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Abstract
Characterizations of linear and bilinear Lebesgue norm inequalities involving two-
dimensional Hardy integral operators are obtained.
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1. Introduction

Let M be the set of all Lebesgue measurable functions f on R2 := (0,)?, and let M* c M be
the subset of all nonnegative f. If v € M and 0 < p < oo we define the weighted Lebesgue space

@mﬁ=f€MWMm=UV@WW@Mf<4.0<p<w

L?;O(]RZ) = {f eM: ”f”oo,v ‘= €ss Suprsz(x)lf(x)l < oo}, b = oo.

LetneN,0<g<wand1<p; <o, w,v; €M foralli =1,..n. Define the two-dimensional
rectangular Hardy operator

x ry
Lf(x,y) = f f f (s, t)dsdet, (x,y) € RZ, 1)
0 J0
and consider the following multilinear inequality
1U2f0) o Uafdllgaw < Cllfillp,v, - Wfallpyon fi € MY, ¥

where a constant C>0 is independent of f;, i = 1, ..., n, and is supposed to be the least possible.

The general problem is to characterize this inequality (2) by establishing a two-sided estimate

a F(vy, .V, W; D1, Py q) S C < BF(Wq, ... U, W; D1, . Py q)

with some irrelevant constants « and B by a functional F (v, ... v, w; py, ... Pn, @) OF an explicit form
depending on given weights v, ..., v, w and fixed parameters py, ..., p,, q only.

An operator in the left-hand side of the inequality (2) is n-fold product of two-dimensional Hardy
operators (1), it is acting on the product of n Lebesgue spaces. Multi(sub)linear maximal operators,
which are related to (1), appeared in connection with multilinear Calderon-Zygmund theory. They
were used for the study of multilinear singular integral operators of Calderon-Zygmund type and for
building a theory of weights adapted to the multilinear setting [6, 3, 1]. Linear and multi-linear
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inequalities with Hardy operators also play an important role in analysis and its applications [5]. The
main purpose of this work is to survey the most recent characterizations of (2) by the authors in linear
and bilinear cases. Starting in Section 2 from (quasi)linear case n = 1, we give the results for bilinear
inequalities in Section 3. These findings can be similarly extended to any multilinear case.

We use signs := and =: for determining new quantities. For positive functionals F and G we write
F & G if F < a G with some constant « > 0 depending, possibly, on irrelevant parameters only.
Relations of the type F = G mean F K G K F or F = aG.

2. Two-dimensional Hardy inequality

Weighted Hardy inequality

I fllgw < Clifllpvs f €M™, (3)
with two-dimensional rectangular operator (1) was studied in [4, 8, 11, 12, 24]. In particular, the
following criterion for the inequality (3) to hold was obtained by E. Sawyer in [12].

Theorem [12, Theorem 1A]. Let 1 <p < q < o. Denote p' :=p/(p — 1) and let (I;f)(x,y) ==
S fy°° f(s,t)dsdt be the adjoint to I, operator. The inequality (3) holds if and only if

Ay = Sup(g gz [EW(s, O]V [Lv' P (s, )]'/P' < oo, (4)
A2 = Sup(s,t)EIR_Z,, <.[ j (Izvl—Pl)qW> [Izvl—pl(s’ t)]—l/p < 00, (5)
0Oo 0 _ U
Az = SUP(s,¢)eR? <f f (I;W)’p'vl—pr> [w(s, )]V < oo (6)
s e

Moreover, it holds for the least possible constant C>0 in (3) that C = A; + A, + Az with equivalence
constants depending of p and g only.

The one-dimensional analog of the condition (4) is the boundedness of the Muckenhoupt constant [9].
Characteristics (5) and (6) are two-dimensional generalizations of the Tomaselli functional [23,
definition (11)] in its direct and dual forms. In one-dimensional case all the conditions (4)-(6) are
equivalent to each other (see e.g. [2]), that is A; = A, = A3 with equivalence constants depending of
p and g. In two-dimensional case this generally is not true. Moreover, as it was shown in [12, § 4] for
p=g=2 that no two of conditions (4)-(6) guarantee (3). But, it was discovered in the recent work [22]
by the authors that the E. Sawyer’s theorem is actual for p=q only, while for p<q the inequality (3) is
characterized by only one Muckenhoupt functional A := A; of the form (4).

