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Abstract. The problem of synthesizing the optimal sizes of training samples specific to each
of the considered financial instruments is considered and tested in the article, using real
examples. The sample size is selected according to the quality criterion which is based on the
accuracy of the generated forecasts. The stated algorithm, which serves as the basis for the
synthesis of widely diversified portfolios can significantly increase the efficiency of investment
decisions. It is facilitated by, taking into account the characteristics of the markets under study.

1. Introduction

The theory of investment during its development has overcome several stages. Until 1952, such
economists as Fisher [1], Keynes [2-4] and many others believed that the size of investment is fully
determined by the rate of return. The theory of investments changed radically after the publication of
the work by Markowitz [5]. The fundamental difference of the Markowitz model was the definition of
a new criterion in the theory of investment decision making - the level of risk through the level of
scatter of returns from their expected values. Further development of portfolio theory is associated
with the works of Sharp [6]. He proposed the so-called one-factor model of the capital market where
the formation of an investment portfolio is carried out on the regression analysis basis. Later Tobin
proposed to include risk-free assets in the analysis [7]. For example, government bonds. The works of
Sharp, Lintner, Mossin [8, 9] opened the next stage in investment theory, associated with the so-called
capital asset valuation model, or Capital Asset Price Model - CAPM. The main result of the CAPM
was to establish a relationship between the return and risk of an asset for an equilibrium market.
Further, Miller proposed an options model. This model was based on the possibility of a risk-free
transaction with the simultaneous use of a share and an option written on it [10].

The task of forming a widely differentiated investment portfolio in the classical point of view
involves calculating estimates of their expected returns, risk level, covariances and other statistical
characteristics based on historical data of the same length. The task is to form an optimal portfolio
from the considered set of securities: ordinary shares, financial derivatives, Real Estate Investment
Funds - REIT, Exchange-Traded Fund - ETFs, Fixed Income Securities (preferred shares, bonds, etc.);
cash in a certain currency with a given interest rate of increase, exchange commodities, such as, for
example, gold, oil, etc. [5-8, 11-16].

The assets listed above represent various industries and finance. Most of the well-known
technical indicators: moving average, chart patterns, Moving Average Convergence/Divergence -
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MACD, Average Directional Movement - ADX, etc. [17, 18] are equally effective for a wide range of
instruments. The key indicator that determines the specifics of various markets and their individuality
is the indicator that reflects the “lifetime” of an asset. The most typical are the following: pork meat,
beef meat, copper, wheat, Japanese yen, options, futures or forward contracts, and many others.
Differences in their dynamics determine the difference in such parameters as the order of the
autoregressive equation, the number of averaging points for calculating the moving average [12, 19].
These differences in the parameters of the listed models determine the variability of the optimal
training lengths for various financial instruments. The proposed dynamic formation of the historical
database, based on the principle of rolling verification of the investment portfolio. It has undoubted
practical significance, since it allows us to link together the size of the training sample and the
specifics of the corresponding market.

2. Research Methods
Critics of portfolio theory speak negatively about two of its basic provisions [20]:

1. The taken investment decisions assume the values of profitability and risk calculated from
past data can be the basis for the formation of investment policy at the present time. Even though in
numerous studies the possibility of successful predicting the dynamics of financial instruments is
questioned, the authors of this article believe:

a) It is possible to enumerate a fairly extensive class of examples of models that make it
possible, with a satisfactory efficiency for practical investors, to synthesize forecasts of the dynamics
of financial instruments representing various markets, with a lead time from one month to a year. And
indicate a number of successful examples demonstrating the effectiveness of portfolio analysis on
independent material, both at educational examples and practical tasks.

b) Even if we take an extreme point of view about the complete impossibility of predicting the
dynamics of financial instruments, then in this case, the basic principles of portfolio analysis will help
to form such an investment portfolio, the characteristics of “unsinkability” of which (such as:
exclusion from consideration of financial instruments that in the recent past showed negative
investment results, diversification, etc.) will allow the investor to “survive” an unfavorable period of
time with minimal losses.

2. The estimation of the variation in returns is carried out according to the generally accepted
formula, while for the investor only those cases are unfavorable when the expected returns exceed the
real ones. The approbation of practical investors showed that the use of semi-dispersion does not
improve the quality of the resulting risk level estimates, but, in some cases, has a negative impact [14].

Based on the above and based on the foundations of portfolio theory, a procedure for
synthesizing an investment portfolio on a variable training sample is proposed, which is based on the
principle of sliding verification.

