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Abstract  
The article presents the models of production-logical inference based on algebraic 

structures. The conducted researches of abstract algebra and production inference models 

have established the principle of decision-making support in the development and operation 

of telecommunication systems based on the so-called FS-system. Mathematically, the FS-

system is a partial case of algebraic lattices. It is proven that the FS-system, as an abstract 

structure, with the product-logical properties of its signature, has the advantages of the 

efficiency of computational implementation over other models. It was established 

experimentally that such an approach ensures minimization of appeals to external sources 

and, accordingly, reduction in computing costs. In particular, it was determined that the 

practical relevance of the findings is that the scientifically substantiated recommendations for 

an advanced communication management system are designed to consider the possibility 

of leveraging them in other complex technical systems. Such an approach allows to 

significantly increase the efficiency of the communication and management process gained 

by the modernization of hardware and software of the computer system. 

Thus, there are grounds to state that it is expedient to utilize the proposed set of mathematical 

models of the formal description of the production-logical inference of knowledge to 

automating the decision-making support in telecommunication systems at the design and 

operation stages. 
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1. Introduction 

Studies have shown that at present, the general scientific and applied problem of increasing 
the efficiency of telecommunication systems becomes of particular importance. An important 

direction of its solution is the creation and implementation of an appropriate intellectual decision 

support system (DSS). This system solves various tasks at the design and operation stages. According 

to experts, this approach will increase the efficiency of telecommunication systems to 15% at no 
additional cost [1-3]. It should be emphasized that there an advanced way to improve the quality of 

complex systems is to provide the system with the functional stability that allows to achieve the 

greatest effect from the complexing. Functional stability of a complex technical system combines the 
properties of reliability (fail-safe), fault tolerance and survivability. The stability is achieved by 

application of various existing types of redundancy (hardware, structural, temporal, information, 

functional, loading, etc.) in a complex system through redistribution of resources. It is fundamental 
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that at the design stage no additional redundancy should be introduced and the consequences of 
emergency situations should be parried by redistribution of already existing resources. So, the priority 

task of the intellectualized DSS is to support the telecommunication system Functional stability [1, 2, 

4, 5]. 

2. Analysis of literary data and problem statement 

An analysis of the latest research and publications in which the solution to this problem was 

initiated allows us to emphasize the positive tendency of the DSS development [1-17] and the need 

for further research to improve the mathematical and software systems of the systems. The most 

complex and relevant is the scientific task of developing new mathematical models of the formal 
description of knowledge, namely, production-logical inference in the automation of the decision 

support process [18-25]. The given models have well-known advantages: simplicity without loss of 

completeness due to modularity; efficiency and lack of complexity explaining the inference, which is 
associated with the presence of analogy with the human cognitive process. 

So to ensure functional stability it is necessary to have redundancy. The works [1-4] published 

data on redundancy in the telecommunication system (table 1). 
 

Table 1 
Redundancy analysis in the communication system 

 
Subsystems 

Redundancy 

Hardware Temporal Software Informational Structural 

Topology 0,15-0,45 0,2-0,4 0,1-0,25 0,1-0,5 0,2-0,4 

Communication 
lines 0,2-0,25 0,2-0,4 0,2-0,5 0,1-0,5 0,2-0,25 

Communication 
nodes 

0,2 0,1-0,2 0,1-0,2 0,2-0,5 0,1-0,2 

Control 0,05- 0,1 0,1-0,2 0,1-0,2 0,1- 0,3 0,1-0,15 

3. Research goal and tasks 

The research was aimed at substantiating the new approach in the production models of knowledge 
extraction, which, unlike existing ones, uses the advantages of algebraic systems in computer 

programs and provides the necessary quality and efficiency with a significant reduction of 

computational resources. 
To achieve this goal, the following tasks were solved: 

Developing of the corresponding mathematical models. 

Computer simulations. 

