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Abstract

A fundamental concept used in the area of concurrent systems modelling is conflict. In this paper, we
outline two approaches leading to a conflict-concurrent model where distributed choices are resolved in
a way which allows one to carry out probabilistic estimation. In particular, the concept of cluster-acyclic
net is introduced to transform a net with confusion (a specific combination of conflict and concurrency
which makes the probabilistic estimation problematic), into another net whose structure is free-choice
which facilitates probabilistic estimation. Then the approaches of removing confusion is extended into
Communication Structured Acyclic nets (csa-nets) which is so far lacked of probabilistic analysis. csa-
nets are sets of acyclic nets which can communicate by means of synchronous and asynchronous inter-
actions.
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1. Introduction

Communication Structured Acyclic Nets (csa-nets) are derived from Structured Occurrence
Nets (SONs), which was first introduced in [1] and elaborated in [2]. csA-nets consist of
multiple acyclic nets that are joined together with the objective of recording information about
the behaviour of Complex Evolving Systems (CESs). [3] lists the features of a CES as being
composed of wide array of (sub)systems that interact with each other and with its surrounding
environment, resulting in a highly complex structure. The structure of csa-nets is suitable to
represent the activities of such systems where the cognitive complexity can be reduced. For
instance, [2] introduce the basic formalization of SON to represent complex fault-error-failure
chains. Also, [3] shows that SON can be used to visualise and analyse behaviour of CESs and [4]
demonstrates its capabilities for modelling cybercrime investigation. Previous work on SONs is
related to a framework for provenance [5], timed behaviours [6], and for csa-net a SAT-based
model checking proposed in [7].

One of the potential applications of csa-nets is complex crime investigation systems. In
crime investigation, full information about a specific activity is, in general, not available [8].
Hence (often numerous) alternate scenarios are pursued by investigators in order to clarify the
status of a crime or accident. That is because such a system is characterized as being inherent
nondeterminism which originates from the lack of the ability to observe the system. To cope
with this feature, investigators need to consider all the possible scenarios. However, considering
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all possible scenarios might result in meaningless conclusion. Thus, reasoning about what
is probable along with what is possible is an essential to obtain meaningful conclusion [9].
Therefore, providing effective probabilistic estimation of different scenarios would greatly help
crime investigators to find answers to crucial questions concerning the incident.

There are several works combining probabilistic reasoning and Petri nets. For example, in [10]
nets were covered by so-called agents and the non-deterministic and probabilistic decisions were
resolved on the basis of local information. The choice of the set of agents that were responsible
for the resolution of the choices was done independently. In [11], probabilistic models have been
explored for a specific variant of Petri nets. In [12], generalized Markov chains were developed
as an extension of Petri nets.The paper [13] extended Mazurkiewicz equivalence to probabilistic
words, which were defined as probability distribution, to describe the probabilistic net systems.

Providing a probabilistic framework for concurrent models relies on the presence of conflict
transitions which can be associated with positive numerical weights, so that the conflict is
resolved by taking their weights into consideration. This seems trivial when the structure of
nets is restricted to free-choice. However, if it is not the case, then the probabilistic analysis for
concurrent models requires to take a special case in consideration. A confusion arises when
conflict and concurrency are overlapped which causes problematic probabilistic estimation. A
considerable amount of literature has been published on handling confusion. For example, in
[14], a confusion-free net was constructed by a recursive static decomposition of given net.
Probabilities were then added to the new non-deterministic net in order to account for the
conflict between transitions. Also, confusion was controlled in [15] by attaching an external
event with each transition involved in confusion. Then a control sequence is chosen so that
the execution of these transitions is controlled. [16] provides algorithms to detect confusion
and an approach of avoiding it by enforcing a constraint of supervisory control to ensure that
conflict transitions are enabled together so that confusion cannot occur in marking evolution.
Time is introduced in [17] to distinguish the proprieties of weighted transitions to resolve the
confusion.

A general comment which applies to the above past research is that they are all concerned with
standard Petri nets. The key contribution of this paper is to find solutions for nets supporting
different kinds of interprocess communication. In this paper we extend the probabilistic analysis
into csa-nets which is so far lacked of such an extension. The confusion phenomena is also
extended and an approach of removing it based on the technique proposed by [14] is introduced.

