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Abstract

In this paper approaches to modelling relations between discrete linguistic features are
considered. Linguistic equations as a tool for describing complicated logic dependencies
between semantic and syntactic features have been investigated. Finite predicate equations
have been considered from the viewpoint of quick finding hidden dependencies in data. A way
to defining the tightness of links between discrete features has been suggested. For this purpose,
different types of substitution operators have been investigated. A class of finite predicates that
allows eliminating non-salient features without an increase in the size of the original formula
has been considered in relation with some linguistic examples. The results obtained can be used
not only in applied linguistic, but also in other fields where deductive inferences in knowledge
bases are important.
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1. Introduction

To formalize information on objects and processes in databases, a variety of discrete mathematics
methods are used. In cases where such information represented by discrete information features has a
complicated logic structure, in particular, to represent it formally, logic equations with Boolean
variables are used. Logic methods of pattern recognition suppose composing and solving logic
equations with variables that take on values 1 and 0, depending on whether the given object has a certain
property. Solving such equations allow either identifying the object by the available set of values for
feature variables or determine unknown properties of the given object [1]. A natural generalization of
Boolean algebra equations are finite predicate algebra equations [2] that provide the possibility of
operating with arbitrary feature variables defined on finite sets (alphabets). Using such equations for
building logic inferences in knowledge bases allows extending the possibilities of logic methods for
pattern recognition [3].

For solving a variety of linguistic problems, some of which are describe in this paper, a solution is
suggested based on finite predicate algebra equations.

A universal way for solving finite algebra equations is the transformation of the predicate defined
by a system of logic equations and initial variable values to the perfect disjunctive normal form [1].
Nevertheless, such a procedure implies exhaustive search for a great number of intermediate solutions,
and its practical implementation requires significant time and memory resources.

We will show that for some quite general types of linguistic equations, when peculiarities of their
structure are taken into consideration, it is possible to develop much simpler methods their solution.
Such methods differ from, for example, heuristic algorithms [3], that suppose finding all sets of values
for semantic features, which slows down the solution finding process if the number of variables
increases and time increases exponentially.
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2. Related Works

The scientific field NLP deals with natural language processing. Its origin goes back to the middle
of the last century. In the last decades it has become one of the most important artificial intelligence
technologies. The application of logic methods to the solution of applied linguistic problems is now
widely spread not only in linguistic research, but also in other scientific fields related to discrete
information processing. One of the main achievements of mathematical linguistic has lately become the
application of complicated logic methods to the investigation of natural language syntax [5].

The first stage of solving many practical problems is the construction of a mathematical model that
is often represented in the form of equations. Linguistic equations are used in many fields. For example,
in [6] the authors use linguistic equations for the description of fuzzy logic inference for solving the
problem of increasing effectiveness of electronic control detail production in the automobile industry.
In [7] linguistic equations are a basis for developing various types of fuzzy models with different types
of rules that describe relations in these models. An interesting application of NLP techniques is also
textual information processing in medical reports [8].

A broad field of using linguistic equations has led to the development of methods and algorithms of
their solution. For example, in [9] a system of linguistic equations of a special type where each equation
can contain operations of concatenation is considered. In [10] equations with formal languages, using
all Boolean operations and concatenation have been investigated, issues of solution existence and
uniqueness being considered.

Building a linguistic equation is always associated with the description of the set of linguistic
features related to a concrete task. In [11] a language for defining mathematical problems and its
association with natural language is analyzed by forming corresponding feature sets. In [12] the authors
have analyzed sets of linguistic features for developing a model of linguistic constructs for the analysis
of writing quality

In several research papers Boolean algebra tools are considered as an approach to solving linguistic
equations. For example, paper [13] is devoted to solving a system of Boolean equations with the
operations of union and negation. It is determined there whether such a system has solutions.

At present, since huge datasets that are available on the Internet, approaches to solving linguistic
problems change and require scalable methods for the analysis of data and texts. In paper [14] it is
proposed to use Big Data methods for improving ways for solving semantic problems related to natural
language texts.

3. Tightness of links between features

In many practical tasks associated with the semantic processing of natural language information it s
not necessary to obtain all semantic feature value sets, but it is required to obtain one or several value
sets for target features that are interesting for user. Often it is necessary to find variable value sets under
predefined initial conditions represented in the form of a fixed set of values for other features. When
such problems are solved the variables that are not included in the initial conditions and are not target
ones are eliminated from the equation by the application of existence quantifiers [1].

When knowledge bases with linguistic variables and corresponding inferences are considered
guestions concerning determining the tightness of links between object features arise. Also, it is often
important to know if such links are salient. Probably a formal link between features is stronger if fewer
sets of variable values satisfy the equation. At that, if any sets of variable values satisfy the original
equation, one can conclude that there is no relation between these variables.

Besides, when practical problems are solved, the following questions arise:

1. How do concrete values of a given feature substituted in the logic equation affect links between

other features?

