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Abstract

Bathymetry problem based on the mathematical model of the acoustic signal propagation is
considered. In the case of the single scattering approximation we obtained solution of the direct
problem. As a solution to the inverse problem, which consists in determination of the function
describing deviation from a reference value, we obtained a non-linear differential equation with
some assumptions. A numerical analysis of the bathymetry problem is conducted for real data
and the influence of the bottom scattering coefficient on the bathymetric function
reconstruction is investigated.
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1. Introduction

Investigation of the ocean floors is still priority for the world community. Many research complexes
are developed to solve bathymetry problems. Currently, ocean mapping approach using an autonomous
unmanned underwater vehicle, which are equipped with the side-scan sonars, is very relevant and
promising. A sonar emits pulses of sound and detects echoes. Gauging water depth using acoustic
(sonar) technology involves measuring the time taken for sound waves to travel between the vessel and
the seafloor. Acoustic image is formed on the starboard and the port side of the underwater vehicle
while the sonar antenna moves. It is worth to note that there are methods of the satellite bathymetry [1],
[2]. An approach proposed in the article could be extended for this technology. To describe sound
propagation in a fluctuating ocean, mathematical model based on the radiative transfer equation is used
(see, e.g., [3], [4], [5]). Also, the kinetic model could be applicable in various scientific fields, e.g.
computed tomography [6], [7], visualization of images, optical light transmission in the Earth
atmosphere [8], modeling thermal and radiative processes in bio-tissues during sun irradiation [9], laser
therapy [10], etc. In the paper, the transport equation is used to simulate the propagation of acoustic
waves energy in the case of multiple scattering, and the mathematical model takes into account the sea
bottom scattering [11], [12].

2. Mathematical model

Process of acoustic waves propagation on frequencies of the order of tens kilohertz is described by
the following integral-differential radiative transfer equation [13]:
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where r € R?, t € [0, T], the wave vector k belongs to the unit sphere Q = {k € R? : |k| = 1}. The
function I(r, k, t) is the wave’s radiation intensity in the moment t and the point 7, propagated in the
k direction with the sound speed c. The coefficients u and o denote spatially varying coefficients of the
attenuation and the scattering, respectively, J(r, k, t) describes the source of the sound field.

The process of echo signal propagation is considered in the domain G: = {r € R?%: 1, > —l + u(ry)},
which is the upper half-space bounded by a curve 0G =y = {y € R%:y, = — + u(y,)}, where the
function u(y;) describes the deviation of the sea bottom relief.

Assuming there are no sound sources in the medium while t < 0, we supplement equation (1) with
the initial condition:

It<o =0, 2)
and the boundary condition on the surface y which obeys Lambert’s law:
I(r,k, t) = 20, f In(r) - K'| I(r, k', t)dKk’', rey,keQ_(r). 3)
Q. (y)

Here, Q.(y) = {k €, sgn(k . n(y)) = il}, o4 denotes the constant sea bottom reflection
coefficient, n(y) denotes the external normal to dG. Bathymetric function is involved in the boundary
condition.

Moreover, we introduce the function J(r, k, t) to describe a point of isotropic sound source:
J(r k,t) =], 6(r) 6(¢). 4)
Here, 6 denotes the Dirac delta function and J, is the source power.

The initial-boundary value problem (1) — (3) is supplemented by the condition on the vehicle:

f SEUOI+(0, k, Dydk = I* (D), 5)

Q)
where I£(t) define the total intensity of the received signal on the starboard and the port side. The

functions S* (k) characterize the radiation pattern of the receiving antenna on the starboard and the port
side of the carrier, respectively.

2.1. Direct problem

We will use approximation of non-scattering media (¢ = 0), so the solution of the direct problem
in the single scattering approximation can be represented in the following form:

2
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where y,z € y. It is worth to note that the first term in equation (6) corresponds to a single scattered
signal (I;), and the second is to the double scattering (I).

2.2. Inverse problem

Solution of the inverse problem was obtained as a nonlinear differential equation for the function u
in the single scattering approximation and a narrow radiation pattern of the receiving antenna. Thus, for
the numerical solution of the nonlinear differential equation the following scheme was constructed:
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where ¢; = 2c¢7}(yf; + (L - ui_l)z)l/z, vo,; = u; and u(0) = 0. Value of the v, is set as derivative
u’, which is calculated in the previous node. This approach requires a second initial condition, which
can be obtained by solving an algebraic equation of forth degree using the initial condition u (0) =

In the numerical algorithm for relation (7), we used the modified Euler’s method with an accuracy of
1.0E — 10.

3. Numerical experiments

In the case of a narrow directivity pattern of the receiving antenna, the problem of remote sensing
by the SSS, moving with a constant velocity V along the axis 73, is reduced to solving the problem (1)
— (4) and is solved independently at each probing interval.

As said before, the modified Euler’s method is used to conduct computational experiments. The
sounding parameters for the computational experiments are presented in Table 1.