The paper is organised as follow. Section 2 presents acyclic nets and their properties. Cluster-
acyclic nets are introduced in Section 3 and it is shown how to remove confusion in such a case.
Section 4 presents csa-nets and their properties. The definition of confusion is extended to
csA-nets and the approach of removing it is discussed in Section 5. We conclude in Section 6.

2. Acyclic Petri nets

Acyclic Petri nets are a well-established and basic model for representing system behaviour.
They can be used to model synchronisation and conflict, two fundamental concepts used in the
area of concurrent systems. In this section we first introduce acyclic nets and their properties.
Probabilistic acyclic nets are introduced after that. In addition, the notion of confusion is
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Figure 1: Acyclic net with initial marking (a), and one of its maximal scenarios (b).

discussed. We propose algorithms used for removing it in Section 3.

Basic definitions.  An acyclic net is a triple acnet = (P, T, F'), where P and T are disjoint
finite sets of places and transitions, respectively, and F' C (P x T)) U (T x P) is a flow relation
such that: (i) P is nonempty and F' is acyclic; and (ii) for every ¢ € T, there is p € P such that
pF't. Graphically, places are represented by circles, transitions by boxes, and arcs between the
nodes represent the flow relation (see, e.g., Figure 1). If needed, we denote P by Py, etc. For
allx € PUT, *x = preg,,, (v) = {z | zFz} and °* = post ., (r) = {z | ©F'z} (and for a
set of nodes X, *X = (J,cy *z and X* = {J,. x * ). Moreover, P, = {p € P | *p = &}
are the initial places, and acnet is backward deterministic if |*p| < 1, for every place p.

An occurrence net [2] is an acyclic net such that |*p| < 1 and |p® |< 1, for every place p. An
occurrence net describes a single execution of some concurrent system in such a way that only
the details of causality and concurrency between transitions are captured.

A scenario of acnet is an occurrence net ocnet such that:

nat
o Tocnet € Tyacner and Pogper = P U post ;e (Tocnet>s and

acnet
* PICocnet (t) = PrCcnet (t) and POStoener (t) = POSt 4ener (t)’ for every t € Tocnet-

It is maximal if there is no scenario ocnet’ satisfying Tyener C Tpener- This is denoted by ocnet €
scenarios(acnet) and ocnet € maxscenarios(acnet), respectively. Each scenario is identified by
its transitions V' C T" and is given by scenariogene:(V)) = (P, V, Facnetl(Pxv)u(v x p)), Where
P = Pt \JV*. Figure 1(b) shows a maximal scenario.

Given an acyclic net, its execution proceeds by the occurrence (or firing) of sets of transitions.

Let acnet = (P, T, F) be an acyclic net.

« markings(acnet) = {M | M C P} are the markings (shown by placing tokens within
the circles), and MMt = Pt g the default initial marking.

acnet — — acne
. steps(acnet) ={U CT |U # @AVt #uecU:*N° = I} are the steps.

« enabledgenet(M) = {U € steps(acnet) | *U C M} are the steps enabled at a marking M,
and a step U enabled at M can be executed yielding a new marking M’ = (M UU®)\ *U.
This is denoted by M [U)

acnet
Let My, ..., My, (k > 0) be markings and Uy, . .., Uy, be steps of an acyclic net acnet such
that M; _1[U;),. . M;, for every 1 < i < k.

acnet

170



Nadiyah Almutairi CEUR Workshop Proceedings 168-187

o = MoUi My ... My_1Ui My is a mixed step sequence from Mg to M ando = Uy ... Uy,
is a step sequence from My to Mj,.
We denote Mo[it)) e Mr and My[o)
that My, is reachable from M.

My, respectively, and My[),. ., My denotes

acnet acnet

« If My = MM! | then pu € mixsseq(acnet) is a mixed step sequence, ¢ € sseq(acnet) is
a step sequence, and M}, is a reachable marking of acnet. Also, if ¢ cannot be extended

further, it is a maximal step sequence in maxsseq(acnet).

