CEUR-WS.org/Vol-2965/paper04.pdf

The Problem of Possibility-Probability Optimization with
Constraints on the Possibility/Necessity-Probability and
Probability-Possibility/Necessity

Alexander Yazenin and |lia Soldatenko

Tver State University, Tver, Russia

Abstract
The paper continues the study of the problem of possibilistic-probabilistic linear programming
with constraints on the possibility/necessity - probability and probability -

possibility/necessity. For the case of normally distributed random and fuzzy factors in the shift-
scale representation of fuzzy random variables, an equivalent stochastic analog of the model is
constructed. The obtained results are applied to the construction of a minimal risk portfolio in
the conditions of hybrid uncertainty.
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1. Introduction

The proposed article continues the research started in [1] and is devoted to the problem of
optimization in conditions of hybrid uncertainty of the possibility-probability type. Its results can be
used in the construction and research of generalized models of portfolio analysis, in economic and
mathematical planning and other areas.

The developed indirect methods for solving problems of this class, considered in the context of the
strongest t-norm describing the interaction of fuzzy parameters, are based on the construction of their
equivalent deterministic analogues. For this purpose, two-level procedures are used to remove
uncertainty of probabilistic and fuzzy types, based on the principles of expected possibility [2-9,24] and
the implementation of restrictions on possibility/necessity and probability.

In contrast to [1], where the model is studied under the constraints of possibility/necessity-
probability, in this paper we study the problem of possibilistic-probabilistic linear programming under
the constraints of probability-possibility/necessity. An equivalent stochastic analog of the model is
constructed in the class of normal probability distributions that characterize the fuzzy parameters of the
model, and for normally distributed random parameters in the shift-scale representation of fuzzy
random variables. The properties of the constructed equivalent model are investigated. The obtained
results are applied to the construction of a minimal risk portfolio model.

2. Necessary concepts and notations

In the context of works [10-15], we introduce a humber of definitions and concepts from the theory
of possibilities. Let further (I, P(I"), ) and (2, B, P) be possibility and probability spaces, respectively,
in which Q is the space of elementary events o € Q, I is the model space with elements y € T', B is the
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o-algebra of events, P(I") is the set of all subsets of ', t € {x, v}, = and v are measures of possibility
and necessity, respectively, and P is the probability measure; E* is the number line.

Definition 1. Fuzzy random variable Y(w,y) is a real function Y:2 X I' - E! c-measurable for
each fixed y, and

uy(w, t) =n{y €r:Y(w,y) = t}, vt € E!

is called its distribution function.

From definition 1 it follows that the distribution function of a fuzzy random variable depends on a
random parameter, i.e. it is a random function.

Definition 2. Let Y(o, y) — be a fuzzy random variable. Its expected value E[Y] is a fuzzy value that
has a possibilities distribution function

ey (t) = n{y € I E[Y (w,y)] = t},Vt € EY,

where E — is a mathematical expectation operator

E[Y(w,7)] = fﬂm, YIP(dw).

The distribution function of the expected value of a fuzzy random variable is no longer dependent
on the random parameter and therefore is fuzzy.

We will use triangular norms (t-norms) to aggregate fuzzy information. These norms generalize
"min" operation inherent in operations on fuzzy sets and fuzzy variables [13,14]. In the work we will
use one of the extremal t-norms: Ty, (x, y) = min{x, y}.

We will now introduce according to [15] the notion of t-relatedness of fuzzy variables. It is used as
a tool for building joint possibilities distribution functions.