4. Productive-logical inference models 

Intellectualized DSS implements the so-called productive-logical model of knowledge 

representation. The rationale for this is as follows. In fact, nowadays a sufficient number of models of 

knowledge representation, used for implementation of knowledge-based systems, have been 
developed. It is most expedient to represent knowledge by means of rules of the "if-then" type 

(phenomenon - reaction). The production system can be considered the most widespread model of 
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knowledge representation. It is possible to provide many examples of real knowledge-based systems, 
as well as examples of systems where the language of frame-type knowledge representation was 

adopted to describe the local knowledge [7–9, 11, 12]. If the product system is considered as a model 

of knowledge representation, then the rules can be added a clear meaning if from the human point of 

view they are seen as the means of direct description of the method of logical conclusion for 
addressing issues in the subject area. The distinctive feature of knowledge representation with high 

modularity is simplicity of extension, modification and cancellation. In addition, on the computer 

side, it is possible to define a simple and precise mechanism for using knowledge with high 
homogeneity. These two distinctive features are the reasons why the knowledge representation 

method is so widespread. The concept is supposed to consider the basic structures of the product 

systems and various aspects related to the implementation of knowledge-based systems. 
As you know, a production system consists of three main components: a set of rules used as a 

knowledge base, known as a rule base; working memory (or short-term memory), which stores the 

prerequisites related to the specific tasks of the subject area, and output results; inference engine, that 

applies the rules according to the content of working memory. In reality, various additional tools are 
needed to build working (operating) systems [8, 9]. The major issue in the product systems is to 

investigate (check) the availability of special data concerning the conditional part of the rule in the 

working memory. Evaluation of the conditional part by searching and comparing has a wide scope of 
application, in some respects, but in certain instances such direct evaluation is insufficient. 

In a real-case scenario, when using product systems these rules are extended as needed (e.g., they 

use OR connection in the conditional part, enter the conditional part with calculations based on the 
working memory content and other operations or enter the final part, that indicates the output without 

the working memory content), so the rules can be considered classical. 

Such rules represent the output result established between the content of the working memory, 

which is referenced from the conditional part, and the content specified in the final part [18]. 
Process description of the logical output results allows to identify a false rule when a proof of 

conclusion failed, despite the fact that the opposite should have happened, or an incorrect output was 

obtained. It is an effective tool for systems development as it allows to explore their possibilities and 
identify how to expand them. 

It is known that an algebraic system 
F F RF , ,   (in some literature, an algebraic structure) is a non-

empty set 
FF Ø  with a given set of operations 

F  and relations 
R   satisfying some axioms. A set 

FF  

is called the carrier of the algebraic system; sets 
F R,   are called the signature of an algebraic 

system. 

The main task of abstract algebra (in modern scientific literature is simply algebra) as a section of 
mathematics is the study of the properties of axiomatically given algebraic systems. The term 

"abstract" emphasizes that objects of study are abstract structures, such as groups, rings, fields, and 

modules, in contrast to algebraic expressions that are studied in elementary algebra [18]. 
The general idea in forming the inference models is to provide the signature of the algebraic 

system of production-logical properties of the general scheme "if... then". The article proposes to 

consider the original algebraic system, the so-called FS-system, developed and proposed as a 
theoretical justification for the mathematical support of the telecommunication system's DSS. The 

abbreviation FS comes from "Functional Stability". It is the FS system that is part of the mathematical 

support for the formation of a property such as functional stability. In any abnormal situation 

associated with negative external and internal factors, the property of functional stability allows a 
complicated system to continue to be in a workable state due to the use of redundancy. 

For a logical and understandable further introduction, we will introduce the basic notation and 

definition. Let R  be a binary relation on a certain set F , which is transitive and reflexive. It is known 
that in discrete mathematics, for partially ordered sets there is the notion of a "minimal element" (for 

it, there is no smaller element) and "the smallest element" (it is least of all). The classic terms of 

"closure" and "reduction" are interpreted in a procedure for minimizing computational resources in 
the automation of logical programming, namely minimization of memory and the number of 

operations. 

It is also known that there is a loop *R  of arbitrary relation to the transitivity property, or the 

transitive closure. The transitive reduction 'R  of the ratio R  means the minimum ratio is such that its 
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transitive closure coincides with the transient closure of R . The literature [17] presents algorithms for 
constructing a transitive reduction of oriented graphs. This is an arbitrary graph with the minimum 

possible number of nodes, the transitive closure of which coincides with the transitive closure of this 

graph. It is proved that this problem is a computational equivalent to the construction of the transitive 

closure, and also the unity of the transitive reduction of the acyclic graph is established. Also, in [18] 
it is proved that the construction of the least transitive reduction of an arbitrary graph is an NP-

complete problem. 