We can treat individual transitions as singleton steps; e.g., a step sequence {t}{u}{w,v}{z}
can be denoted by tu{w, v}z.

Well-formedness. An acyclic net acnet is well-formed if each transition occurs in at least
one step sequence and the following hold, for every step sequence U; ... Uy € sseq(acnet):
@ t*Nu® = @, foreveryl < ¢ < kandallt # u € U; and (ii) U} N U = o, for all
1 <i < j < k. Intuitively, a well-formed acyclic net does not have ‘useless’ transitions and
no place is filled more than once in any given step sequence. Hence, all its behaviours can be
interpreted in terms of causal histories as it is guaranteed that each transition is caused by a
unique set of transitions. Each occurrence net is well-formed, and an acyclic net is well-formed
iff each transition occurs in at least one scenario, and each step sequence is a step sequence of at
least one scenario. Each step sequence o of a well-formed acyclic net acnet induces a scenario
scenariogener(0) = scenariogeet(V'), where V' are the transitions occurring in . Thus, different
step sequences may generate the same scenario, and conversely, each scenario is generated by
at least one step sequence. Moreover, two maximal step sequences generate the same scenario
iff their executed transitions are identical.

Conflict, causality and concurrency. Let acnet = (P, T, F’) be an acyclic net.
« t # u € T are in direct (forward) conflict, denoted t#qu, if *t N *u # .

o conflsetyener(M,t) = {t} U {u € enabledyener(M) | t#ou} is the conflict set of t € T
enabled at a marking M.

o causedeer(z) = {y € PUT | xFty} are the nodes caused by x € PUT.

o subnetgee (V) = (*V UV, V, Fleyxv)uwxve)) forevery V C T.

Calculating probabilities in acyclic nets. In order to find probabilities of alternate scenar-
ios, conflicting transitions are assigned positive numerical weights, representing the likelihood
of transitions. From now on, each acyclic net has an additional (last) component w defined as a
mapping from the set of transitions to positive integers. For each transition ¢, w(t) is its weight
which in diagrams annotates the corresponding node. Also, we assume that the weights are
assigned to the transitions rather than the arcs and are represented inside the boxes. In such
cases the names of transitions are represented outside.
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Figure 2: Acyclic nets with weights: backward deterministic (a), with symmetric confusion (b), and
with asymmetric confusion (c).

Probabilities of concurrent transitions are given by the products of their weights over the
sum of the weights of transitions in their conflict sets. More precisely, we define the probability
of executing a transition ¢ and step U enabled at a reachable marking M as:

w(t) and Pacnet(M; U) == H Pacnet(Ma t) .

Pacnet(M t) =
’ Eueconﬂsetucnet(M,t) w(u) teU

Then, assuming Mo [U1)pet M1 - - - Mi—1[Uk) yener Mr» we define the probability of execution
o = U1 NN Uk as Pacnet(a) = Pacnet(M()a Ul) Ceelt Pacnet(Mkfla Uk)

Consider the acyclic net acnet in Figure 2(a), where e and f are in direct conflict and
have weights 6 and 3, respectively. Such a conflict can be resolved probabilistically at reach-
able markings M = {c1,c2} and M’ = {c;} by the following calculation: P yepe(M, ) =
Pocnet(M',e) = w(e)/(w(e) +w(f)) = 6/9. Note that h and g are certain transitions since no
transition competes with them for a token, and so their weights are irrelevant.

There are two possible scenarios for this acyclic net: ocnet; = scenario({h, g,e}) and
ocnety = scenario({h, g, f}). Each can be executed by following different maximal step se-
quences:

« ocnet; has three executions: 01 = heg, o9 = hge, and 03 = h{e, g}. Their probabilities
are the same as we have: P yeper(01) = 1-(6/9)-1 = 6/9, P gener(02) = 1-1-(6/9) = 6/9
and Pyeper(03) = 1-((6/9) - 1) = 6/9.

« ocnety has also three executions with probabilities equal to 3/9.