2. How strong is the logic dependence between two (or more) given features?

In order to obtain an answer to the first question, it is necessary to consider the predicates (and
equations correspondingly) that after the substitution of a certain feature value are transformed into
predicates with a stronger link between features, and the predicates for which the substitution of a given
feature value leads to weakening the logic link between features.



In order to obtain an answer to the second question, it is necessary to eliminate from the original
equation with the help of the existence quantifier all the variable except the considered ones and
investigate the resulting equation with a fewer number of variables, which describes all allowable sets
of investigated feature values.

The mentioned procedures will be considered in the next sections.

In order to answer the posed questions, it is necessary to consider different types of finite algebra
predicated and effective methods for eliminating variables from such equations.

4. Eliminating variables with the help of logic quantification operations and
simplifying finite predicate formulae.

Let predicate P depend on variables x, y, ..., z. Let us define the substitution operator a(P) (a is an
element from the domain for the variable x) that is applied to the predicate P in the following way:

a(P(x,y,...,2) =P(a,y,...,2).

Let us call this operator a limiting one, if the following condition holds

P(a,y,...,z) > P(x,y,...,2) (1)
forany x,y,...,z.

Let us call this operator a spreading one, if the following condition holds:

P(a,y,...,z) « P(x,y,...,2) (2)
forany x,y,...,z.

Let us call this operator a shifting one, if both conditions (1) and (2) do not hold.

Limiting operators strengthen the logic link between discrete features, spreading substitution
operators weaken such a link, shifting operators transform the link between the features in an arbitrary
way.

Let us represent the predicate P as follows:

P(x,y,..,z) =xMP(y,..,2) Vx®2P,(y,...,2) V..VXxP,(y, .., 2).

Thena,(P) = P,(y, ...,2)

Obviously, the operator a4 (P) will be a limiting one, if P, - P; Vi = 1,2,...,n.

The operator a, (P) will be a spreading one, if P; « P; Vi = 1,2,...,n. The operator a, (P) will be
a shifting one, if both conditions do not hold.

Consider the application of the substitution operator a, to a predicate P(x,y), where the variables
x,y and z have the domains {a,, a,}, {b,, b,} and {c;, c,} correspondingly.

Suppose

P = x%ybiz6y x32yb1z62 v xd2ybiz61,
Then
a;(P) = yP1z6 = (x% v x®2) A yP1z61 = x4 yb1z61 vy x32yb161

The predicate P, except for those disjuncts contained in a;(P), one more disjunct x%yP1z¢1, |t
means that the operator a, is a limiting one for the predicate P. In terms of the introduced definitions,
for the given example P; = yP1z¢1, P, = yP1z¢ v yP1z¢1 and, obviously, P, — P,.

Consider then the predicate

P = x%ybizCy xd1yb1z62 v x2ybiz6,
Then
a,(P) = yP1z6 v yP1z¢2 = (x% v x%) A (yP1z61 v yP17%2) =

e xalyblzcl Vv vayblzCZ Vv vayblzcl Vv vaybIZCZI
The operator a, for this predicate is a spreading one. For the given example P; = yP1z¢1 v yP1z¢2
aP, =yP1z% It means P, « P,.
In the case when the predicate P, for example, is represented in the form
P = x%ybiz61 v x@ybazCa v xG2yb1 76,
a,(P) = yPrzr v yPzze2 = (x® v x%2) A (yPrz61 v ybzz%2) =
— xalyblzcl \Y xalbeZCZ \Y xazyblz(:1 V] xazbeZCZ
i.e., the operator a, s a shifting one.



The general method for variable elimination looks as follows [1]. Consider the finite predicate
algebra equation
f X1, X0, Xy Xga1s o0 Xgs Xggts -+ Xp) = 1, (3)
where each variable xq,x,,...,x, has the domain A; = {a;;, a;,, ..., aj,}, i = 1,n, at that, for the
system of features the laws of truthfulness should hold:
xf“ fo"z v ...fo”‘ =1,i=1n.
Also the laws of falseness should hold:
x M Ax™=0,l#m, [m=T1k,.

Suppose also that for the given values {a,;,,azj,,...,aq;,} Of the variables x;,x,,..., x4 it is
necessary to compute the values of variables x,.4,...,x;, such that the equation (3) will be true for
some values of the variables xg.4,..., X4

Let us define this problem mathematically:

Equ+1...Elng(aljl,...aqjq,xq+1,...,xg,xg+1,...,xn) =1, (4)
which can be represented in the finite predicate language as follows:
kq+1 kg _
ViZ1 gt ViZ, agjf(aljl,...aqjq,an,Lj,...,ag,j,xgﬂ,...,xn) =1,
where only for the variables x4, ..., x;, possible sets of values should be found.
The system of linguistic equations of the form

yBi = gi(x1, %9, ..., Xp), i =110 (5)

that satisfies the condition
9i(x1, %2, X)) N gj (X1, X2, ., X)) = 0, (6)
L#j, Lj,= 1,_7'1
can be transformed to the following form:
VL YBEA gi(Xa, X, X)) = 1. (7)
Nevertheless, the algorithm of variable elimination with the help of the existence quantifier has a
high complexity if arbitrary predicates are considered.
Suppose the predicate P(xq, x5, ..., x,) has the following form:
P = Pl(xill,xilz, .. .,xiln)Pz(xi21,xi22, .. .,xim) VAVRAY Pn(xim,xinz, . .,xinn),
where
{xiu,xilz, . "’xiln} N {xl-n,xizz,. "’xiZn} n...
O {200 X s X} = {00 X005} = A
Suppose also we should eliminate variables the variables from the set A.
Consider the application of the existence quantifier to the variable x; from the set A

