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Abstract
In this extended abstract we report some results concerning the relationships between a multipreferential
semantics for defeasible reasoning in knowledge representation and some neural network models, namely
Self-Organising Maps and Multilayer Perceptrons.
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1. Introduction
We report some results concerning the relationships between a multipreference semantics for
defeasible reasoning in knowledge representation and some neural network models, namely,
Self-Organising Maps (SOMs) and Multilayer Perceptrons (MLPs). In particular, weighted
knowledge bases for description logics are considered under a “concept-wise" multipreference
semantics and, in the fuzzy case, provide a preferential interpretation of MLPs.
Preferential approaches have been used to provide axiomatic foundations of non-monotonic and
common sense reasoning [1, 2, 3, 4], and, more recently, they have been extended to description
logics (DLs) to deal with inheritance with exceptions in ontologies, by allowing for non-strict
forms of inclusions, called typicality or defeasible inclusions, with different preferential semantics
[5, 6] and closure constructions [7, 8, 9, 10, 11]. In this abstract, we consider a concept-wise
multipreference semantics as a semantics for weighted knowledge bases, i.e. knowledge bases
in which defeasible or typicality inclusions of the form T(𝐶) ⊑ 𝐷 (meaning “the typical 𝐶’s
are 𝐷’s" or “normally 𝐶’s are 𝐷’s") are given a positive or negative weight. A multipreference
semantics taking into account preferences with respect to different concepts, was first introduced
by the authors as a semantics for ranked DL knowledge bases [12]. For weighted knowledge
bases, a different semantic closure construction is developed, still in the spirit of other semantic
constructions in the literature, and is further extended to the fuzzy case.
The concept-wise multipreference semantics has been used to develop a semantic interpretations for some neural network models. Both an unsupervised model, Self-organising maps
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(SOMs)[13], which is regarded as psychologically and biologically plausible neural network
models, and a supervised one, Multilayer Perceptrons (MLPs) [14] have been considered. In both
cases, considering the domain of all input stimuli presented to the network during training (or
in the generalization phase), one can build a semantic interpretation describing the input-output
behavior of the network as a multi-preference interpretation, where preferences are associated to
concepts. For SOMs, the learned categories are regarded as concepts 𝐶1 , . . . , 𝐶𝑛 so that a preference relation (over the domain of input stimuli) is associated to each category [15, 16]. In case of
MLPs, each neuron in the deep network (including hidden neurons) is associated to a concept, so
that preference relations are associated to neurons [17]. For MLPs, the relationship between these
logics of commonsense reasoning and deep neural networks is even stronger, as a deep neural
network can be regarded as a conditional knowledge base, i.e., a set weighted conditionals. This
has been achieved by developing a concept-wise fuzzy multipreference semantics for a DL with
weighted defeasible inclusions. In the following we shortly recall these results and discuss some
challenges from the standpoint of explainable AI [18, 19].

2. A Multi-preferential interpretation for SOMs and MPLs
The multipreference semantics (cw𝑚 -semantics) has been first developed as a semantics for
strengthening rational closure [20] and then it has been made concept-wise to provide a semantics
for ranked ℰℒ knowledge bases [21] by capturing, with different preference relationships, the
preferences among domain elements with respect to different concepts.
In weighted knowledge bases [17], besides standard inclusions (called strict inclusions),
defeasible inclusions of the form T(𝐶) ⊑ 𝐷 are allowed with a weight 𝑤, whose meaning is that
“typical 𝐶s are 𝐷s" (or “normally 𝐶s are 𝐷s") with weight 𝑤. Such inclusions correspond to
conditionals 𝐶 |∼ 𝐷 in Kraus, Lehmann and Magidor (KLM) preferential logics [3], while the
positive or negative weights of defeasible inclusions represent their plausibility (implausibility).