Table 1
Probing parameters.
U, m_l 04 C,m/S ]O lam BAERIL V3, m
0.018 1 1500 1 10 [0, 300] [0, 80]

The function that describes the topography of the seabed has the following form:

N
u(y,,y3) = Z a; sin <2m’ K, ) z b; sin <2m K, Y3 ) +
i=1 Yimax * Y3 max
Vs (3)
+ Z c; COS <2m K, ) z d; cos <2m K, )
Yimax * Y3max

where a;, b;, c;, d; are random coefficients evenly dlstrlbuted on the interval [0, 1], K, , K, are the
number of local extremums on the bottom surface, N denotes the number of harmonics.
Figure 1 shows the surface which describes the sea bottom relief obtained by the formula (8). The

bottom was generated with two local extremums in each direction (K, = K,, = 2)and ten
harmonics (N = 10). Such approach for the generation of the bottom surface allows to create more
realistic relief of the seabed.

Figure 2 presents graph of the error Au in the case, when the measured signal I(t) was calculated
by formula (6) which takes single scattering signal into account. The maximum error from figure 2 is
about 0.5% which is small enough for such an oscillating bottom and it indicates high accuracy of the
numerical method.

It is worth to note that this experiment was conducted with 100% reflection of the signal from the
bottom, i.e. 6; = 1. However, in real experiments the bottom scattering coefficient is up to 10% of total
reflected signal. Hence, the error can be reduced by a factor of 10. Thus, the aim of the next experiment
is to analyze solution of the bathymetry problem with variable coefficient g; € [0.1,1] in sing
scattering approximation.



Figure 1: Exact solution u(yy, y,). Figure 2: Error Au in the single scattering
approximation.

3.1. Experiments with real data

Earlier in paper [14], using the methods of the theory of radiation transfer, an explicit formula was
obtained for determining the bottom topography function:

2
Vi
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where y, ; = Vt;, y; — the bottom point, V' — the speed of the source, J; — the power of the sound
source. Formula (9) was obtained in the single scattering approximation and with the condition that the
bottom topography function is weakly varying u;, <1, uy, < 1.

A numerical analysis of formula (9) was carried out on the basis of synthetic data in paper [15],
however, the practical application of the obtained mathematical model is very interesting. Thus, we

applied the formula (9) to real data and investigated the effect of bottom scattering. The sounding
parameters for the computational experiments are presented in Table 2.

Table 2
Probing parameters.
M, m_l V;m/s c, m/s ] lam Y1, m Y3, m
0.01 1 1500 9.156 10 [0, 100] [0, 20]

In this case we calculated the bottom scattering coefficient g; in each point, then based on the found
values, the function u (y4, y,) corresponding to the seabed profile was calculated. Further, we fixed the
coefficient of the bottom reflection o, at each point and, with the constant coefficient, we tried to
reconstruct the bottom surface. Figure 3 shows the seabed profile at varying values of the bottom
reflection coefficient at each point. Some reverberations of the seabed profile are visible here at 10-40
meters and according to the color scale, we concluded these are hills, and the darkening in the place
about 25 and 30 meters after the peaks is explained by the presence of depressions, which’s deep is
about 3-5 meters creating shaded areas after.
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Figure 3: Reconstructed seabed profile by finding the bottom reflection coefficient at each point.
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Figure 4: Reconstructed seabed profile with constant bottom reflection coefficient

Figure 4 shows the reconstructed values of the seabed function u (y;,y,) at a constant coefficient
04. In comparison with Figure 3, where coefficient o; was calculated at each point of the bottom, in
that case the function u (y,,y,) is restored better than with constant ;. However, it should be noted
that Figure 4 still reflects the main disturbances of the function u (y;, y,), which conveys the main
information.
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Figure 5: Reconstructed seabed profile by finding the bottom reflection coefficient at each point.
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Figure 6: Reconstructed seabed profile with constant bottom reflection coefficient.

In this experiment, the bottom is considered with less changes than in previous one. On Figure 5
over the entire interval we can see the influence of the bottom reflection on the restoration of the
function u (y4,y,). Figure 6 shows that neglecting some values of the coefficient o; and considering
only one constant value, the image of the reconstructed bottom shows less information than in Figure
S.



4. Conclusion

The results support the hypothesis that solution of the bathymetry problem in the single scattering
approximation is stable. We simulated the side-scan sonar signal in the single scattering approximation
and used it as input parameter for the problem of reconstructing the seabed topography, the solution of
which was obtained. The experiments show that bottom scattering significantly affect the restoration of
the seabed. Therefore, it is necessary to search for g, for each bottom point. Formula (9) was obtained
with conditions of a weakly varying bottom, i.e. formula (9) did not contain the function u'(yy, y,),
which describes the seabed topography. Such conditions greatly facilitate the adaptation of this
mathematical model to real data. It is worth noting that working with real data requires varying many
values and selecting the most appropriate value for each of them. So there are difficulties with testing
on real data the formula (7) in case of a strongly oscillating bottom. The presence of the derivative
u'(yy,y,) in formula (7) generates a nonlinear differential equation.
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