As a result, we can assign probabilities to the two scenarios: P gene(ocnet;) = 6/9 and
P scnet(ocnety) = 3/9. Note that P yper(ocnet)) + Poener(ocnety) = 1. A key issue is to en-
sure in each case that no matter which of the executions of a scenario is followed in the calculation
of probabilities, the same value is obtained (in other words, all maximal step sequences generated
from a scenario should have the same probability). One can then define the probability of a
scenario as Peer(ocnet) = Pyener(0), where o is any execution of ocnet. Also, in a sound
probability model, the sum of the probabilities of all possible scenarios should be 1. However,
the above is not always the case as acyclic nets can exhibit confusion described next.
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Confusion. An interplay between conflict and concurrency can lead to a situation called
confusion which interferes with the calculation of probabilities. In a symmetric confusion, exe-
cuting transition f concurrent with e removes at least one transition from the conflict set of e.
In an asymmetric confusion, executing transition f concurrent with e adds a new transition to
the conflict set of e [18]. Hence, the order in which one chooses to execute e and f may lead to
different probabilities.

A well-formed acyclic net acnet has a confusion [14] at a reachable marking M if there are
distinct transitions e, f, h such that {e, f} € enabledgee(M ) and one of the following holds:

« e#oh#of and h € enabled et (M).
« e#oh and h € enabledgener(M') \ enabled gener(M ), where M[f), e M-

We then denote symconfused ;. (
(asymmetric) case we denote asymconfused

M,e, f,h) in the first (symmetric) case, and in the second
acnet(M> ¢, fa h) :

Proposition 1. Let acnet be a well-formed acyclic net and M be its reachable marking. If it is
the case that symconfused ,.,.,(M, e, f, h) orasymconfused ,,.,(M, e, f, h) holds, then we have
conflsetyenet(M, €) # conflsetyener(M’, €) and e € enabled genet(M'), where M[f),pee M-

Figure 2(b) depicts a well-formed acyclic net acnet with symmetric confusion such that we
have symconfused,,,.,(M,a, c,b), where M = {p1,p2}. Consider the scenario ocnet; =
scenariogener({d, a, c}) with three executions (o1 = dac, o9 = dca, and o3 = d{a, c}). The
probability of oy is Pyener(01) = 1-7/10 -1 = 7/10. However, if oy is executed, then the
resulting probability is P gener(02) = 3/6 # P yener(01). Hence one cannot assign a probability
to ocnet;. A similar conclusion can be reached for the acyclic net in Figure 2(c) which exhibits
asymmetric confusion asymconfused ,.,.,( M a,b, c).

A crucial property is that in a confusion-free acyclic net, conflict sets of transitions are
constant for all the executions of each scenario.

Proposition 2. Let acnet be a confusion-free well-formed acyclic net.

1. If M and M’ are two reachable markings of acnet such that M{), ... M', then we have conflset snet( M, t) =
conflset yener(M', 1), for every t € enabled gener( M) N enabled geper(M).

2. If M and M’ are two reachable markings of ocnet € scenarios(acnet), then it is the case that
conflset gener( M, t) = conflset yener(M', 1), for everyt € enabledoener(M ) Nenabled pener(M).

Hence, for confusion-free acyclic nets one can calculate probabilities of individual scenarios.
Note that there are classes of nets which exclude confusion by imposing structural restrictions,
e.g., free-choice nets [19].

3. Cluster-acyclic nets

The approach of removing confusion is based on identifying the choice points by applying the
concept of clusters.
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A cluster of a well-formed acyclic net acnet = (P, T, F') is a non-empty set £ C 7T such that
kX Kk C (#0)* and if °t C *k, thent € k. Itis maximal if there is no cluster x’ such that x’ C .
Moreover, [ is a relation on the maximal clusters such that x T ’ if caused (k) N *k’ # &. The
set of all clusters is denoted by clusters(acnet), and the set of all maximal clusters is denoted by
maxclusters(acnet).

A maximal cluster is an equivalence class of the relation (#¢)*, and so the set of maximal
clusters partitions the set of all transitions. Below we will consider a subclass of acyclic nets
where the ordering [ is a strict partial order on the set maximal of clusters.