Definition 3. Fuzzy sets 4,,..,4, € P(I') are called mutually T-related if for any index set
{i,....ix}c{1,...,n}, k=1, ..,n, we have

(A, N ..nA,) =T (n(4,), .., n(4,)),
where
T(m(A;), - m(Ay)) = T(T(.. T((A;,), m(Ai,)), T(A,)), - ), T (A )
We can transfer the concept of mutual T-relatedness of fuzzy sets to fuzzy variables.
Definition 4. Fuzzy variables Z,(y), ..., Z,,(y) are called mutually T-related if for any index set
{i,....ix}c{1,...,n}, k=1, ..,n, we have

'uZil""’Zik (til’ ey tik = T[{)/ er: le()/) = til’ ...,Zik()/) = tik = T[{Zi_ll{til} n..nN Zi;:{tik}}
=T{n(z;{t,}), - n(Z;{t, D} 6, € B

3. Construction of a possibilistic-probabilistic programming model under the
constraints of possibility/necessity-probability and probability-
possibility/necessity

Let's consider a model of possibilistic-probabilistic programming of the following form:

k — min,
T{P{fO(x! w, V) < k} = pO} = aO' (1)
{T{P{fi(x, wy)<0}=2pl=a,i=1,..,m, @
x € X.
The probabilistic-possibilistic model associated with (1)-(2) can be written in the form
k — min,
P{T{fO(x! w, V) < k} = aO} = pO' (3)
{P{T{fi(xv CU.)/) < 0} > ai} > pi,i = 1, e, m, (4)
x € X.

It is not difficult to see that the introduced optimization models differ only in the sequence of
applying principles to remove hybrid (possibility-probability) uncertainty.
In these models f; (x, w,y), i = 0, ..., m are fuzzy random functions that have the meaning of mappings
fiG )i X xQxT - EL,
XcEf={x€eE" x>0}, €{nv} p,a;i=0,..,maregiven probability and possibility levels,
P, a; € (0,1], k is an additional scalar variable.
Let's consider specific forms of f;(x, w,y) — linear possibilistic-probabilistic functions. In this case



filx,w,7) =

Aij(w: Y)xj —Bi(w,y) (5)

Jj=1

with i =0,...,mand B,(w,y) = 0.

We will assume that 4;;(w, y) and B; (w,y) have a shift-scale representation of the hybrid (combined)
type:

Aij(w,7) = a;j(w) + 03 (W)Y;;(¥),  Bi(w,y) = bj(w) + 0;(w)Y;(y),

possibilistic variables Y;;(y), Y;(y) are characterized by quasiconcave, semi-continuous from above
possibilistic distributions with finite support, and a;;(w) € N,(a?;, d), o;;(w) € Ny(ai},df), bi(w) €
N,(b?,dD), 0;(w) € Ny(a,df), N, is a class of normal probability distributions.

We introduce notation for the covariance coefficients of random parameters involved in the shift-
scale representation of fuzzy random variables:

Cajjay = Cov(aij'aik); Coijoy = COU(Gij'Uik);
Cajjoy = Cov(aij'gik); Cojjay = COU(Gij'aik);
Cpo; = cov(by, 0;); Cayjp; = cov(aij,bl-);
Caijt)'i = Cov(aij'o—i); CO'ijbi = Cov(aij'bi);
CU'ijU'i = COU(O'l'j,O'l'),
- . . n - . -
and also the covariance matrix €' = {C;; (¢, ti]-)}j ., With coefficients
(Ci]'k(tik! tl]) = Caijaik + Caijaiktik + Caijaiktij + Caijo'iktijtik'
Let the interaction of the fuzzy parameters of the model be described by the strongest t-norm Ty and
t! = (tig, tin, -, tin, t;) are their fixed values. Then we can write
n

filr ) = ) (0 (@) + 0, @), = (Bi(@) + (@),
=1
It is clear that for fixed x and t', i = 1, ...,m, f;(x, w,t") is a normal random variable. Then with the
possibility of
uh = min{lrsr},ign {Myij(tij)}'uyi(ti)}
its mathematical expectation is determined by the formula [10]

mi(x: tl) = E{fl(xi w, tl)} = Z(aloj + O-l%tl'j)x]’ - (b? + o-ioti)'
j=1

For further analysis, we will also need the variance of the function f;(x, w,t!). According to the
classical approach, it can be defined as follows:

2
4o, t) = B{(fix, 0,69 —me, 1)}
We specify this formula. We have after the corresponding substitutions
(/ R
di(x,t") = E{ Z (aij(w) + 0y (w)t;; — (a?j + O-ig'tij))xj — (by(w) = b + (0;(w) — aMt;) }
L= )

