedness property of the operator A, Holder’s inequalities and (34), from (41) it is easy
to obtain

T-kt T-kt T n
Z [p(y(E + kD)) - (y(B), y(E + k1) - yDl < e Y. | ¥(D IFp + ;,Z e | furg () 1
=0 =0 =0 j=0

From the last inequality and (26) it follows (29). The lemma is proved.



The a priori estimates (26), (27) imply the boundedness of the set {II;y} in the spaces L,(Qr)
and Leo(0, T; L(Q), as well as the boundedness of the set {II;9,,y} in the space L,(Qr). Due to the
weak compactness of bounded sets in reflexive spaces and the *-weak compactness of bounded sets

in Le(0, T; Ly (Q) there exists subsequences {E(m) }:F . {Tm }:: 11 and the element u, which belongs

to Ly(0, T; W; (©2)) () Lo (0, T; Ly(2), such that for Z(m), T — 0

My — u in L,(Qr), (42)

. du
I1;9,y — 7 in Ly(Qr), (43)
Iy — u *-weak in L (0, T; Ly (Q). (44)

Using the estimates (27), (28), (30) and the mesh analogue of the compactness theorem (see [7], lemma
9), it is easy to confirm the existence of subsequences {fz(m) }:=1’ {Tm }:=1’ for which, along with
(42)- (44) the limit relation of the form below holds

II;y — u almost everywhere in Q. (45)
Further, the condition (7) and the estimate (26) imply the boundedness in the space L, (Qr) of the
set {kai(x, Y, Vi, Bhy)} for any i € {1,2,..., n}. Therefore, there are K; € Lp/(QT) and sequences
(R {m ), such that

I ki(x, ¥, V,y, Bpy) = K; in Ly(Qr). (46)
For s = « from (27), (45) and Lebesgue’s theorem on passage to the limit, it is easy to show that

II*B(y) — Bu in Ly(0, T). (47)

Theorem 1. Let the functions ¢, k; satisfy conditions (7)-(9), (14), @ = 2 and the inequality (25)
holds. Let, in addition, for 7,h — 0

Al — 0, if p=a, Ay — 0, if 1<p<a. (48)

Then for any function f € Ly(0, T; Wp‘,l(Q)), where ¢ = max{a’,p’}, and up, € Lo(Q) W; Q)
subsequence of piecewise constant extensions of the solution to the difference scheme (21), defined
by the relations (42)—(47), converges to a generalized solution of the problem (1)—(2).

Proof of this theorem is close to the proof of Lemma 3 from ([3]). Therefore, we present here only
fragments of reasoning different from Lemma 3.

Let’s scalarly multiply the difference scheme (21) by 7z, where z - drift of the function z from
C*(0, T; C7°(Q)), z(x,T) =0 and sum over t from0to T - 7. Asaresult we get

T-1 T-7 T-1

Y tlonzl+ Y tlAy 2] = ) tlfies 2]

t=0 =0 t=0

We transform the first summand by using the formula for summation by parts. We write the resulting
equality using piecewise constant extensions in the form of the integral identity

T T
1 n
on {—//H,qo(y)ﬂr(z;)dxdt+2//H:ki(x, y,Vry,Bhy)H:arizdxdt} =
r 0 Q =99

'In what follows, for the selected subsequences we will keep the notation of the sequences themselves.




T
1 n
T on Z Z//H:fhr,in:arildxdt. (49)
0 0

r i=1

In the equality (49) , we pass to the limit as 7,h — 0. As a result, we will have

T T T
—//(p(u)jjdxdt—/(p(uo z(x, O)dx+Z//K,~:;dxdt=/(f,?:)dt. (50)
0 Q Q Q 0

Following ([3], lemma 3), from (50) it is easy to obtain that

e

T
z}dt+Z//dedt—/<f,2>dt vzeLp(o,T;xi/; Q)  (51)

and, besides, u(x,0) = uy(x) almost everywhere in Q. Let us prove further that
T T
« 2z
//Kldxd //kl-(x, u,Vu, Bu)—dxdt (52)
=199 ? =19 4 o

o1
for any function z from Ly(0, T; W, (€2)). To do this, we consider the following inequality

n

[0(3) = @(y), 3] + >, 7l(ki(x, VY, Byy) = ki(x, VD, Byy)), 9 (v - )] = [®() - @(3),1],  (53)

i=1
where function y is the solution of the difference scheme (21), v(x, t) is the drift of the function
(x, t) € C*(0, T; C;°(R2)) to the points of the mesh @, x @. The validity of (53) follows from (9) and the
lemma 1. Considering that the function y satisfies equality (21), we rewrite inequality (53) as follows

n

Ure, 91+ Uy, 1] = Y ke 370, By y ~ 0]~ Y ki 97y, By, 0,01 = 03 - 0. 11

i=1 i=1

Using the extension II;, we write the last inequality for all ¢ € [0, T] and integrate the resulting
inequality over the segment [0, t], t’ € [0, T]. As a result we will have

t/
1 z .
) = 50 % [Ty =Y [ 0k, 77, Bt o, -
r 0 i=1 o
- Z/H:ki(x,V®,Bhy)H;8ri(y—i))dx}dt+ (54)
T-7
IDNJICRAIEEED //{cbny O(11;y)) ddt.
=0