A well-formed backward deterministic acyclic net is cluster-acyclic if the relation C on its
maximal clusters is a strict partial order. Note that cluster-acyclic nets include all free-choice
well-formed backward deterministic acyclic nets as well as all extended free-choice acyclic nets.

A transaction of a maximal cluster « of a well-formed backward deterministic cluster-acyclic
net with a marking M C *k is a step 6 included in « such that *0 C M. Moreover, it is maximal
if there is no transaction 6 such that # C ¢’, and we denote § € maxtrans(r, M). Intuitively,
a transaction is one of possible ways of executing the subnet induced by the cluster. From
now on we assume that every cluster-acyclic net is well-formed and backward deterministic. Also,
acluster V = {t1,...,t}} can be denoted as 6;, .

Proposition 3. Let x be a cluster of a cluster-acyclic net acnet.
L (kxK)NFt=02.

2. caused(k) = | caused(trans(k, °k)).

3. maxtrans(k, *x) C maxsseq(subneteper(K)).

4. SCENATiOgybnetyme(x) (Maxtrans(x, *x)) = maxscenarios(subnetycne(r)).

Since the transaction of a cluster are maximal step sequences generating all maximal scenarios
of the subnet induced by the cluster, one can say that the behaviour of the cluster is described
by its transactions.

Consider again the confused acyclic net in Figure 2(c). Figure 3 shows its two maximal
clusters, k1 = {b,d} and ko = {a, c}, together with their presets. We have k1 C k2 and ko I/
K1, and so the net is cluster-acyclic. Moreover, we have: maxtrans(x1, {p1}) = {{b}, {d}},

maxtrans(ka, {p2, p3}) = {{a}, {c}}, and maxtrans(ks, {p2}) = {{a}}.

3.1. Removing confusion from cluster-acyclic net (Approach A)

In this section, acnet = (P, T, F) is a fixed cluster-acyclic net.

The encoding of a cluster-acyclic net acnet into an confusion-free acyclic net is based on
negative places. For a place p € P, its negative image is denoted by p. Moreover, the original
transitions are replaced by transitions representing transactions associated with clusters. We
will proceed as follows:

« All places of acnet together with their markings are retained. In addition, for each place
p € P, an empty place D is created.
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Figure 3: (a) maximal clusters with their presets of the acyclic net in Figure 2(c), (b) encoding the
cluster-acyclic net of into a confusion-free acyclic net with negative place, where: t, = t,, (3}, (p:1>

td = tuy {d},{p1}> ta = iy, {a} {paops}s te = tra {c} {paps}s @NA T = by (a) (po}-

« All transitions of acnet are removed. Instead, for each cluster x with marking M C °x
and all its transactions ¢ in maxtrans(k, M) a new transition is created. Its preset are
the places in the preset of x and the negative versions of all places in (*x \ M). Its postset
are all the places in the postset of 8 and the negative versions of places caused by x which
are not caused by 6 (when such a place p is marked, one can be sure that the original
place p will never be marked).

+ Negative places which have no influence on the behaviour are removed.

The following definition provides full details of the encoding.

Definition 1 (encoding cluster-acyclic net). The confusion-free encoding of a cluster-acyclic
net acnet = (P, T, F') is an acyclic net confree(acnet) = (P',T', F') constructed in three steps.
First, we generate:

e PP=PUP.

e T" = {tx9.m | K € maxclusters(acnet) AN M C *k A 6 € maxtrans(k, M)}

e *t=MU(*<\ M) andt® = 6°* U caused(x \ 0) N P, foreveryt =t g € T".

After that we delete all placesp € P such that*p = & orp® = @. o

Crucially, for every reachable marking M, if p € M, then p ¢ M. Note that confree(acnet)
contains no negative images of initial nor final places of acnet. Moreover, if acnet is free-choice,
then confree(acnet) is isomorphic to acnet.

Figure 3(b) shows the result of our encoding for the confused cluster-acyclic net in Figure 2(c).
Despite the fact that there are two transitions based on cluster k2 and transaction § = {a},
their presets are different, as one of them is associated with marking {p>} and the other with
{p2, p3}. Note that the two copies of the original transition a, ¢, and ¢/, never occur in the same
step sequence, as p3 and p; cannot receive tokens in the same execution.