A cw𝑚 -interpretation is defined by adding to a standard DL interpretation, a set of preference
relations <𝐶1 , . . . , <𝐶𝑛 each one associated with a distinguished concept 𝐶𝑖 . A DL interpretation
is a pair ⟨∆, ·𝐼 ⟩, where ∆ is a domain, and ·𝐼 an interpretation function, and each preference
<𝐶𝑖 captures the relative typicality of domain individuals with respect to 𝐶𝑖 . Preferences with
respect to different concepts do not need to agree, as a domain element 𝑥 may be more typical
than 𝑦 as a horse but less typical as a zebra. A global preference relation < can be defined, by
Pareto combination of the preference relations <𝐶1 , . . . , <𝐶𝑛 , but a more sophisticated notion of
preference combination has also been considered [21], which takes into account the specificity
relation among concepts. A typicality concept T(𝐶) is then interpreted as the set of all minimal
𝐶 elements with respect to <. It has been proven [21] that cw𝑚 -entailment satisfies the KLM
postulates of a preferential consequence relation [3].
Self-organising maps are psychologically and biologically plausible neural network models [13]
that can learn after limited exposure to positive category examples, without need of contrastive
information. They have been proposed as possible candidates to explain the psychological
mechanisms underlying category generalisation. Multilayer Perceptrons [14] are deep networks.
Learning algorithms in the two cases are quite different but our approach aims to capture, through
a semantic interpretation, the behavior of the network obtained after training and not to model

learning. We have seen that this can be accomplished in both cases in a similar way, based on the
multi-preferential semantics above and its fuzzy extension.
The result of the training phase is represented very differently in the two models: for SOMs
it is given by a set of units spatially organized in a grid (where each unit 𝑢 in the map is
associated with a weight vector 𝑤𝑢 of the same dimensionality as the input vectors); for MLPs,
as a result of training, the weights of the synaptic connections have been learned. In both
cases, considering the domain of all input stimuli presented to the network during training (or
in the generalization phase), one can build a semantic interpretation describing the input-output
behavior of the network as a multi-preference interpretation, where preferences are associated
to concepts. For SOMs, the learned categories are regarded as concepts 𝐶1 , . . . , 𝐶𝑛 so that a
preference relation (over the domain of input stimuli) is associated to each category by a notion
of relative distance of a stimulus from its Best Matching Unit [15, 16]. For MLPs, units in the
deep network (including hidden units), or a subset thereof, can be associated to concepts, each
related to a preference (a well-founded modular partial order). In both cases, a multipreference
interpretation can be constructed from the network after training, describing the input-output
behavior of the network on the input stimuli considered. Such preferential interpretation can be
used for checking properties like: are the instances of a category 𝐶1 also instances of category
𝐶2 ? are typical instances of a category 𝐶1 also instances of category 𝐶2 ? The verification can
be done by model-checking on the multipreference interpretation describing the input-output
behavior of the network [16, 17].
This kind of construction establishes strong relationships between the logics of commonsense
reasoning and the neural network models, as the first ones are able to reason about the properties
of the second ones. These relationships can be made even stronger for MLPs, as the neural
network itself can be regarded as a conditional knowledge base.
Under a fuzzy extension of the multipreference semantics, it has been proven [17] that MLPs
can be regarded as weighted conditional knowledge bases. The multipreference interpretation
constructed over the set of input stimuli to describe the input-output behavior of the deep network,
in the fuzzy case, exploits the activation value of each unit ℎ for a stimulus 𝑥, which can be
interpreted as the degree of membership of 𝑥 in concept 𝐶ℎ . The fuzzy interpretation also induces
a preference on the domain for each concept 𝐶ℎ . Such an interpretation can be proven to be a
fuzzy multipreference model of the knowledge base extracted from the network.
Let 𝐶𝑘 be the concept name associated to unit 𝑘 and 𝐶𝑗1 , . . . , 𝐶𝑗𝑚 be the concept names
associated to units 𝑗1 , . . . , 𝑗𝑚 , whose output signals are the input signals for unit 𝑘, with synaptic
weights 𝑤𝑘,𝑗1 , . . . , 𝑤𝑘,𝑗𝑚 . One can define for each unit 𝑘 a set 𝒯𝐶𝑘 of typicality inclusions, with
their associated weights, as follows: T(𝐶𝑘 ) ⊑ 𝐶𝑗1 with 𝑤𝑘,𝑗1 , . . . , T(𝐶𝑘 ) ⊑ 𝐶𝑗𝑚 with 𝑤𝑘,𝑗𝑚 .