After the corresponding permutations and using notations introduced earlier, we have
n

di(x, tl) = ((Cix, x) -2 Z (Cai]'bi + Cai].o-iti + Co_ijbitij + C(Tijd'itijti) .xJ' +
j=1
+d) +d7t} + 2C, t;, (6)
where (-,-) is the operation of scalar multiplication of vectors.
In the case when the random variables are uncorrelated, the resulting formula (6) takes the form

n
di(x,t") = Z(d% +dGtE)x? +dP +dft?. )
=1

The function d;(x, t') has the following properties due to the covariance matrix C':
e d;(x,t") is a convex function over x for a fixed t';
e for any vectors x and t', the function d, (x, t*) is non-negative;
e the function d,(x, t*) is convex over t' for a fixed x.



Accordingly, the mathematical expectation of the possibilistic-probabilistic function (5) has the
form:

1,0 y) = E(fiCo 0,0} = ) (a + 0¥y (1) 5 — (b + 0?%).
j=1

In the future, we will need the variance formula of the fuzzy random function f;(x, w,y), defined in
fuzzy form, following [10]:

~ 2
di(xy) = E{(filx, 0, — Ay, 1)}

We specify this formula. After substituting specific expressions for f;(x,w,y) n m;(x,y) into it,
opening the brackets and rearranging the terms, as well as using the linearity property of the
mathematical expectation, we obtain the following formula for the fuzzy variance:

di(x' ]/) = (Cl(}/)x' x) n

=2 (Cagp + Cayor i) + Cayo Yy ) + Coya Yy (V1)) 35 + 2 + AP Y2 (1)
j=1

+ 2C5,,Yi (),
where Ci(y) — is a matrix {(Ci,-k(y)};kzl, i=0,..,m, and
(Cuk()’) = Caijaik + Caijaikyik()/) + CaijaikYij()/) + CO'lJO'lle]()/)Ylk()/)
Let us proceed to the construction of equivalent crisp analogs of the problems.

4. Equivalent crisp analogs of problems (1)-(2) and (3)-(4)

First, let's consider the process of constructing an equivalent crisp analog of the problem (1)-(2). To
do this, it is enough for us to construct an equivalent deterministic system of constraints (2), after that
the model of criterion (1) can be reduced to an equivalent deterministic one in a similar way.

The following results are obtained in [1]. Since for a fixed vector t'

il @,t9) € N, (my . ),//d G €0),

then in accordance with the classical results of stochastic programming [16]
. : , W, ti —_ ; : ti ; ) tl’
P{fi(X,a),tl)SO}=P{f’(xw ) —m(x, t') + m(x )so}

&Y, di(x, tl)
fiGe, w,t) —m(x, t})  m;(x,th) } <mi(x, th) )
=P + <0 =1-F, | ——=—=)=p,
{ NrRenD NEXeAD) Jamo) -7
where F; is a function of the standard normal probability distribution.
The last inequality is equivalent to the inequality miot) < B;, in which g; is the solution of the

d;(xt?)
equation F;(t) =1 — p;.
As a result, we get the inequality
m;(x, t) — B/ d;(x, ) < 0 (8)
with the possibility of u(t') equivalent to the i-th constraint of the system (2).
After the specification (8) takes the form

Z(a?j + ot )x; — B/d;Cx, t)) < b? + 0t;. 9
j=1

If p; > 0.5, then B; < 0 and the function located on the left side of the inequality (9) is convex and
monotonic in fuzzy parameters.

Substituting the corresponding fuzzy values Y;;(y) and Y;(y) in inequality (9) instead of the
parameters t;;, t', t; and requiring the execution of the resulting probability inequality with the
possibility «;, we thereby obtain a constraint equivalent to the i-th constraint of the system (2),
containing only fuzzy parameters. We have

”{Z (a?i + Uioiyii(y)) Xj— ﬁiwfai(x' Y) S b+ O'iOYi(V)} 2 a;. (10)

j=1



In [1], based on the results of [12,17], the following theorem is proved.