Definition 1. FS-system 
F F RF , ,   is a system of algebra (algebraic structure, algebraic system), in 

which, along with operations over any pair of its elements (   ("intersection") and   ("union")) an 
additional binary relation is given with the production-logical properties. 

The relation is called production-logical if it has reflectivity, transitivity, and other properties that 

are determined by a particular model. One of these properties is distributivity. Informally, 
distributivity refers to the possibility of logical inference in parts and to combine its results on the 

basis of operations   and  . Assigned to the FS-system, the relation R is called  -distributive, if 

  1 2A,B A,B R  leads to  1 2A,B B R.   And called  -distributive, if   1 2A ,B A ,B R  leads to  1 2A A B R.   The 

relation is called distributive if both of these properties are specified. In order to simplify the symbols 

 ,  , and, ⊣, the theorems of plural operations  ,   , , and  are used instead, and the elements of 

the FS system are indicated by uppercase letters. Also, for simplicity, the assumption is made that it is 
advisable to refer only to one of the two properties mentioned above under the distributive 

relationship. 

Let the FS-system have some binary relation 
RR  . The set of all atoms of the FS system, the 

relationship pairs R  contained in the elements, will be called the set of atoms that the relation R  relies 

on. Constructed on the associations of these atoms subset of the initial FS-systems we denote 
FF .RF  

Obviously, .RF  is a subsystem (subset) in .F  

For a given R  we introduce a binary relation 
R , a subset of partial order   that the elements of all 

pairs 
R  belong to .RF  We also denote 

R . A subset 
R  that does not contain pairs of reflections (type 

 ,A A ) 

Definition 2. The binary relation R  in the FS system is called production-logical, or logical, if it 

contains 
R  and also is distributive and transitive. 

Thus, in the FS-system, along with operations on any pair of its elements, a rule is given for their 

logical, so-called "comparison" or inference. The mathematical formalization of this rule allows us to 
develop management algorithms for automating the decision support process in a telecommunication 

system. The purpose of this management is to respond to non-emergency situations by redistributing 

redundancy. 
We propose a logical rule of the so-called "comparison". First, we draw attention to the fact that 

the closure of a set is a collection of all points of a given set. The closure of the set generally contains 

three types of points: isolated points; boundary points belonging to this set; boundary points that do 

not belong to this plurality themselves. Thus, the closure is the adherence to this set of all its boundary 
points. A closed set coincides with its closure. 

The point of touch of a set is such a point (not necessarily belonging to the given set itself), any 

neighborhood of which contains at least one point from this set. It turns out that if the point belongs to 
this set, then it is already a point of contact (since it itself is always included in its own neighborhood, 

no matter how small this suburb was). We recall that in the theory of sets, the transitive closure of a 

binary relation on a plural is the least transitive relation on the set that includes it. In mathematics, the 
set is closed with respect to some operation, if the result of this operation on elements of the set will 

always be the element of this set. 

In the theory of FS-systems, as in the theory of ordinary sets, it is expedient to consider the 

transitive closure and the reduction of the relation. Therefore, the task of finding a logical circuit and 
logically reducing relations on hierarchical sets, or different types of algebraic systems, is relevant. 

Definition 3. Let R  relation be assigned to the FS-system F , then the ordered pair A,B F  is 

logically bound by the R  relationship (written as RA B ) if one of the following conditions is true: 
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A,B R ; (1) 

RA B ; (2) 

there are such 
1 2B ,B F , 

1 2B B B , that R

1A B , R

2A B ; (3) 
there is an element C F  such that RA C  and RC B . (4) 

This definition 3 on the given R forms another binary relation R  on the FS system F . As can be 

seen from this definition, any logical bond RA B  is formed on the basis of a finite subset of the 

pairs of relations F . It is also worth noting that the relations R  and R  make sense for all elements 

of the FS system. 

Definition 3 is the inference rules of the FS system. When inferring a logical connection RA B , 

the inference step will be called the usage of exactly one rule, possibly simultaneously to some finite 
set of elements of the FS system. Formally this is as follows: 

if R 1

i iA B , R 2

i iA B , i 1,...,n,  then R 1 2

i i iA B B , i 1,...,n ; 

or R

i iA C , R

i iC B , i = 1 ... n, then R

i iA B , i 1,...,n . 