_ p*(g-1)

Theorem [22, Theorem 2]. Let 1 < p < q < . Denote y ==y (p,q) = P v =v(q',p") and
24q op-1 a/p
Cy, = 3% 3—qmax{y, 2q(q"H)¥/"'} (ﬁ) + 3/PFL/ar |

The inequality (3) holds if and only if A < co. Besides, A < C < C,,, A.
The results of [12, Theorems 1A] and [22, Theorem 2] are valid for any type of weights v and w.

It was established in [24] that if one of the two weights v or w is factorizable, that is if
v(xy, %2) = v1 (%) v2(x2) (7
or

w(xy, x3) = wy (X)W (x2), (8)

162



then it is possible to characterize (3) by only one functional for 1 < p < g < . This result was
extended to all p,q>1 and generalized to all the types of boundedness constants in [11].

Theorem [11, Theorems 2.1, 2.2]. Let 1 < p < q < oo and the weight v satisfy the condition (7).

Denote V;(x;) = f;” v} "', i = 1,2. Then the inequality (3) holds for all f > 0 if and only if
Ay = sup(g pegz [Ew (s, O]V [V ($)V(D]VP' < oo,

or if and only if

s ot 1/q
Ar = SUP(s er? (f f [V, V214 W> [V1(s)V ()] 7P < co.
0 Jo

Besides, it holds for the least possible constant C>0 in (3) that C =~ Ay = Ay with equivalence
constants depending of p and g only.

Theorem [11, Theorems 2.4, 2.5]. Let 1 < p < q < o and the weight w satisfy the condition (8).
Denote W;(x;) = fx°_° w;, i = 1,2. Then the inequality (3) holds for all f > 0 if and only if
Ay = supg pere [0 7P (5, OTVP Wi ($)W, ()] < oo,

or if and only if

0 (oo 1/p’
AT = SUD(g yeR? <_[ f Wy W, ]?" Ul_p') [Wy ()W, ()]~ < co.
s Jt

Besides, C =~ A}, = A7 with equivalence constants depending of p and q only.

We complete the section by assertions similar to the last two above, but devoted to the case 1 < g <
p < co. To state them we put 1/r=1/g-1/p and define two-dimensional analogs of Maz’ya-Rosin [7, §
1.3.2] and Persson-Stepanov [10, Theorem 3] functionals in their direct and dual forms:

, , 1/r
Byg = ( f 3w (s, O]9V, (Vo (D] vl P () vi P (£) ds dt) ,

1/r

s pt r/q , ,
Bps = (j (jo fo [V1V2]qw> Vi (VO]9 v P (s) v, P (t)dsdt) )

1/r
Bisw = ([ 1017 G OV P W @1 P (Y wo () ds )

1/r

00 00 r/p!
Bpg = <f (f J; \AZAL vl_p'> Wy (S)Wo(O)]7/P" wy(s) wy(t) ds dt)

Theorem [11, Theorems 3.1, 3.2]. Let 1 < g < p < oo . Suppose that the weight v in (3) satisfies the
condition (7) and V(o) =V,(w)=o. Then the inequality (3) is valid for all
f e Mt ifandonly if Byg < oo, orif and only if Bpg < 0. Moreover, C =~ Byg =~ Bps.

Theorem [11, Theorems 3.3, 3.4]. Let 1 < g < p < co. Assume that the weight function w in (3)

satisfies the condition (8) and W,;(0) = W,(0) = co. Then the inequality (3) is valid for all
f e Mt ifand only if Byz < oo, or if and only if Bj¢ < o. Moreover, C = By ~ Bpg.
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3. Bilinear two-dimensional Hardy inequality

In this section we demonstrate some of the new characteristics from [20] obtained for the
inequality

”(sz)(lzg)”q,w = C”f”p,v”g”s,ur f!g € M+- (9)

These results are based on statements for the linear two-dimensional Hardy inequality from
Section 2.
Distinguish the following zones for the relations between integration parameters 1 < p, s, q < oo:

(1) 1 < max{p,s} < q < o,
(n 1 < min{p, s} < q < max{p, s} < oo,
(1 1 < g < min{p, s}.

The required characteristics for (1), (1) and (I11) are given in the assertions below.