Theorem 1. Let in the constraint model (2) T = 'w’, p; > 0.5, i = 1, ...,m, the fuzzy variables Y;;(y),
Y;(y) in the shift-scale representation of fuzzy random variables are mutually min-related and are
characterized by quasi-concave, semi-continuous from above distributions with finite carriers, and the
shift and scale coefficients are normally distributed random variables. Then the constraint system (2)
is equivalent to a deterministic constraint model

Z(a?j + min{c}Y;;, 0} Y+})x — BiJdi(x,a;) < b? + max{cY;",a0Y;*}
j=1

xeX,i=1,.

in which v are the right and left boundaries of «; IeveI sets of fuzzy variables Y;;(y), Y;(¥),

lj’l

di(x,a;) = Z Z Cijic(a)x;x; +

j=1k=1
n
+22(—Caijbi+min{—CaijaiYi_, ~Cayyor Vi) + Min{—Cyy Y7, —Con, Yif
=1

+ min{—Cyy 0, (YY), =Coyyo (%)) 25 + dP + d7 (¥ + 2min{Cyp ¥, Co Vi),
Cije(a;) = alak+m1n{Ca Y, Co o Yir }+m1n{C Y5 Coyjag U}

ijoik "k’ 2ajjoj, " ik Oijaikij’

+ min {CO' O'lk( ik) 'Caijaik(Yinik) }

Remark 1. The boundaries of «;-level sets of fuzzy quantities, their powers and products are found
using the results presented in [10,18,19,20]. Eg:

(Vi¥y;) = min{Y;" ¥, Yo ¥, V¥, VY )
(vi¥y)" = max{Y, Y, Y ¥, VY, YY),

In [1], a theorem is also presented that allows us to construct an equivalent crisp analog of the
criterion model (1).

Theorem 2. Let in the criterion model (1) T = 'n’, p, > 0.5, i = 1, ..., m, the fuzzy variables Y,;(y) in
the shift-scale representation of fuzzy random variables are mutually min-related and are characterized
by quasi-concave, semi-continuous from above distributions with finite carriers, and the shift and scale
coefficients are normally distributed random variables. Then the model of criterion (1) is equivalent to

the model

n

n n
Z(agj + min{ango},angoJ;})xj =B Z Z Cojic(ap)xx; = r;lel)p
j=1 j=1k=1

The objective function in the last problem is convex, and in the case of p, < 0.5, the problem goes
into the class of non-convex multiextremal optimization. Nevertheless, the condition p, > 0.5 meets
the requirements of most problems solved in practice.

Let's proceed to the study of the model (3)-(4). We denote by N(a,b) the class of normal
possibilistic variables:

(x-a)?
X € Ny(a,b) = p,(x) =e 52 vxeE.

Theorem 3. Let in the constraint model (4) the possibilistic components in the shift-scale
representation of fuzzy random variables 4;;(w,y) and B;(w,y) be normal Tu-related possibilistic
variables:

Y;(v) € Ny(a;,di;), Yi(y) € Ny(by, dy).
Then the possibilistic-probabilistic model of constraints (4) has an equivalent stochastic analog of the
form

([ (& .

{P ZAE}'}(w)xj < Bi{i}(w) >p,i=1,..,m, (11)

=1
x €X,

Al_}((l)) = aij((l)) + (’1\1]0'1]((1)) - 61]'“1]((1))'«1 _ln a;,

where



Bf () = b;(®) + b;g;(w) + Gilo;(w)ly—Ina;,
AL (w) = a;j(w) + 8;j0;(w) + 5ij|0ij(w)|\/ —Ing;,

B; (w) = b;(w) + b;0;(w) — 6;0;(w)|\/—In B;,
B; = 1 — a;; the upper indices ( - + ) in the notation of the boundaries of level sets of possibilistic
variables correspond to t = = (possibility constraint), the lower indices ( + -) correspond to 7 = v
(necessity constraint).

