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Abstract

The paper deals with the learning process of Mamdani-type fuzzy systems with fuzzy inputs.
Parallel computing technologies are used to speed up this process. The paper pro-poses an
evolutionary algorithm that allows you to train a neuro-fuzzy system on a graphics processor
unit. Including a model computational experiment.
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1. Introduction

The paper considers fuzzy models of the Mamdani type [1] with many fuzzy inputs. The inference
method generally has an exponential computational complexity. The proposed approach and the
presented models are based on a fuzzy truth value and a measure of possibility. An evolutionary strategy
(1, A) [2] is presented as a tuning algorithm. The implementation of this algorithm on a graphics
processor is presented. The adequacy of the developed methods and algorithms has been proven during
computational experiments.

The first section presents the statement of the problem and the estimation of the complexity of fuzzy
inference. In the second section, the inference of the output value for the rule base is considered based
on the decomposition theorem for a multidimensional membership function. The third section is about
setting up and developing a machine learning algorithm. In the fourth section, an implementation of a
training algorithm for a neuro-fuzzy system using parallel technologies is presented and a computational
experiment is described.

2. Definition of the linguistic model

Define the linguistic model as a base of fuzzy rules R, k = 1, N:
Ry :If xq is Ay txy is Ay # ... # xp IS Ay, then y is By, with wy, (1)

where N is a number of fuzzy rules, 4;, € X;, i = 1,n, B, €Y are fuzzy sets that are described by
membership functions wu,,, (x;) and ug, (v) respectively. xi,x,,...,x, are input variables of the
linguistic model, and [xy, x5, ..., x,]T = x € X; X X, ... X X,,. Characters X;, i = 1, N and Y denoted
respectively domain range of the input and output variables. In (1), linguistic bindings "AND" or "OR",
denoted by «#».

Infollowing notation X = X; X X, .. X X, and A, = Ay X Ay X ... X Ay, therule (1) represented
as a fuzzy implication

Rk: Ak_)Bk' k= 1,N.
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R, can be formalized as a fuzzy relation defined ona set X x Y, that is R, € X X Y is fuzzy set with
membership function:
.uRk(er) = :u'Ak—>Bk(x'y)'
The Mamdani model defines the function assignment like w4, g, (x,y) based on known
membership functions u,, (x) and ug, (y) in the following way [2, 6]

a8 ) = Tr (1 0,1, D) = 114, () * i, ) @

T

where * is an arbitrary t-norm that is used as a parameter.

When training a system presented as (1), the fuzzy inference is B, € Y if the inputs are fuzzy sets
A=A xA,x..xA,€X o xisAiandx,isAy;and .. and x,isA’,  with the
corresponding membership function g, (x). In accordance with the generalized fuzzy modus ponens
rule [2], fuzzy set B'j, determined by the composition of a fuzzy set A" and relation R, such

B'y = A’ o (Ay - By)
or using the membership functions:

_ T, Ty (3)
g, (y) = Sup {ar () * (pa, (x) * pg, ())}

T;
where * can be any t-norm. Complexity of the expression (3) is exponential O(|X|™ - |Y]).

3. Inference method for the rule base with the center of sums defuzzification

To remove the exponential complexity problem of the (3), we use the following theorem. This
theorem can be used under the condition that modeling the linguistic binding "AND" in the antecedent
of rule (1) is used with t-norm "MIN", and for linguistic binding "OR" is used t-conorm "MAX".

Theorem

If T(pa,, (x:), 1p(¥)), i = 1,n not increasing by argument 114, (x;), then:
in case of linguistic binding "AND":

T (14,0, 15 ()) =T (irgli%{u,qik ()} g (y)> = min {7 (rane e s )}
in case of linguistic binding “OR”:

T (14, (), s (3)) =T (g%c{mik ()} g (y)> = max {7 (a0 1z 1) }

1=

Proof

Consider the proof of the first property.
Function T (u4,, (x;), u5(y)) is non-decreasing in argument p,, (x;), if V ug(y) €[0,1] from the
condition iy, (x{) < pa,, (x;") follows inequality:
T(hay (x), ug () = T(pay, (xi'), 1s (¥)) (4)
This property is valid for any t-norm, according to their definition [6]
Assume any of the values ug(y) € [0,1]. Letalso (xq, x5, ..., x,) € X; X X, ... X X, and define:

l'l'Aik (xe) = L.Tg{:—rrs{#Aik (xi)}' (5)
This implies: pa,, (Xe) < pa, (x;) Vi = 1,n, in accordance with (4):
T(AuAik (‘xe)' Up (y)) < T(MAik (xi)' Up (y)) Vi = 1,n ' (6)

then taking into account (5):