3x;, (P) =X PP P2,

where P;* = a;,;, (P), g = 1,n.
For example, P = P;(xq,X2,Xx3,%4) A Py (x5, X3,X5) A P3(X2,x3,Xg,%7). Let the domain for x,
consist of 3 values, and the domain for x5 from 2 values. Then
3x,(P) = Py(x1, Az, X3, %4) P (A21, X3, X5) P3 (a2, X3, X6, X7) V
V Py (X1, g2, X3, X4) P2 (A2, X3, X5) P3(A22, X3, X6, X7) V
VP (3,51: a23,X3, x4)P2 (az3, x3, ?Cs)Ps (a23,%3,X6,X7) =
=lV Plll (%1, X3, x4)lel (%3, 955)13311 (X3, X6, X7)-
1
The quantification looks as follows:
35, (P) (3%, (P)) =vy PR P rae B = i, (a0, (B)), 9 = T,
Then for the considered example
3x3(P)3x,(P) = Py(xq,az1,a31,X4) P2(az1, a3y, X5) P3(az1, A1, X6, X7) V
Py (x1, 031,31, X4) P2 (az1, a31, X5) P3(az1, Az, X6, X7) V
V Py (x1, 32, A31, X4) P2 (Az2, a1, X5) P3 (a3, azq, X6, X7) V
V Py (X1, A3, a31, X4) P> (az3, azq, X5) P3(az3, azq, X6, X7) V
V P (X1, G31, @32, X4) P (A21, 32, X5) P3(az1, 32, X6, X7) V
V Py (x1, @32, A32, X4) P2 (A32, a3z, X5) P3 (a3, A3z, X6, X7) V



V Py (X1, Az3,A32, X4) Py (az3, a3z, X5)P3(az3, Az, X6, X7) =
:yy Py (x1' Az, A3j,) x4)P2 (a2i1: a3i2,x5)P3 (a2i1' azi,, x6,x7) =
241

iy iy iy
:yx P12 (g, x4) By 2 (x5) Pyt 2 (X6, X7)-

2

It can be seen from the above example that, when the existence quantifier is applied sequentially to
the variables from the set A (i.e., to the variables common for all the predicates), the general formula
for the original predicate n™ operations more. Nonetheless, there exist many problems for which the
conditions are defined by the predicate that has such a structure that the complexity of problem solving
with the help of eliminating non-salient variables and finding values of target variables is much lower
than in the general case. There exist also cases where it is possible to simplify a predicate obtained at
an intermediary stage of solving the equation. Let us consider such cases.

Consider a particular case of the defined task, where the set A consists of one element:

P=P(xy,..., %k, % )Py (X410 Xieyy X1) Ao A By (X 100 X0, X1), (8)
where
oo xe 0 O 10 X 3 0N {1y X = 0.

Then, as a result of the application of the existence quantifier to the variable x;, we obtain the

disjunctions of predicate conjunctions the variables of which do not intersect:

3x;(P) :\l/ Pl(xl, o X ali) A.A Pn(xkn_1+1, s Xpes ali) = 9)

=V Pll(xl,...,xkl)...P,;(xkn_lﬂ,...,xkn).

Let us investigate the possibility of minimizing the obtained predicate.

Statement 1. Let P = Py(xy,..., X ) A AP (x40 X0,)s G = G (xq,e, X ) A A

Gn(Xp,_,+1,+-+» Xi,,)- The implication

PG (10)
holds if and only if Vi = 1,n P; « G;.

Proof. Necessity. Let P, » G; Vi = 1,n, i.e., G;=P;V ;. Then G =N G; =/ (P VA =N P; v
A PiGiVAA; =PV A
i,j i

Hence the implication (10) is true.

Sufficiency. Let the implication (10) is true. Suppose, 3k € {1...n} such that P, — Gy. Then, if the
predicate P, contains such an elementary conjunction Cj, that it is not present in the predicate Gy, since
the domains for the predicates do not intersect, the predicate G will not contain C,, as well, whereas it
is present in the predicate P. In this case the implication (10) is false, which contradicts the premise.

Consequence. Let the predicate P satisfies the condition (8), i.e., the application of the operator
3x;(P) is defined by the formula (9). Then, if vk = 1,n Pki1 - Pkiz, the addend i, is simplified and
formula (9) is minimized.