Further, using the [3] methodology, when the condition (48) holds we establish the validity of the
limit equality
T-t

Jim > Ay, yil| = o. (55)

t=0



Lets notice, that

i//{CDH y) - ®(1;y)}dxdt = — //(ID(H dxdt—/ D(uy(x))dx.

0 Q

Let further ¢* be a mesh point w,, belonging to (¢, ¢’ + 7], u(t') = (¢’ + © - t")/7, A,- linear extension
with respect to ¢. Using the convexity of the function @, we have

/ / I (1 dxdt—{ / / T y()dxdt + / / (1) dxdt}

- u(t) / S () dx + (1 - (') / St - 7))dx = (56)
Q

Q

= /{u(t')q)(ﬂry(t*))dx + (1= p( )OI, (" - T))} dx =
Q

= [ M)+ (- e - N = [ SN d
Q Q

Let us prove further that

H;(ki(x,y,vri),Bhy)) — ki(x,u,Vo,Bu) in  Ly(Qr). (57)

-/
Or

Limit relations (45), (47), smoothness of the function v and continuity of k;(x, &, 7, v) for each of
the arguments allow us to assert that the integrand function in (58) tends to 0 as h, 7 — 0 almost
everywhere in Qr. In addition, from the estimate (7) it follows that

We denote ,
10 (ki(x, 9.V, 9, Byy)) - ki(x, uvo, Bu)| dx dt . (58)

/

p/ 5 n _p—l @p—l P
< <d0;{}8riv} + }axi‘ } + 2d1> .

The right-hand side of the last inequality, due to the smoothness of v is a function integrable over
Qr, therefore, by the Lebesgue theorem on the passage to the limit ] — 0 for 7, h — 0, it means
that (57) holds.

From the inequalities (54)-(56) it follows that

I, (ki(x, ¥, V0, Bhy)) - ki(x, u, V0, Bu)

lim J,(t) = lim [ &AL (y(t"))dx - / D(uy(x))dx. (59)
7,h—0 7,h—0
Q Q

From the relations (42)-(47), (57) it follows that
t/

T ) = T ) =J(¢) = [ <.
0



i=1

u v u ; o(u - )
—Z / Kla—ndx—l; / ki(x, uVo, Bu) o dx}dt. (60)
Q Q

Considering (51), we will obtain

= i
lIQ

J(t') = /{( aqg(tu)’ uy + S /(K,- - ki(x, V0, Bu) 8(1;; v dx}dt. (61)
0

Substituting (60), (61) in the inequality (59) and integrating the result over ¢’ from T - A to T,
A = const > 0, we will have

T

/](t')dt /Tl}llTO/QD(A I, (y(t'))dxdt’ —/1/ (uo(x (62)

T-A

The convexity of the function ®(¢) implies the weak lower semicontinuity on L,(Q) of the functional
/ ®(w(x))dx. Therefore

Q
/T 1}130/<D(AH (t"))dxdt’ = // (u(t))dxdt’ . (63)

T-1 Q

We transform the left-hand side of inequality (62) using the mean value theorem. The application
of this theorem is admissible, since the function J(#’) is absolutely continuous with respect to t’.
Considering (63), we will obtain

T
A(t) = O(u(t))dxdt' - 1 | D(up(x))dx,
/] /

here t € [T - A, T]. We divide both sides of the last inequality by A and pass to the limit as A — 0, as
a result we get

u)dt+ (K ki(x, u, Vo, Bu)) ou z_))dxdt >
ox;

>/%1_r)r}) - // (u(t'))dxdt’ —/(D(uo(x))dx

T-1 Q
The last inequality and lemma 3 imply

T T
/ / / ;(Ki—ki(x,u,Vz‘;,Bu))a(L;;iv)dxdt20. (64)
0 0 Q

Assuming in the inequality (64) first © = u + Aw, and then © = u — Aw, where A = const > 0, wis an
1

arbitrary function from L,(0, T; Vi/p (), it is easy to obtain equality (52). The theorem is proved.
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