The level of recursion in the ratio RA B  is called the number of inference steps needed to get this 

connection. In addition, only usage of the rules given in definition 3 is taken into account. 

Since in the general case the connection RA B  can be obtained not by a single set of rules, then it 

is expedient only to evaluate its maximum recursion level without specifying its exact value. With 

regard to the steps of withdrawal of the ratio RA B  we will use the terms "initial", "last", "next" and 

so on. This implies the progress in the direction of direct logical inference, that is, from the pairs of 

initial relation 
RR   to the pair of relations R . 

Definition 4. Let R  be a logical relation to F  and A,B F . Then, if RA B  is true, then  A,B R.  

The justification for this is done by induction by m , the upper estimate of the recursion rate in the 

relation RA B . For m 0 , one of the conditions (1) – (2) of definition 3 takes place. Case (1) directly 

indicates the necessary statement. If (2) is true, then FВА ,  as well, since the logical relation R , 

by definition, contains such pairs. 

Let us assume further that the definition is true for some m 0 , and prove its assertion at the level 

m 1 . In this case, new options for consideration may be given by rules (3) – (4). 

If (3) occurs, then, by induction, the level of recursion in the corresponding ratios R

1A B , 
R

2A B  does not exceed m , therefore 
1A,B R , 

2A,B R . Then, through the property of the 

distributivity of the logical relation R , we obtain  A,B R . The option of the origin of RA B  

connection from condition 4) is considered similarly. 

It is not difficult to conclude that there is a logical closure for an arbitrary binary relation R  in the 

FS system and it coincides with the set R  of all pairs logically related by the relation R . 

The production-logical relations are the mathematical basis for solving applied problems 
associated with the automation of logical inference and other aspects of logical programming. In 

connection with this circumstance, there are questions of the automatic transformation of relations, in 

which the logic closure remains unchanged. Such transformations can be used, for example, to bring 
the knowledge base to the form which is convenient for research and implementation. The next 

reasonable step is to introduce the concept of equivalent relations. 

Two relations 
1R , 

2R  are called equivalent if their logic matches are the same. For such relations, 

we use the notation 
1 2R R . An equivalent transformation of this relation is called a certain 

replacement of a subset of its pairs, which leads to an equivalent relation. 

Therefore, the following is true: let R  be the relation in FS-system and R

j jA B , j 1,...,m . Then 

the relation   '

j jR R A ,B j 1,...m   is equivalent to R . 

Proof. Let us first notice that relations R  and 'R  operate with the general large number of atoms of 

the FS system, hence 
'R R

  . Further, by definition, any logical relation is its own logical closure. This 

conclusion also applies to the relation R . Further, it follows that for any 
1 2R R  the following is 

true: 1 2R R
. In our case of the construction of the relation 'R  inclusions R'R R  are made. 
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Turning to the logical closures and taking into account what is said above, we find that relations R  

and 'R
 
 have a common logical closure R . 

Let us consider the logical reduction model. It is known that in the case of software 

implementation of information technology DSS it is appropriate to avoid unnecessary duplication of 

code or data. In applications of logic systems, there is also the question of their equivalent 

minimization. In mathematical logic, the minimal system of axioms is called the basis. Problems of 
the existence of rules of bases for different logic were considered in [18]. The theory of artificial 

intelligence emphasizes the fact of additional possibilities of minimization in systems of production 

type. 
Since the FS system is a mathematical model of the algebra of the production system, the obvious 

solution to the minimization problem is to provide a binary representation, when only a unique part of 

the information about this relation is stored in the computer memory, and other information can be 

obtained from the general properties of logical relations. By the unique part a relation 
0R R  is meant 

which is selected according to certain criteria of relations, from which R  turns out as a logical closure. 

Next, let us turn to the method of reduction. We should recall that the method of reduction is 

aimed at reducing from complex to simpler. The logical reduction of the relation R  in the FS system 

is called its equivalent minimum relation 
0R . Minimality in this definition is understood in the sense of 

partially ordered large quantities. Firstly, for this R  the logical reduction 
0R  may not be the only one. 

Secondly, after being excluded from 
0R  at least one pair, the resulting relation is not equivalent to R . 