Statement 2. Let B, = a;4(P), B; = a;4(P). The implication

P - F (112)
is true for the predicate P one of the following conditions holds:

a,q is a shifting operator, and a, is a spreading operator;

a;q is a limiting operator, and a, is a spreading operator;

a;q is a limiting operator, and a, is a shifting operator.

Proof. Necessity. Suppose the implication (11) is true. Suppose a,, is a spreading operator, and a,
is a limiting operator. Then a;q(P) = P,P — a;4(P), which contradicts condition (11). Suppose that
a,q Is a spreading operator, and a;4 is a shifting one. Since the substitution operators a;, and a;4 are

applied to the same variable x;, the predicate P contains addends of the form xla“’AL- and
Alg .
X, lg’, where V B; -V A;. Then a;,(P) =V A; V C; a;4(P) =V B; Vv C, where C does not depend on the
J L i J
variable x;. Hence, P, - B, which contradicts the premise.

Suppose a4 and a;4 are shifting operators. Then the analogous considerations demonstrate the fact
that A; and B; are different and the condition (11) does not hold.



Let a;q is a shifting operator, and a,, is a limiting operator. Then in elementary conjunctions

containing the predicate xla’g, are not present in the disjunctive normal form for the predicate P, and the
predicate P can be presented as follows:
a
P=Vx a,. VBV,

where B, contains the “recognition” of the variable x;, besides x,* and x,"?, and C does not contain
“recognitions™ of this variable. Then a;q(P) =V A4,, VC, a;4(P) = C and a;4(P) — a;4(P), which
m

contradicts the premise.

If both operators are limiting or spreading ones, their application to the predicate P is the same.

Sufficiency. Follows from the first part of the proof.

Example.  Let P =x;"x;2'x33t Vay 2xy2ag BV x;2xy2xg®?. Then  ay,(P) =
= x; x5V x;2xg is a spreading substitution operator, and a,,(P) = x;'2x3* is a shifting
operator and

az1(P) = az(P).

Let P = x;"2xy 2 xg 3 V x; 2x5 22 x5%% V x3°%. Then a;1(P) = x5°* is a limiting operator, and
a12(P) = x;12x3 3 V x5 22x5°% V x5°% is a shifting one, at that, a;; (P) — a5 (P).

Let P = x;™' v xy2x5 2205 V x; 2x,22x5%%. Then asy(P) = x;** is a limiting operator, and
as1(P) = x;™ v x;12x,?% is a spreading operator and az, (P) - as;(P).

5. A method of feature elimination from predicates represented in the
disjunctive and conjunctive normal forms.

Let us consider some types of predicate equations whose structure allows us to substantially simplify
the process of variable elimination.

Suppose we have a model represented in the form of systems of logic equations that are written in
the disjunctive normal form where all conjunctions of different elements on the left side are equal to
zero. Then, by transforming the system to a single equation ((5)-(7)), we obtain an equation in the
disjunctive normal form. By denoting G;; in disjunction in the equation corresponding to the description
of jw object in the subject field, the following equation is obtained:

Then 3x;(P) =V (G;;). The application of 'the quantifier 3x;(G;;) does not change G;;, if G;; des
] ] ] J
LJ

not contain the variable x;. Thus, the application of the quantifier in this case is equivalent to eliminating
the recognition of the given variable from the elementary conjunction. It follows from the described
properties that in the case of disjunctive normal form eliminating variables from equation (7) by the
application of the existence quantifier simplifies the given equation, since the number of recognitions
(elementary predicates with one variable that are equal to 1 if and only if the value of the variable is the
same as the given element) does not increase (very often decreases).

Let a model be represented in the conjunctive normal forms in which every elementary disjunction
is a unary predicate. Suppose also that property (6) holds. In this case this condition means that for any
two conjunctive normal forms on the right side of the equations the following statement is true: we can
find two elementary disjunctions from different conjunctive normal forms the multiplication of which
is zero. Then for solving linguistic equation of this type it is possible to apply the existence quantifier
to the intermediary variables to eliminate them. After transforming the given system of equations to a
single logic equation we obtain an expression that is written as the disjunction of conjunctive normal
forms containing elementary conjunctions represented by unary predicates, which substantially
simplifies the process of eliminating the non-salient variables.

Let us denote elementary disjunctions in the form of unary predicates as D;;(j = 1,k). The
application of the existence quantifier to the disjunction of the conjunctive normal forms means the
application of the quantifier to this variable in every conjunctive normal form @, , for which the
following formula is true:



/\ =1 Dl]

Every disjunctive normal form D;; contalns the disjunction of a certain number of recognition
predicates for x;. Taking into consideration the above notation, it is possible to write down the following
equation:

Elx]'(pi = DilDiZ' . Dl(]_l)(Elx]DU)Dl(]H) . Dik = DilDiZ' . Di(j—l)Di(j+1)' .. Dik’
where i = 1, T, T is the cardinality of the subject field. If the conjunctive normal form @; does not
contain some variable x., the application of the existence quantifier does not change @;.