T(ray (xe) e (1)) = mIn{T (ay, (i), 1 ())}- (7)
Since T(uy,, (xe), up(y)) exists at the right part of the expression (7) and taking into account (5):
T(min{pa, (0} #s (1)) = MIn{T (kay, (x:), ke (Y))}
The first property of the theorem is proved. The second property is proved similarly.
When the condition of the theorem on the decomposition of the multidimensional membership

function (3) is fulfilled and when the linguistic binding "AND" is used in (1) , it will take the
form:

T; —
5, () = min {Z‘éf?i {uA; () * Ty (g G0, ugk(w)}}, k=TN ®)

Note that expression (8) is characterized by complexity of the order 0(|v;| - |Y| - n) i.e. corresponds to
polynomial.
The membership function of one of the inputs can be defined as:
Kl (x) = Tag/al (.u'Aik (x:))
where 74, ,4,() is a fuzzy truth value of a fuzzy set A, in relation to A’, representing the
compatibility membership function CP(Ay, A") A, towards A’, and A’ is considered reliable [4]:
T/ Al () = Hepeag,ah (v)) = sup {#Aik(xi)}'vi € [0,1].

byt (x)=v;
;CiEXi
Moving from variable x to variable v, denoting p,, (x) = v:
:uA’i (xi) = TAik/A’i('uAik(xi)) = TAik/A; (vi)-
Then (8) can be represented through the fuzzy value of the degree of truth:
T; T; -
ug, (v) = mm{ sup {TAik/A;(vi) - (vi*l usk(y)>}},k =1N. 9

i=1n v;ef0,1]
If T, =T, =T, then considering the t-norm property of associativity, (9) can be converted to:

g, (v) = lm%{vseup {TAik/A;. () * (vii usk(y)>}} =
1

= izy_g{vsup (a0 * v uBk(w}} = (10)

= i=1._n{ SUP {TA k/A'(U ) *U } * HBk(Y)}

i=1.,—2{n /AT #Bk()’)} k=1,n,

where
T
Mayesa) = visel[lor.)l] {TAik/A; () * Ui}
I1 A/ AL is a scalar value and a possibility measure of A;;, corresponds to the input A; or vice versa
L
[5].

Taking into account the above transformations, we will get a crisp output value using the method of
defuzzification by the center of sums [3]. In this case, the output value can be calculated as:
- )_’k-Wk WA
y= 3 (11)
Zk - Wi * .UBk(J’k)
where ¥ is a crisp output value of system consisting of N rules (1); ¥ are centers of membership
functions ug, (v), k = 1,N:

g, i) = S;ég{usk(y)} =1 (12)

Since t-norms by definition satisfies the boundary condition T'(a; 1) = a, then substituting (10) into
(12), considering (12), we will get:

_ . (13)
Y TN Wk i—n{HAik/A}}



4. Configuration of fuzzy model and learning algorithm

We define the training and test sample, respectively, as a set of pairs of input and output values
X" y)r=1M,

where X" = (x7,x%,...,x7) is an input vector in r-pair, y" is a corresponding output.

The input values can be crisp values, which are then fuzzy using fuzzification before output, or fuzzy
values specified by terms, for example, "low", "medium”, "high", etc., which are defined in the
knowledge database. When using fuzzy values, the inputs will be unchanged throughout the training;
when using numerical values opposite, the inputs can change during training when changing the
parameters that define the terms of the membership functions.

Tuning a fuzzy model consists in finding its parameters that minimize deviations between the desired
and actual behavior of the model. It is assumed that the desired behavior of the model is given by a
fuzzy training sample.

Denote pu4,;(x;) the function of membership of the input to the fuzzy term A

The membership function is defined on the domain of the linguistic variable.

An example of table styling. It is recommended to add cross references to tables, i.e., please, check
Table 1. The style should be switched to Normal.

The Gaussian function will be used to describe the membership function:

(x=b)?
pr(x) =e 22, (14)
where b and c are the coordinate of the maximum and the concentration coefficient of the membership
function of the fuzzy set T.

In the implemented inference method, it is possible to use different t-norms. During training, it is
also possible to select the most suitable t-norm.

The parameters b and ¢ of the membership functions of all terms of the system, the weighting
coefficients of the rules, as well as the type and parameter of the t-norm will be adjusted during the
training of the system.