The behaviour of the constructed confusion-free acyclic net is closely linked to the original
one. At first, both ¢; and ¢, are enabled. If ¢; is executed, ¢, and t. become enabled. Executing ¢,
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on the other hand, produces tokens in places pg and Ps, which enables ¢/,. The only behaviour in
the original net that is not preserved is the possibility of executing a before d as this execution
leads to ambiguous analysis of system behaviour as a is executed before c is enabled. Thus, even
though a is initially enabled, its firing is delayed until the decision between b and d is taken.
Therefore, the construction steps include delay and additional causality for some transitions
similarly as in [14].

Figure 4 shows another example of our translation for a confused cluster-acyclic net. In this
case, there are three maximal clusters (k1 = {a, b}, k2 = {c¢,d}, and k3 = {z,y, z}).

Ps
K1 /‘O
o] K
P1 D4
o
k2 Ds
%’**Q—>
p2 D3
\p7 é

Figure 4: (a) acyclic net with two types of confusion and its encoding to confusion-free acyclic net (b),
where: to = ti, fa}.(p1}> B0 = tra (0} {0} Te = Tra.(e} fpabs b = Tra () p2)> Bz = L (.2} (o pa o)
ty = bes {y} Aps.paps ) Loz = tes {o2} {ps.pa.ps}s b2 = s {2} {ps.paps}-

The acyclic nets constructed above are confusion-free.
Proposition 4. confree(acnet) is a confusion-free acyclic net, for every cluster-acyclic net acnet.

The proposition below shows that the behaviour of the constructed confusion-free net is closely
linked to the original cluster-acyclic net. To show the this, for every set of transitions U of
confree(acnet), we denote Ty = ({0 | two5 € U}.

Proposition 5. Let acnet be a cluster-acyclic net.

1. For every ocnet € maxscenarios(acnet), there is a maximal step sequence Uy . .. Uy of the net
confree(acnet) such that Ty, ... Ty, is a maximal step sequence of ocnet.

2. IfUy ... Uy is a step sequence of confree(acnet), then Ty, ... Ty, is a step sequence of acnet.

Compared to the encoding in [14], we feel that the encoding in this paper is simpler because
of the following:

 The contact-free net resulting from the encoding uses the same net model as all acyclic
nets (i.e., persistent places and extended markings are not needed).
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« The number of negative places is smaller than in [14].
« There is no need to use dynamic nets as an intermediate step of the construction.

« We expect that our encoding will be much easier to comprehend and use by practitioners
with relatively limited formal methods skills.

Additionally, one of the limitations of [14] is that only the case of backward deterministic nets
has been addressed. In our work not reported here, we extended the encoding to the unfolding
semantics, where more general cases can be considered.

We do not expect the fact that our encoding works for a subclass of cluster-acyclic nets to be
limiting in practical applications. This is based on the examples modelling investigations we
evaluated, and also on the fact that in case of non-compliance it is always possible to require
an investigator to provide additional information to ‘repair’ the net, or using other source of
information, e.g., timing information associated with places and transitions.

3.2. Removing confusion from cluster-acyclic net (Approach B)

In this section the acyclic net acnet is restricted to the class of binary synchronisation acyclic
nets such that, for every transition t € T, |*¢| < 2.

Let acnet = (P, T, F) be a well-formed backward deterministic cluster-acyclic net and
k € clusters(acnet). A border of k is a minimal set of non-initial places § C ®k such that
(°*k)* \ k C B°. A transaction k is a maximal step 6 included in x. The sets of all borders and
transactions of  are denoted by borders(x) and trans(r), respectively.

Definition 2 (encoding binary synchronisation cluster-acyclic net). The confusion-free
encoding of a binary synchronisation cluster-acyclic net acnet = (P, T, F') is an acyclic net
confree’(acnet) = (P', T, F') constructed in three steps. First, we generate:

e PP=PUP.

e T ={t. 0 | k € clusters(acnet) A\ 6 € trans(k) A § € borders(x)}.