Thus, the application of the existence quantifier to the intermediary variables does not lead to any
increase in the number of recognitions. In some cases, eliminating variable with the help of the
quantifier does not change the original formula. Nevertheless, as a rule, the application of the described
method leads to a substantial decrease in the number of formula terms (recognitions). Hence, the using
of the quantifier in the considered cases does not complicate the original model.

Let us represent a generalized method for solving systems of linguistic equations with target
variables and initial conditions.

1. Check if the conjunctions of any 2 predicates on the right sides of equations are zeros.

2. Represent the original system in the form of a single equation.

3. Substitute the initial values of selected variables in the obtained equation.

4. Eliminate all variables except for the target ones by the application of the existence quantifier.

5. The ordered sets of values for the target variables that satisfy the equation obtained at the previous

stage is the solution for this problem.

Let us consider an example of solving a system of linguistic equations the right sides of which are
disjunctive normal forms. Consider the following system of logic equations:

A _ Q11,021,032 ai2,.421,0a33 ai3,.az3

Yo =X XX, Vx Xy " Xg V)C1 Xy,
B _ a11 ‘122 az1 a31

Yo =X17X, Vx x3 , (13)
C _ , 011 aszz a2, az1 ‘132

y x X x3 V x X2 x3

where y = {4, B, C}, x; € {a11, 412,413}, X2 € {Qz1,a22,a23}, X3 € {a31, a3z, Az3}.

It is required for the initial condition x, = a,, to find values of the target feature x;.

Let us solve the problem step by step in accordance with the algorithm.

1. Check the fact that the paired conjunctions of the right sides of equations are zeros.

xfuxgu azz Axfnx;lzz =0, xil12xaz1x333 A x;lux;lzz =0, xf13x;123 A xfux;lzz =0,
xf11xa21x;132 Ax;121x;l31 — O xf12x‘121x333 A x£121x§131 — 0, xf13x£123 A x;121x?f’131 =0.
Hence, the conjunction of the right sides of the second equation is zero.
Further,
xa11 22 Axaux%lxgn =0, xgz1x331 /\xf“xuxa“ =0,
xilnxzzz Axa12x‘121x;132 — 0 Xa21X331 Axfux;lu azz _ = 0.

i.e., the conjunction of the right sides of the second and third equatlons is zero. By analogy, the
conjunction of the right sides of the first and third equations is zero.

2. Let us represent the system (13) in the form of a single equation

yA A (xfuxgux;laz Vv x;112x;121 aszz Vv x;l13 ‘123) vV y A (xan az2 Vv xguxgsl) vV
VyC A (xg? x%lxg” Vo 2xy P xg??) = 1.
3. Substitute the initial value of the variable x, = a,; in the obtained equation to get the following:
y A (xan asz anlz a33) Vy A (x 31) Vy A (xan asz Vv xa12x§l3z) =1
4. Use the quantlflers for a sequentlal elimination of the variables y and x5 from the last equation:
Ely (yA A (xall aszz Vv xa12 a33) Vv yB A (xa31) vV yC A (xall aszz vV xflzxgsz)) —
— (xan aszz Vv xa12 a33) Vv (xa31) Vv (xa11x3 32y xalzxgsz) =1.
Further,
E|X3 (x;lnx;lsz Vv xfu a33) Vv (xa31) vV (xan asz Vv xfux;lsz) —
= (x; v 12) vV (x fo“) =1.

We will get the identity 1 = 1. This means that for the given initial condition the feature x; can take

on any value from its domain.



Consider an example of solving a system of linguistic equations the right sides of which are

conjunctive normal forms. Suppose we have the following system of equations:
yA — (xiln Vv xfu)(xgu Vv xgz3)x?¢)131’ (14)
yB — (x;ln Vv xf13)(xgz1 Vv xgn)x;laz ,
yC — xf13x;123.
where
vy =1{4,B,C},x;1 € {a11,a12,a13}, X3 € {A21,Q22, 23}, X3 € {aA31,a32, A33}.

It is required for the initial condition x3 = a3, to find values of the target feature x,.

Solving the defined problem will be carried out in accordance with the suggested algorithm:

1. Check the fact that the paired conjunctions of the right sides of the equations (14) are zeros. The

conjunction of the right-hand sides of the first and second equations is equal to zero, since x5°* A

A x3',132 = 0. The conjunction of the first and third sides of the equations is zero, since

(4 v x;12)x;* = 0. Finally, the conjunction of the right sides of the second and third equations

is zero, since (x5! V x5 22)x, 2 =

2. Let us represent the system (14) in the form of a single equation:

yA A (Xfll Vv xfu)(x;lu Vv x;zs)x;lm Vv yB A (x;lu Vv xfls)(x;n Vv x;zz)x§32 Vi yC A xflsx;ln =1.
3. Substitute in the resulting equation the initial value of the variable x; = a3,. We get the following
result:
yA(x;ln vV xfu)(x;ln vV xgzs) Vv ycxfisxgzs =1.