On the basis of studies of other algebraic systems, it is expedient to conclude that these results can 
be transferred to the FS-system as well: namely, that the logical closure of this relation R  is a 

transitive closure of some other relation R R . This result is useful for developing efficient algorithms 

for constructing logic closures and reductions. It allows us to reduce the study of questions of locating 
a logical closure and reduction of the order relations to considering the corresponding properties of 

transitive relations. 

For an arbitrary binary relation R  in the FS system, let us consider the relation R  constructed from 

R  by the sequential implementation of the following steps: 

1) add to R  all pairs of the type  A,A , where  RA F , and indicate the new relation 
1R ; 

2) add to 
1R  all pairs of type  A,B  with elements of the type 

i
i

A A , 
i

i

B B , where all  i iA ,B  

 i 1,...,n  belong to 
1R ; 

3) combine the obtained relation with the inclusion relation 
R . 

From the previous material of the article it turns out that the relation R


 is equivalent to R . This is 

proved as follows. Let R  be a binary relation in the FS system. Then, if RA B  then  A,B R . Also 

let RA B  take place. If the indicated relationship occurred directly from the condition of 

production-logical properties, then we have  A,B R  at once. 

We still have to consider the case of applying step 3). All the reflexive pairs necessary for this can 

be prepared at the very beginning of the inference process. In this case, pairs of type 
RA B  will not be 

required. So step 3) can only finish this process. 

If we compare the specified 2 stages of the inference with the sequence of construction of the 

relation R , then it turns out that the inference RA B  corresponds to the construction of a certain 

subset R , which proves the inclusion  A,B R . 

As was noted, the relation R  is equivalent to R . Consequently, by definition of logical closure, we 

have RR . Hence, since the relation R   is transitive, we obtain 
*

RR   . Thus, for an arbitrary 

relation R  in the FS-system, the logical closure R  is the transitive closure 
*

R   of the corresponding 

relation R . 
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The next conclusion is that if 
1 2R R , then 1 2R R

. 

Proof. Firstly, from the description of the R  construction it is easy to see that if 
1 2R R , then 1 2R R . 

A similar statement holds for transient closures of these relations, which means a proven fact. Next, 

for an arbitrary relation R , let us consider the relation R


 built from this R  by the consistent 

implementation of the steps inverse to the R construction, namely: 

1) to exclude from R  the pairs of type contained in it 
RA B  and to designate the new relation 

1R
; 

2) exclude from 
1R
 all pairs  A,B  with elements of the type 

i
i

A A , 
i

i

B B , where all  i iA ,B i

 i 1,...,n  belong to 
1R
 and do not coincide with  A,B ; 

3) to exclude all couples of reflections from the obtained relation. 

Conclusion: the relation R


 is equivalent to R . 

It should be noted that this approach to constructing a transitive reduction – "to remove all 

transitive pairs" – would be erroneous. The reason is that in some situations (the presence of cycles), 

the transitive reduction is not unique, and the simultaneous removal of all available transitive pairs 

can lead to loss of connections. However, since the FS system itself is acyclic, removing all of the 

above "coupled" pairs  A,B  leads to the same result, regardless of the order of deletion. For this 

reason, we can talk about the simultaneous removal of all such pairs. 

Let R  be a binary relation in the FS system. In order for R  to be a logical reduction, it is necessary 

and sufficient that R  does not contain any such pair  A,B  that the correlation   R\ A,B
A B   is 

executed. 
This is proved as follows. Let the relation R  be a logical reduction, that is, it is a minimal logical 

relation equivalent to itself. If there existed a pair  A,B R , logically connected by the relation 

  R\ A,B , then it could be excluded from R , with obtaining a lesser equivalent relation. Thus, in the 

presence of the specified pair the relation R  cannot be a logical reduction. 

To prove the opposite statement we assume that there is no pair  A,B R  for which   R\ A,B
A B  is 

true. It is necessary to prove that in this case R  is a logical reduction. Suppose the inverse: let there be 

a relation 
0R R   equivalent to R  and moreover,   0A,B R\ R . Then, since  A,B R , because of the 

equivalence of these relations 0R
A B  is valid. Since the relation 

0R  does not contain a pair  A,B , 

then   0R R\ A,B , and the logical connection 0R
A B  contradicts the assumption made - such pairs 

 A,B  are absent in R . The resulting contradiction proves the necessary statement. 

Let us formulate a sufficient condition of existence and the method of constructing the logical 
reduction of this relation. 