Let the set of securities under study be given by the corresponding time series of the same
length, which are the realizations of the quotes of the corresponding securities. In other words, the data
that the investor has is a two-dimensional array, where the number of rows is equal to the number of
securities under consideration m, and the number of columns n is the amount of historical data, i.e.
number of time intervals (bars). Let us introduce the following designations: D (i, j) is the realized
profitability of the i — th security, j is the number of the time interval (bar), Da (i, k) is the expected
(calculated by the investor) profitability of the i — th security, k is the number time interval (bar) for
which this value is calculated (Table 1).

The expected result of diversification is an optimal portfolio, i.e. a list of securities from
the initial set and the corresponding weights which they are included in the resulting investment
portfolio with. Since portfolio investors, making investment decisions, rely on two basic parameters:
expected return and level of risk, portfolio theory is called a two-parameter model. That is why, in
order to accomplish this task, it is necessary to estimate the future profitability and the level of risk
unique for each security individually and for the investment portfolio as a whole using the time series
of the returns of the corresponding securities that the investor has at his disposal.



Table 1. Historical data on the profitabilities of m assets.

Asset Time slot number
Number 1 2 o] Qu+1 n
1 Dr(1, 1) Dr(1, 2) Dr(L, qu) Dr(1, q1+1) Dr(1, n)
2 Dr(2 1) Dr(2, 2) Dr(2, qu) Dr(2, q1+1) Dr(2, n)
m Dgr(m, 1) Dr(m, 2) Dr(m, qu) Dr(m, qu+1) Dr(m, n)

According to Markowitz [5], the risk of investing in a certain type of securities is determined by
the probability of deviation of the realized profitability from the expected value. Suppose that during a
certain nearest time interval the trends existing in the market will continue, then the predicted value of
profitability can be determined based on the processing of historical data on the dynamics of
guotations of these assets in the past, thus, the expected profitability is the result that the investor can
expect during the nearest time interval (for example, one month).

Then the difference between the investor's expectations and the actual profitability of the

analyzed time interval for each of the considered assets will fully reflect the quality of the forecast.

In other words, if Dr (i, j) Da (i, j), then the investor's expectations are met. Conversely, if Dr (i,
J) Da (i, j), then the investor's expectations turned out to be overestimated, and the real profitability is
less than the expected one. Let us take this quantitative expression as a basis for the formation of an
optimality criterion.

In its turn, the expected return is the average which can be calculated for the last one, two, three,
etc. previous values of the return on the asset or group of assets under study. Continuing to increase
the number of historical data to calculate the expected return from the current point in time to the past,
the investor, according to the a priori chosen quality criterion, will receive the optimal length of the
training sample (i.e. the most acceptable number of historical data that will be used to calculate the
expected return).

To improve the quality of developed investment strategies, a procedure is proposed that is
designed to restore the slowly changing in time basic criteria of portfolio analysis: profitability and
risk, considering the effect of information “aging”. For the first time, the problem of selecting the
optimal length of the training sequence when choosing the best empirical model was formulated by
Gershengorn [21].

To illustrate the effect of a slow change in time of the basic criteria of portfolio analysis of the
expected return Dgr and risk Rs, the known data for 1926 1993 were used [6]. The comparison was
carried out according to the sliding verification principle [16]. For this purpose, the expected
profitability, and the level of risk for 1926 1974 were calculated. On the graph (abscissa), this is the
time point “1975”. Further, the “oldest” data of 1926 were excluded from consideration, and the
“fresh” data of 1975 (on the graph the time point “1976”), etc. were included in the analysis until 1993
inclusively. Based on the values of the expected return and risk, the ratio of return to risk is calculated,
which most informatively reflects the changes that occur in the US stock market (Figure 1). From
Figure 1, the abscissa of which is time, and the ordinate is the ratio of return to risk, it follows that
since the mid-70s, the investment attractiveness of the US stock market has been steadily decreasing,
while in the mid-80s there is a confident trend reversal and the rise begins, which continues until 1993.
A sufficiently high variation of the criterion on the considered time interval indicates that the criterion
of the ratio of the expected return to the level of risk is not only informative at a sufficiently high level,
but also allows predicting the threat of an unfavorable investment time period with sufficient advance
for practical purposes.



To implement the algorithm for optimizing the size of the training sample, we will divide
the entire series of returns in chronological order into two non-intersecting sequences: training — gx
and test — g, then: g1 + g2 =n,

01, g2 > 0.