Let's define a fuzzy model of the object y = f(x;,x,,...,x, ) in the following form:

y = F(X,B,C,W,t,y),

where X = (x1,x, ..., %, ) is an input vector; B = (by,by,...,bg ) and C = (cy,¢3,...,¢4 ) are
vectors of the membership functions parameters (14) of fuzzy terms from the knowledge base; W =
(wy, wy,...,wy ) is the vector of weighting coefficients of fuzzy rules (1);

N — the total number of rules (1);

g — total number of terms;

t,y — type and parameter of t-norm;

F —the Input / Output communication function corresponding to the (13).

The setting of the fuzzy model is formulated as follows optimization problem [2]: find a vector (B,
C, W, t,7y)

ij» where i,j = 1,n.

R = \/%Zr=1,_1\4[yr —F(X",B,C,W,t,y)]? - min. (15)

An evolutionary strategy (u, A) [2] is used for training, since when it is used, the probability that the
local minimum from the search for solutions will be issued as a solution of the problem is reduced.

In this case, an individual is a genotype that consists of two chromosomes. Chromosome x contains
N genes-parameters of the system, and chromosome ¢ contains the values of standard deviations used
in the process of mutation of the corresponding genes of chromosome X. The tuning algorithm can be
described in the following sequence of steps:

1. the parental population P is formed, which contains x individuals with chromosome x,

containing the system parameters set by the expert, the genes of the o chromosome in all individuals

are equal to 1;

2. reproduction is performed to form a temporary population T of size A, with 2> g, from the

parental population P;

3. apopulation of seeds O is formed by mutation of the temporary population T;

4. the population O is estimated. To estimate the individual, a system is constructed with the

parameters recorded in the x chromosome. Further, for each pair of "inputs-output” from the training



sample, the square of the difference between the output of the system, which receives the input, and

the "output" is calculated. The sum of the obtained squares is the estimate of the given individual,

5. anew parental population P is formed from x of the best individuals of the population of seeds

O;

6. the condition of the completion of the algorithm is checked and if it is not met, then it is

necessary to repeat steps 2-6 with the new parent population P;

7. the best individual is displayed.

Let us consider some of the steps of the algorithm. When the first parental individual is generated,
the o chromosome is filled with single values and then changes them only by mutation. All individuals
of the population undergo mutation operations, and each separately. Both chromosomes mutate, but the
mutation process is different. The chromosome o =[07, ...,02]" mutates first according to the
expression:

o/ = a;exp(t'N(0,1) + TN;(0,1)),

where i = 1, ..., n, nis the length of the chromosome; N (0,1) - a random number with a normal
distribution (generated once for the entire chromosome); N; (0,1) - random number with normal
distribution (generated for each gene separately); ¢’ and t are parameters of the evolutionary strategy
that affect the convergence of the algorithm. In the literature, there is a form where C most often equal
to 1:

r_ € _ ¢
T = Nork T= foﬁ.
New values of the mutation o/ affect the change in the value of x;, as follows:
x; = x; + 0{N;(0,1), (16)

where N;(0,1) is a normally distributed random number, i = 1,..,n[2].

The operation of mutation of the chosen evolutionary strategy was improved by adding restrictions
on the values that the genes of the x chromosome can take. For each gene of the chromosome, before
the start of the algorithm, the minimum and maximum possible values are selected. If during the
mutation the value of a gene or allele goes beyond the specified range of possible values, the new value
is calculated as:

xi” — {amax -G xi: > Amax
Amin €, X; < Amin,

where x; is the value of the gene obtained by the mutation operation; amin and amax are the minimum
and maximum possible values of the gene, respectively; ¢ is a correction value equal to

¢ = |x;" =[x/ (@max — @min)]l-

After changing the property of the gene, the corresponding gene of chromosome o should also be
changed using (16):

0" = (x| = x)/N;(0,1).

Thus, as a result of the mutation operation, the values of the genes are x/’and o/".

Applying this algorithm for training a fuzzy system, function (15) acts as an objective function. The
best is an individual whose objective function value is less than that of other individuals in the
population.

The condition for the completion of the algorithm can be the number of individuals or the
achievement of a specified estimate by an individual of the population P.

5. Implementation of the learning algorithm on a graphic processor and
computing experiment

Learning operations were carried out on a graphics processor using OpenCL technology [6].

The population consists of a number of individuals. In computer memory, the population is
represented as an array, the element of which is an individual.

For the reproduction operation, a temporary population was generated in the form of an array of size
A, containing numbers from 0 to (u-1) (u is the size of the parental population). This array defines the
indices of individuals that will be included in the new temporary population T.