Proof. Let 7 = m. For a fixed w € (Q, in accordance with the calculus of possibilities [10]
Aij(w,7) = a;;() + 0;;()Y;; () € Ny (a;;(w) + 850 (w), |0y (w)]|dy;)
B;(w,y) = by(®) + 0;()Y; () € Nyy(b;(@) + b;0;(), lo; (w) ).

Then, based on the results of [21], the possibilistic restriction

n
T ZA,-j(w, V)% < B;(w, y)} >a;
j=1
has an equivalent stochastic analog
n
ZA;j(w)xj < Bff (w).
j=1

It follows from the resulting inequality that the probabilistic/possibilistic constraint

P{” {Z Aij(w,y)x; < Bi(w, )/)} = ai} 2 p;
=

is equivalent to the probabilistic constraint

n
P ZAi_j(w)xj < BHw) = p;.
j=1
Let now 7 = v. The proof in this case is based on the relation of the duality of the possibility and
necessity measures [10]:
v(A) =1-m(A°), VA€eP®)
and is proved in the same way. The theorem is proved.
Theorem 3 can be generalized on the basis of the results of [17] to the class of quasi-concave semi-
continuous from above distributions.
The resulting system of constraints (11) is a system of row-by-row constraints on probability. The
construction of its equivalent deterministic analogue is difficult due to the presence of absolute values
of random variables in the expressions for random variables 4}’ (w) and B/ (). So, for example, if

the random variable is ¢ € IV,,(0,1), then the probability density function f of the random variable |¢|
has the form [22]:

_ (e + fe (=), ¥y >0,
f'f'(y)_{ 0,y <O0.
However, with the help of characteristic functions
; 1, fi(x,w) 0,
B X' w) = {O,fi(x, w) >0,
where £i(x, ) = X%, AL (w)x; — B (w) this system can be reduced to a system of restrictions
{E{){i(x, w)}=P{fi(x,w) <0} =p,i=1,..,m, (12)
x € X.

After that we can apply direct stochastic programming methods [16], which do not require the
construction of equivalent deterministic analogues.
An equivalent stochastic model of criterion (3) can be constructed in a similar way.

5. Minimum risk portfolio models

Based on the obtained results, we now can construct a mathematical model of a minimal risk
portfolio under conditions of hybrid uncertainty, in which possibility-probability constraints are used.
Indeed, let the possibilistic-probabilistic function



folx, w,y) = Z Agj(w,7)x;,
j=1
in which Ay;(w,y) is the return of the j-th financial asset, and the vector x = (x,, ..., x,,) is the vector of
equity shares, represents the return of the investment portfolio.
Then one of the possible models of the minimum risk portfolio can be written as

k - min,
t{do(x,y) < k} = ay, (13)
(t{P{fo (x, @,7) = d,} = po} = a,
ijzl,xZO, (14)

O
where d,, is the level of profitability acceptable to an investor. The system (13)-(14) is a possibilistic-
probabilistic programming model. Under the assumptions made earlier, its equivalent deterministic
analogue — the quadratic programming problem — can be constructed.

6. Conclusion

The paper investigates the problem of possibilistic-probabilistic linear programming with
restrictions on the possibility/necessity - probability and probability - possibility/necessity. For the case
of normally distributed random factors of the model, with the most general assumptions about the
properties of probability distributions, its equivalent deterministic and stochastic analogues are
constructed. The properties of the model (convexity-concavity), as in classical stochastic programming
[16], significantly depend on the probability levels set in the original model. For the case of the measure
of necessity (r = v) in the equivalent model (we can prove this by relying on [12]), the right boundaries
of the level sets for 1 — «; will be used in the left part of the inequalities included in the system (11),
and the left ones in the right part.

It can be shown that for probability values p; = 0.5, second-order moments (variances) are excluded
and the model (1)-(2) is transformed into a linear programming problem. The model of the minimum
risk portfolio is formulated. It can be investigated in the context of the obtained results of probabilistic
optimization.

In terms of prospective studies, it seems appropriate to generalize the results obtained to probability
distributions other than normal, as well as to the case of the weakest t-norm describing the interaction
of fuzzy parameters [23,24].
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