4. Use the existence quantifiers for a sequential elimination of the variables y and x;from the last

equation:

Hy(yA (xfn Vv xfu)(xgu Vv xgzs) Vv ycxihsx;lza) — (xiln vV x;hz)(xgu vV x;za) Vv x;113x;123 =1,

Elxl(xf“ v xflz)(xg“ v xg“) Vg By = (x;l21 v x?“) Vo, ? = 1.

The application of the Boolean identity a vV a = a gives us the possibility to obtain the following

equation:
X3PV xy 2 = 1. (15)

From (15) x, can be found directly: x, € {a,1, a3}
6. A method for feature elimination from splitable predicates

Consider a class of problems that can be described with the help of logic equations having a more
complicated structure.

The book [3] has considered a task related to mathematical description of the Russian language
morphology, and a general approach to solving this problem has been described. This approach is
illustrated on the example of a mathematical description of noun declensions. In Ukrainian, the models
will be similar as far as mathematical formulae are concerned, although they will differ substantially
from the described ones in the sense of dependences between semantic features, and this matter should
be carefully investigated as a very prospective research field. In the English language, we do not observe
such a variety of syntactic features, but they are often replaced with special word collocations and a
variety of particles that completely change the sense of a verb. This is a great field for further research.

For an unambiguous definition of the first letter in an ending for the main forms of words for the
substantive declension (the first letter can take on one of the letters {a, e, €, u, 0, y, b1, 10, 51, } a complete
and nonreducible set of features has been determined:x; is the case with the values u, p, o, 6, m, n
(nominative,...,prepositional); x, is the gender with the values a, ¢, c; x5 is the number (plural or
singular) e and .m; x, is the feature of animacy with the values o and u, x5 is the feature of stress with
the values y and o, x4 is the sign with the values ¢ and #, x is the last letter of the basis for the word
form with the values 6, ¢, ¢, 0, e, s, 3, u, it, x, 1, m, 1, 0, n, p, ¢, m, y, ¢, X, u, 4, WL, Wi, bl, 10, 2; Xg IS
the type of the basis of the word form with the values m is hard, » is soft.

Thus, the problem definition should describe links between the linguistic variables as follows:

L(x1,x2, .e .,x8,y1) = 1



The first ending letter y, and 8 semantic features x4, x,, ..., xg are interconnected with the help of
the finite predicate. Since this set of features is complete, the given equation defines the following
function:

yi = Fs(xy,%2,..., Xg). (16)

The predicate F; is written in the form of finite algebra formulae and defines recognitions of the
variable y; from the set {a, ¢, €, u, 0, y, bI, 10, 51, _}.

Let us illustrate the general task using the described example. An ending starts from the letter a in
word forms with a soft basis. The form should end in o, 6, 9, a#¢, 1, m, 1, n, p, ¢, m, ¢b, having the basis
ending in a, e, u, i, o, y, v, 10, 21, 1) for the singular a) for the feminine nominative case, b) for the
genitive case with the masculine and neuter, and animality, 2) for the plural a) in the nominative and
accusative case with inanimation and neuter gender, b) in the dative, instrumental and prepositional
cases. These rules can be written with the help of finite algebra equations as follows:

yi = (xSM(x§Vx‘73Vx7 Vx7 VX vxyvaxyv

Vx7 VJc7 Vx5V xg Vx7)Vx7Vx7Vx7 VEZAVEZRY,
Vx7 VX2V x® VvV x7) A xS (xxy Vxl(xz VXx5)V

V xPayx) V(e v xfx)xs v xf v al v ah).

From the given example and the way the equations are built we can track the following structure of
the model: each addend of the given predicate consists of multipliers whose domains do not intersect.
At that each multiplier is represented either in the disjunctive normal form or has the same structure as
the entire predicate. Thus, it can be split into addends that, in their turn, consist of similar multipliers
with the domains that do not intersect. Mathematically, we can represent the predicate F; in the
following form:

F,=A, VA, V..V A, (17)
where each 4;, i = 1,7 can be represented as follows:
Ai = A}(xl, .. .,xkl) JAN A%(xk1+1, .. .,xkz) VAVRWAY A%(Xkl_1+1,. . .,xkl). (18)

The predicates A{ Li=1,n, j= 1,1 are written in the disjunctive normal form or can be represented
with the help of formulae (17), (18). We call such predicates splitable.

In the paper [4] we consider quite a large class of predicates for which it is possible to find an
effective algorithm of eliminating variables without any increase in the size of the original formula. In
paper [4] the following properties of the existence quantifier have been considered:

1 3xx®=1.

2. Ax(P(x) v Q(x)) = IxP(x) V IxQ(x).

3. Ix(P(x) AQ(y) = FxP(x) AQ(Y).

4. 3y(P(x) = Q(y)) = P(x) = IyQ(y).

5. 3y(P(x) » Q(y)) = P(x) » 3yQ (y)

Suppose P;(x) A Pi(x) = 0,i # j,i,j = 1,2,..., k,
then

3y (P () = Q1)) A (P2(x) > Q2(1) A A (P () > Q1)) =
= (P1(x) = 3yQ:1 () A (P2(x) = 3yQ2(¥)) A...A (P (x) = Ty Qi (¥)).