Theorem [20, Theorem 4]. Let p, s, q € (I) . Assume that the weight v in (9) is of product type, that is
v satisfies the condition (7). Then the best constant C in the inequality (9) is estimated as

C = Dp = sup(y yyer2 (D1(x, ¥) + Do (x,¥) + D3 (x, ) V1 OV, (NP, (10)
where V;(x,) = [“v}, i = 1,2, as before and
o Vi

% 1/q _
Dy (%,Y) = sup(g erz [ (WX o (r.0) (@ D] [Lu' =" (@, DIV,

o (T 1/q
Dy (%, y) = suporyer2 ( f f Uzul_s’)qW)((x,oo)x(y,oo)> [Lu'~% (0, )],
0 70
0 o0 51 1/st oy
D3(x,y) = Sup(g,‘L’)E]R_ZF (f f (I; (WX(x,oo)X(y.OO))) u1_5’> [I; (WX(x,oo)x(y,oo))(Q: T)] .
o Jt

Remark [20, Remark 3]. If the weight u in (9) is also of product type, that is if
u(xy, x2) = ug (cu(xy), (11)
then the expression for the functional D; in (10) simplifies as follows:

Dy = SUP (s yyesz (W MYV GOV )V UL G U DI < o,

where V;(x;) == foxi v 7P and Uy (x;) = foxi ul™,i=1,2.

Theorem [20, Theorem 5]. Let p,s,q € (II) . Assume that the weights v and u in (9) are of product
type, that is v and u satisfy the conditions (7) and (11), respectively. Then C =~ D,;, where for 1 <
p < q < s < oo, under the condition U;() = o,i = 1,2,

0 oo 1/t
Dip = sup(yy)erz <f f [w]*/[U, U,] u%_yu%_s’> V1 )V, NP,
x Jy

and for 1 < s < q < p < oo, under the condition V;(c0) = o0,i = 1,2,

00 00 1/r
Dy = sup(y, yyerz <f f [Lw]/a v, v,/ U11_p,v21_W> [U1 () U NIV,
x Jy

where 1/r:=1/g-1/p and 1/t=1/g-1/s.
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Theorem [20, Theorem 6]. Let p,s,q € (I1I) . Assume that all the weights in (9) are of product type,

that is v,u and w satisfy the conditions (7), (11) and (8), respectively. Then, under the conditions

Vi(00) = o0,i = 1,2,and U;(e0) = o0,i = 1,2, it holds C = Z‘}_lD (i), wherefor 1/g <1/p+1/s
0 00 ¢ 1/t

Dy (1) = sup(yy)erz (f f [W1W2] [U1U;]9" AUy dUz) VL )V,

x Jy

(0]

Dy (2) = sup(xyyerz < f [W1Wz] [V, V2]
X

=

1/t
avy de) [U;(x)U, ()’)]1/5';
1/r

o t t 1/t © T r
Dy, (3) = SUP (x,y)eR2 (f \Zagueat dU1> <f [Wz]E[Vz]_’dV2> V2 OIYP [U, (D],
y

1
s

1/r 0 ¢ ¢ 1/t 1
a dVl) <f [W,]a [Uz]?dU2> (U1 () Vo ()]
y

andforl/qg >1/p+1/swith 1/k:=1/q—1/p—1/s
1/k

K/t
Du(n—(f f (f f UAATUAAT dulduz> [Vl(x)vz(y)]"/“dvl<x)dv2<y)> .

1/k
DII(Z)_<j f (j f (W, W, ]a V1V2 dV1dV2> U1(x)U2(}’)]K/T'dU1(x)dUz(Y)) )

ou1= [ [ (f dul) ( vﬁdvz)m[vl(x)w“

x [Uy )]/ W, (y)ﬁ[vzmﬁ

[D;(D)]* jf(f qudVl> <

AT IACS)

Vi(x) dV2(y),

K/t
Uz Ja dU2> [U1(x)]K/S'

é‘

|~

"av;(x) dV,(3),

where 1/r:=1/g-1/p, 1t:=1/g-11s, Vy(x,) = [, v} P, Up(x) = [ ul™ , WiCx) = [ wyi = 1,2

For some other types of bilinear inequalities with Hardy type operators one can consult [13-19,
21].
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