The mutation operation is performed for each individual of the temporary population separately. The
mutation algorithm of the evolutionary strategy provides for the use of normally distributed random



numbers. This is an expensive operation on the GPU and requires the creation of a random number
generator, so an array of random numbers of size 4 * 2 * n is pre-generated.

A block diagram of the mutation operation for each individual is shown in Fig. 1, where orgs is an
array of individuals in the population, i is the index of an individual undergoing mutation, t and t1 are
parameters of the evolutionary strategy, rands is an array of random numbers, limitations is an array of
restrictions for the values of genes, mutated_orgs is an array of modified individuals.

(ﬂmlahon[l. oegs, t, 11, rands, limitations, mmalod_orgs:)

float rand_q = rands(i] + 0.2;
int rand_index;
float g, x, rand_x, correct;

uint =0 | < orgs{ib; j++

rand_x = randlrand_index + orgliln];
q = orgs{i].ch_qfj] “exp{1°rand_q + 1" rands{rand_index]);
x = orgs(i].ch_x[j+q"rand_x;

o

— e
~— x < limitations{j].min

T~
correct = | x mod (limitations{]]. max - limitationsfj].min) I

B

+ —

—_— _
— . BL-L__
—
x = limitations{j].max - cormect; x = limitations{j]. min + corract;

q = {x - orgsil ch_x{jl)  rand_x;

‘ rand_index = 2*i*orgs{il.n+; ‘

I
¥

mutated_orgs{il.n = orgs[il.n; ‘

mutated_orgs(i].ch_g[i] = q;
mutated_orgs{i).ch_x{] = x;

|
Figure 1: Mutation flow chart

The modified individuals are estimated according to (15), the output of the fuzzy system is also
calculated on the graphics processor. This process is described in [7].

The selection operation is organized by sorting the individuals in ascending order of the obtained
estimates and the subsequent selection of the first x individuals. If the condition for the completion of
the algorithm is the achievement of a certain average score, then the average score is calculated for the
selected individuals.

To implement a computational experiment, we consider an object with two inputs x;,x, € [0,10]
and one output y given by the relation:

y = (x; —7)? -sin(0.61 - x, — 5.4). (17)

The task was set according to the graph of the reference dependence shown in Fig. 2, create a fuzzy
model and tuning it using a fuzzy training sample. The adequacy of the fuzzy model must be checked
by criterion (15) on a test sample of randomly generated input-output pairs.
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Figure 2: Model of nonlinear dependency (17)

The fuzzy knowledge base was visually generated by an expert based on Fig. 2. It consists of seven
rules, which are summarized in table. 1 For the linguistic assessment of the input variables xi and x,
and the output variable y, the terms "Low" (L), "Below Average" (BA), "Medium" (M), "Above Average"
(AA) and "High" (H ). In this case, the value of criterion (15) on the test sample is 11.25 (Fig. 3a). The
weight coefficients (W) of the rules of these fuzzy models are shown in Table 1. Testing of the trained
fuzzy models (Fig. 3b) indicates an acceptable quality of identification of the nonlinear dependence
@an.

To study the process of tuning a fuzzy model, training samples of 10, 20, ..., 100 pairs of "inputs-
outputs” were used. The training sample was generated as randomly selected input values from the
domain of their definition and the output values calculated according to (17), which were then used to
evaluate the identification accuracy criterion. To turn this training sample into a fuzzy one, the
generated clear values of the input variables were estimated in terms of linguistic variables before the
model was tuning, the output values remained unchanged (crisp).

Table 1
Fuzzy knowledge base
X1 X2 y w
before after
tuning tuning
low low high 1 0.61
low average low 1 0.63
low high high 1 0.20
average — average 1 0.99
high low above average 1 0.10
high average below average 1 0.21
high high above average 1 0.01

Fig. 4 shows the learning curves of fuzzy models. They reflect the dependence of identification
errors (15) on the size (M) of the training sample itself on the training and test samples. The tuning was
carried out using an evolutionary strategy (u,A), u = 40,1 = 160 over 100 iterations. Each point on
the learning curves (Fig. 4) was calculated as the average of the experimental results for 10 different
training samples. With an increase in the size of the fuzzy training sample, the residual on the test
sample decreases, and the difference between the residuals on the training and test sample decreases.
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6. Conclusion

The article presents an inference method for Mamdani-type systems with fuzzy inputs with
polynomial computational complexity. An algorithm for training such systems using a fuzzy training
sample and using parallel technologies has been developed. The conducted computer experiments show
that the fuzziness in the experimental data reduces the training efficiency, but with an increase in the

training sample, the training accuracy increases.
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