6. If the identity P;(x) =0 does not hold for any i =1,2,..,k and P;(x) A Pj(x) =0 for

i+ j,i,j=12,...,k, then:

Ax((P1(x) = Q1 (M) A (P2(x) = Q2(¥)) Ao A (P (X) = Qe (1)) = Q1 (0) V Q2(¥) V...V Qi (¥).

The above properties allow formulating rules for building a class 4, of finite predicates defined on
the set of variables {x,y,..., z}. The subset 4, of the set X' is defined as follows:

1. All recognitions x%,xb, ... xC, (a,b,...,c are symbols from the domain for the variable x)

belong to 4,.

2. All predicates that do not depend on the variable x belong to 4,.

3. If the predicates P; and P, belong to 4, the predicate P = P, vV P, belongsto 4,,.

4. If the predicate P; belongs to 4,., and the predicate P, does not depend on x, then the predicate

P = P; A P, belongs to 4,.



5. If the predicate P; does not depend on x, and the predicate P, belongs to 4., then the predicate

P = P; - P, belongs to 4,.

6. Suppose the predicates Py, P,,..., P, do not depend on x; P, AP; =0 fori # j,i,j = 1,2,...,k,

the predicates Q4,Q,...,Qx belong to 4,; then P = (P, = Q) A (P, = Q) A...A (P = Q)

belongs to 4,.

7. If the predicates Py, P,,..., P, depend only on x; P, AP; =0 for i # j,i,j = 1,2,..., k; for any

i =12,...,k the identity P; = 0 is not true; the predicates Q4, @5, ..., @, do not depend on x; then

the predicate P = (P; = Q) A (P, = Q) A...A (P, = Q) belongsto 4,,.

Eliminating features with the help of the existence quantifier gives us all ordered sets of possible
feature values for which there exists at least one allowable set of values of the other features. If we wish
to obtain sets of values of the target features that satisfy the equation irrespectively of which values we
have for the other features, the variables should be eliminated with the help of the universal quantifier.

The property of predicates to be splitable simplifies significantly the procedure of eliminating
variables. When applying this procedure, we will use the following properties of the existence
quantifier:

1. Addictiveness property:

Eixi(Al \ A2 V...V Ak) = Elxl-Al \ Elxl-Az V...V Eixl-Ak;

2. The application of the existence quantifier to the conjunction of predicates when only one

predicate depends on the variable to be eliminated is identical to the application of this quantifier to

the given predicate, whereas the other predicates do not change:
Elxi(Al(xl, ey xkl) AL A Al(xkl_1+1, e Xy, xkl) AL A An(xkn_1+1, e ,xkn)) =
= (Al(xl, .. .,xkl) VAVW,Y An(xkn_l_H, ey xkn)) A Hxl'Al(Xkl_1+1, e Xy ey xkl)'

Thus, owing to the described structure of splitable predicates and the above properties of the
existence quantifier, the method of eliminating variables is significantly simplified and can be split into
the following steps:

Step 1. Split the original predicate into addends.

Step 2. Split the obtained addends into multipliers.

Step 3. Select the multiplier that depends on the variable to be eliminated.

Step 4. If this multiplier is a disjunctive normal form, eliminate the variable from it. This process
can be split into the following steps:

a) find the recognition of this variable in every elementary conjunction;

b) if the elementary conjunction consists of a single recognition of the given variable, then the entire

disjunctive normal form is replaced with 1;

c) if not, replace this recognition predicate with 1, which is identical to eliminating it from the

formula.

Step 5. If the addend is represented not in the disjunctive normal form but has a complex structure,
then perform all actions starting from step 1.

Let us illustrate how the method works on the above example.

Let

P=(xyaSVxEVaA Vvl val vaival val vas vl vat) vad vas vl v vagv
Vg Vs VxR vad) Ax§(xfxy v xf(xﬁ‘ Vx5)Vxrxyxg) Vxs ((x] V xixg)xs vV
vV x$ vl va)).
Find 3x, (P).
a) select in the predicate P all the addends (in this example there is a single addend)
(¥ GSVXEV XS VX3V XSV XV XV Xl Vx[;Vx§Vx%Vx;b)Vx?Vx?Vx?Vx?Vx?V
V)V aE vl Vi) Ax§(xfxg v xf (3 VxS vV aFadxd) v ay (e v xbxi)xs v xd v xl v a)).
b) select multipliers in the obtained addend:
(¥ (xS V xB Vv xh v X3 Vx§‘Vxé“Vx?Vx?Vx?Vx%Vx?Vx?) v
VXIVXEV B Vvl vl vl vl vxd)
(eS Cefad v g (e v x5) V xfd' ) Ve (e vV a2 x) x5 Vo v X v xp)),

c) it is obvious that only the second multiplier depends on x,. It has a complex structure, therefore

we should split it into addends:



x5 (ef % v g (3 v x5) V xpxdxg)
X (e v xFx)xs v xg v af v )
d) split every addend into multipliers:

o x5
o (x{‘x§K V() vxg) v xi’x%“xf{);
° x:ﬁ,’[;

o ((xVxIxPxAS VXl ValVay).