For the binary relation R  given in the FS system, let there be a corresponding constructed relation 

R . Then, if for R  there is a transitive reduction 0R , then according to it the relation 0R  is a logical 
reduction of the initial relation R . 

This is justified by the fact that from the construction of R  and R


 it follows that the relation 0
R


 is 

logical and equivalent to R . It remains to show that 0R  is a logical reduction. Let  A,B  be an arbitrary 

pair of the relation 0R . It is necessary to show that a logical connection   0R \ A,B
A B  is impossible. 

Let's assume the opposite, namely, that this connection exists. Then the relation   0
R \ A,B


 is 

equivalent to 0
R


. Note that the use of the condition  A,B R  for inference 
  0R \ A,B

A B  is impossible, 

since the pair  A,B  is not contained in the set   0
R \ A,B


. 

Any logical connection can be constructed in such a way that all applications of the transitive rule 
will be made only in the final stage of its inference. This fact means that there is a chain of elements 

0 1 NA C ,C ,...,C B   such that the executed relations   0R \ A,B

k 1 kC C  , k 1,...,N , when inferring each of them, 
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as a rule, there is an element C F  such that RA C  and RC B  do not apply. Hence, according to 

Lemma 1, we have  k 1 kC C R  . Thus, with  N ˃1, the pair  A,B  is transitive in R . Consequently, it 

cannot be contained in 0
R


, that is a subset of a transitive reduction relation R . The result is a 

contradiction to the initial assumption   0
A,B R


 . 

Thus, potentially possible situations for the intended logical conclusion 
  0R \ A,B

A B  are 
investigated. As a result, it was found that in each such case, the presence of the connection 

  0R \ A,B

A B  contradicts the fact   0
A,B R


 . Consequently, the relation 0

R


 is a logical reduction. 

5. Simulation results 

In order to substantiate the effectiveness of the proposed models used in the corresponding 
algorithms of the so-called F-inference, 2100 automated tests were conducted with the knowledge 
base of DSS, control and management of the Zabbix communication system. Test tasks are generated 
randomly with the ability to control the depth of inference, the number of generated rules and objects. 

The described experiments allow to determine the number of requests to external sources of 
information, depending on the volume of initial facts and rules. Obtained results are compared by the 
number of external requests with the procedures of normal reverse inference, F-inference and its 
modifications. Experiment results were processed in the Statistica 13.3 package. The treatment of the 
results of the experiment is carried out by checking statistical hypotheses (Figure 1). 
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                                a)      b) 

Figure 1: Checking the normalcy of distribution while substantiating the construction of a 
telecommunication network: a) usual inference; b) F-inference 

 
A quantitative estimate of the increase in efficiency based on the ratio of the average number of 

external requests indicates their decrease (increase in efficiency) from 10.6% when substantiating the 
dynamic routing option to 23.8% in substantiating the construction of the core of the reference 
network (Figure 2). On average, by using the F-inference method, you can state the efficiency 
increase by 13.5%. 

The practical application of the decision support system based on the use of a model example 
allowed to form a number of recommendations for building a functionally stable communication 
system. These recommendations are based on the thesis that the main direction of improving the field 
reference network of the communication system is to create a single information and 
telecommunications environment using the latest digital communications based on the information 
and telecommunications system. The obtained results emphasize the prospects of the chosen direction 
of research for the creation of information technologies for the synthesis of intelligent systems based 
on products, as well as in the development and improvement of other types of complex information 
systems designed to ensure their functional stability in a wide range of applications. 
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Line Plot of multiple variables
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Figure 2:  Number of requests to external sources when substantiating the construction of a 
telecommunication network 

6. Summary 

Thus, the further development of the conceptual apparatus of the artificial intelligence theory with 
respect to the intellectualized telecommunications management system, including a set of 
mathematical models of the formal description of production-logical inference of knowledge in the 
automation of decision support process, has received further development. The theoretical and 
mathematical basis for information technology of DSS in the telecommunication system are the 
original algebraic systems where the possibilities of production-logical systems for the emergence of 
new knowledge for managerial decisions are implemented. The proposed conceptual apparatus allows 
to mathematically formalize the technology of logical programming based on the use of algebraic 
structures in computer algorithms, namely, the ratio of partial order with the production-logical 
content, which results in reduction in the number of operations and a boost in efficiency. 
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