According to the data of previous yields, from the subsystem g for each asset i, the optimal interval of
length S is selected, at which

Dk(i, tq1s), Dr(i, tqi-s+1), ..., Dr(i, tq1), (D)
the most accurate forecasts for
DR(i’ tql+1)1 DR(iu tql+2)1“" DR(i1 tn)’ (2)

The forecast based on the test sequence data is carried out on based the sliding verification
principle.

Long-term government bonds
0.61

0,59 R /

0.57 \ /
0.55 \/\ /
0.53 \ /

- \ /N /

0.49 \ / N~

N

0.47

0,45

1975197619771978197919801981 19821983 1984 198519861987 1988198919901991 19921993

Figure 1. Drift in the ratio of expected return to risk level

Data (1) is used to “train” the model. Then, according to the received criteria, an “exam” is
made on the data (2). The algorithm for finding the optimal training length for an investment portfolio
with the adaptation of basic criteria works as follows.

Let there be observations in the training sequence. According to the latest observations, the
expected return is calculated from g1 — Da (i, g1 + 1). Based on the found value, a forecast is made for
the next time point — this is Dr (i, g1 + 1). Forecast error:

Er(i, 91+1) = (Dr(i, ga+1) — Da(i, g1 +1)),

remembered. Next, the first time point from the training sequence is discarded and the first point
from the test sequence is added (where the adaptive algorithm was tested). The expected profitability
is restated according to the updated data. The model with a given number of observations on training
Ny is sequentially tested at all time points gz from the test sequence.

Sequentially increasing the length of the training sequence from 1 to qq, it is possible to find the
optimal length of the training sequence (nop) for each i — th asset from the condition of the maximum
of the following criterion S(ny) :

81=25= q,..(Dr(i,j) = D4(i, ), for cases, when Er(i, qu+1) > 0.

Sy =27 q,.,(Dr(i,j) = Da(i, ), for cases, when Ex(i, 01+1) <O.
Then the optimality criterion can be written as follows:
max (S(ny)) = S1+S..

When limiting the maximum permissible level of risk:

\l q_lzz?wm(pﬁ(i-f)‘ Daii-f'))z =V. 3)




Where (3) is the standard deviation of the results of testing the model with a fixed number of
historical data on its training, V is the maximum risk level specified by the investor. Then, the essence
of the last inequality is to exclude from consideration those variants of the model from among those
considered that do not meet the set task of synthesizing the optimal investment portfolio.

After identifying the optimal training length sequentially for each asset, out of the total number
m, we obtain a one-dimensional array containing m elements (m unique training lengths for each
financial asset under study) L(1: m).
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Figure 2. Visualization of synthesis results for optimal training lengths
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3. Approbation

The proposed method for synthesizing the optimal training length was tested on two problems: 1. Data
on the long-term dynamics of the US stock market for 1926 till 1993 (treasury bills, ordinary shares,
long-term government and corporate bonds and changes in the consumer price index) [6]. 2. Data for
1945 till 1996 on the dynamics of crop yields in Russia (cereals in general, sugar beets, vegetables,
potatoes, sunflowers) [22].



Figure 2 is a visualization of the results of the synthesis of optimal training lengths
for estimating the expected return in the Markowitz model. The graph, in addition to the original
crops, displays the results of averaging the optimization results. On the graph the abscissa shows the
value of the training sample, and the ordinate shows the value of the maximum optimism criterion.
The last of the six presented graphs shows the optimization results based on the averaged values of the
optimality criterion for problem 2. The meaning of such averaging is to demonstrate the
effectiveness of the proposed approach. Namely, supporters of the classical approach in the
problem of forming an investment portfolio can use the result to assess the expected return and the
level of acceptable risk, an investor must and suffice to use historical data for the last 19 years.

Computational experiments carried out on an independent material have shown the
practical suitability of the proposed approach. For each of the studied assets, its own specific
values of the training sample were obtained, which closely correlate with the “life time” of the
corresponding financial instruments. The extremum of the optimality criterion in the studied
examples is either within the investigated interval of possible values of the lengths of the
training samples, or on its border when the values of the optimality criterion reach a plateau.

4. Conclusions

In the general case, upon completion of a full study on the synthesis of optimal learning values for a
sufficiently wide set of financial assets, it is recommended for the investor, in his further practical
activities, when calculating the basic criteria of portfolio analysis (expected profitability and risk
level), to use training samples of different length for each asset. The right edge of these samples
corresponds to the current moment in time, while the left edges will differ.
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