e) the first and third multipliers do not depend on x,. Split the rest into addends to get:

o X{X35

° xf (x3' V x5);

X1x5'xg;

(b v )

o x{vuxivaxl

f) the first and third addends are disjunctive normal forms. Apply the operation 3x, (P) to get:
Fx, (x1x3) = x7; Foep (x5 x3) = x7x3.

g) the second and fourth addends should be split into multipliers to get:

o x;

o (X2 Vx3);

o (%1 Vaxrxy);

* X5.

h) apply the operation Jx,:

Ax, (3 Vxs) =1; Iy (x5) = 1.
i) taking into consideration the fact that all the other multipliers have not changed, we get the result
in the following form:
Ax,(P) = (XY (xS VBV XS VXV XIVXE Vvl v
VPV valvad)vad v vk vl vagv
V) Vs v vad) AxSGd vl vakxd) v
VY (e Vaixf) vV xg vl v al).

We can see that eliminating variables from splitable predicates simplifies their structure, whereas
universal methods lead to an increase in the size of the original formula.

Thus, a generalized algorithm of finding values of target variables under predefined initial conditions
from the system (5), where predicates on the right side are splitable can be described as follows:

Step 1. Check the correctness of the model, i.e., whether conditions (6) for right sides hold.

Step 2. Transform the system to a single equation in accordance with formula (7).

Step 3. Substitute the initial values.

Step 4. Eliminate the non-salient variables with the help of the existence quantifier.

Step 5. Find the values of the target variables that satisfy the resulting equation.

In the second example it is demonstrated how it is possible to find the dependence between some
linguistic variables if a problem is described in the form of a linguistic variable system. The second
example shows how you can find the relationship between some variables if the problem is described
by a system of equations. For example, it is necessary to express this dependence between noun gender
and particular case and number values. We have considered a relation between a noun gender and
particular values for case and number. In the proposed example we have considered the following initial
values: accusative case and singular form: x; = e and x; = B.

For simplification of complex deductions only two equations have been considered, although the
method itself is universal. The main advantage of this method lies in the fact that the original formulae
are simplified at every step.

Consider this example. Suppose we have the following model:



yi = (xB (xS Vx5V XV X3V xi VR AR AV AVEAVEY: Vxé”ng))Vx;’) A
A (x§xfx§"’ V8 (x4 v x§xd) (oxd v x5 ),
YO = (XY (XS V X5V X9V X3V XAV XYV XEV XLV XLV XSV X2V xP) v xd v xg v
VAR AVEAVECAVEAVEAVE W x5 (2 (' V x5) V x§x3°).
Find values of the target variable x, under the initial conditions: 1) x3 = e; 2) x; = s.
Check the correctness of the model and transform the system of equations to a single equation:
) A (RS VXEV XAV E VIVl v vl val vas valvad) vl a
A (S aBV xB etV B eV I V () A (S (S V xE Vb vad v vl v i vl v
VAl v valvad) vad vag vk vl vad vl vakvx vad) A
AxS GGV x5) V) = 1.
Substitute the initial values to get:
GO A (YOS VXEVXEVEEVXI VAVl vV Xl vabvxg Vx?Vx?)Vx?Vx?Vx;‘ng‘v
VX9V )V Vvl A () =1
Eliminate all the non-salient values, i.e., y;, x5, xg:

V() A (Y (S VXEV XS VAV XSV XNV xHVxl Vb v xS Vx?Vx;b)Vx?Vx$V
VXV vl vad v vl vad) A () = (eSS VXEVXS VS VXVl vl vty
Vx?Vx?Vx?Vx;b) VX3V XEV I VXVl vl vl valvad) A () = 1.

3o, (Y S VXE VXAV XE VX VS ViVl val vasvalvad) vad vagvalv
VP Vg vag Vg vay vad) A(d))) = () A () = 1.

Axg ((xg) A (x3)) = (x3) = 1.
Thus, the result is x3* = 1. Hence, for the given initial values the variable x, takes on the value {o«}.

7. Conclusions

Logic inferences in a variety of knowledge bases can be done with the help of logic equations. The
main advantage of such models is the absence of a predefined input or output. The input and output
depend on the problem under consideration. Also, logic equations allow describing much more complex
data structures than relational databases or decision trees. The main problem is algorithmic difficulties
in solving such equations. Eliminating feature variables sometimes becomes quite a time-consuming
procedure. In this paper we have tried to show that there are quite large classes of equations that allow
us to eliminate variables without an increase in the size of the original formula. Real-world linguistic
problems very often can be solved using methods described in this paper.

This research demonstrates the fact that for a large class of finite predicates eliminating non-salient
feature variables with the help of quantifiers. Also, the tightness of links between discrete features has
been investigated. It should be noted that the results obtained can be used not only for linguistic
problems but also for any knowledge bases with a complex structure.
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