The collection of the defeasible inclusions 𝒯𝐶𝑘 for all concepts (units) defines the weighted
conditional KB associated to the network.
The definition of the 𝑐𝑤𝑚 -interpretation for a weighted conditional knowledge base exploits
a closure construction in the same spirit of the one considered by Lehmann [22] to define the
lexicographic closure, but more similar to Kern-Isberner’s c-representations [23, 24]. As a
difference, our construction in [17] is concept-wise, thus considering the modular structure of the
knowledge base (and of the network). In the fuzzy case, to guarantee that the weights computed
from the KB are coherent with the fuzzy interpretation of concepts, a notion of coherent (fuzzy)
multipreference interpretation is introduced. We refer to [25] for a study of its KLM properties.

3. Conclusions
In [15, 17, 16] we have studied the relationships between multi-preferential (and fuzzy) logics of
common sense reasoning and two different neural network models, Self-Organising Maps and
Multilayer Perceptrons, showing that a multi-preferential semantics can be used to provide a
logical model of a neural network behavior after training. Such a model can be used to learn or
to validate conditional knowledge from the empirical data used for training and generalization,
by model checking of logical properties. A two-valued KLM-style preferential interpretation
with multiple preferences and a fuzzy semantics have been considered, based on the idea of
associating preference relations to categories (in the case of SOMs) or to neurons (for Multilayer
Perceptrons). Due to the diversity of the two models we expect that a similar approach might be
extended to other neural network models and learning approaches.
Much work has been devoted, in recent years, to the combination of neural networks and
symbolic reasoning [26, 27, 28], leading to the definition of new computational models [29,
30, 31, 32] and to extensions of logic programming languages with neural predicates [33, 34].
Among the earliest systems combining logical reasoning and neural learning are the KBANN
[35] and the CLIP [36] systems and Penalty Logic [37]. The relationships between normal logic
programs and connectionist network have been investigated by Garcez and Gabbay [36, 26] and
by Hitzler et al. [38]. The correspondence between neural network models and fuzzy systems
has been first investigated by Kosko in his seminal work [39]. A fuzzy extension of preferential
logics has been studied by Casini and Straccia [40] based on a Rational Closure construction.
For Multilayer Perceptrons, it has been proven [17] that a deep network can itself be regarded
as a weighted conditional knowledge base. This opens to the possibility of adopting a conditional
logics as a basis for neuro-symbolic integration. While a neural network, once trained, is able and
fast in classifying the new stimuli (that is, it is able to do instance checking), all other reasoning
services such as satisfiability, entailment and model-checking are missing. These capabilities
would be needed for dealing with tasks combining empirical and symbolic knowledge, such
as, for instance: proving whether the network satisfies some (strict or conditional) properties;
learning the weights of a conditional knowledge base from empirical data; combining defeasible
inclusions extracted from a neural network with other defeasible or strict inclusions for inference.
To make these tasks possible, the development of proof methods for such logics is a preliminary step. In the two-valued case multipreference entailment is decidable for weighted ℰℒ⊥
knowledge bases [17]. In the fuzzy case, whether the notion of coherent fuzzy multipreference
entailment is decidable is an open problem even for the small fragment of ℰℒ⊥ without roles.
Undecidability results for fuzzy description logics with general inclusion axioms [41, 42] motivate
the investigation of decidable approximations of fuzzy-multipreference entailment.
An issue is whether the mapping of deep neural networks to weighted conditional knowledge
bases can be extended to more complex neural network models, such as Graph neural networks
[29]. or whether different logical formalisms and semantics would be needed. Another issue is
whether the fuzzy-preferential interpretation of neural networks can be related with the probabilistic interpretation of neural networks based on statistical AI. Indeed, interpreting concepts as
fuzzy sets suggests a probabilistic account based on Zadeh’s probability of fuzzy events [43], an
approach exploited for SOMs [16]. We refer to [44] for a preliminary account for MLPs.
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