K1
propso P2 D (sub-)cluster borders(k) trans(x)
Rbede = {b7 de, C} a {{obd}7 {9b6}7 {060}}
rp = {0} s}y {{6p}}
0] rpe = {b, €} {{p2}} {0}, {0c}}

fbed = {b,e,d}  {{pa}}  {{0ba},{0c}}
Fed = {¢, d} {{pi}t {{0c},{0a}}
re = {c} {{pstt  {{0c}}
ra = {d} {{pr,pat} {{0a}}

Figure 5: A maximal cluster ke 4. of a binary synchronisation acyclic net, and the borders and maximal
transactions of kpeq. and its sub-clusters (all places are assumed to be non-initial).
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e *t="rkUpBandt* = 0* Ucaused(k \ 0) N P, foreveryt =t 95 € T".

After that we delete all places p € P such that *p = @ or p* = @. Finally, we replace each
remaining placep € P withp® = {t1,...,tx} by new placesp", ..., p"* satisfying *(p") = *p
and (p')® = {t;}, forevery1 <i < k. o

Figure 5 shows a maximal cluster xpeq4. Oof some binary synchronisation acyclic net acnet

P1 P3 P2 P4 P1 p3 b2 2
Hbedc E Tbd Tec The
Y D3 D2 P1 D3 P2
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Figure 6: All the clusters and their associated maximal transactions for the binary synchronised acyclic
net in Figure 5, where Tpg = 1., ,_ (1.4},0, tc.
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with symmetric confusion. It also shows its (sub-)clusters and the corresponding borders and
maximal transactions.

Figure 6 shows the clusters and their correspond encoded transitions derived from the maximal
transactions associated with each cluster. The maximal cluster is maxclusters(kpeqc) With its
maximal transactions maxtrans(kpede) = {{0pa}, {Obc}, {0cc}}- Since all the pre-places of k1
are included together with their output transitions, borders(x;) = &. All the sub-clusters with
their maximal transactions are shown in Figure 6. Note that borders(x;) = {p3} = borders(x.)
and 7}, 7, are not in conflict hence, in the encoding p3 will be split into p5 and pj.

4. Communication structured acyclic nets

Basic definitions. Communication structured acyclic nets add communication to represent
the interaction among several separated subsystems [10]. Each communication structured
acyclic net is a set of acyclic nets with synchronous or asynchronous communication between
their transitions implemented using extra nodes called buffer places (which provided a mo-
tivation for a/syn connections discussed, e.g., in [20]). When two transitions are subject to
synchronous communication, they are always executed together, but under asynchronous
communication they may be executed simultaneously or one of them after the other.
A communication structured acyclic net (or csa-net)is a tuple csan = (acnety, . . ., acnet,, Q, W)

(n > 1) such that:

* acnety, ..., acnet, are well-formed acyclic nets with disjoint sets of nodes. We denote:
Xesan = Xacnetl U---u Xacnetn, for X € {P, T, F, Pmlt}_

« Q is afinite set of buffer places disjoint from PesgnUT ¢sqn and W C (Q X Tesan)U(Tesan X Q)
is a set of arcs. We also denote Qcsan = Q, Wesan = W.

« For every q € Q, there is z € T such that zW g, and if tW q and gWu then ¢ and u belong
to different acnet;’s.

For all z € Prsan U Tesan U Qesan, We denote pre.,, (z) = {z | (2,2) € Fesan U Wesan} and
POst e () = {2 | (z,2) € Fesan U Wesan} (and similarly for sets of nodes).

The csan is backward deterministic (or BDCcsA-net) if the component acyclic nets are backward
deterministic and | pre,y,, (¢)| = 1, for every ¢ € Qcsan. Moreover, csan is a communication
structured occurrence net (or cso-net) if: (i) the component acyclic nets are occurrence nets; (ii)
| precge, (¢)] = 1and | post g, ()] < 1, for every ¢ € Qcsqn; and (iii) no place in P,y belongs to
a cycle in the graph of csan. A cso-net exhibits backward determinism and forward determinism
providing full and unambiguous information about the causal histories of all transitions it
involves. Figure 7(b) shows a cso-net.

A scenario of a csA-net csan is a cso-net cson = (ocnety, . .., ocnet,, ', W') such that: (i)
ocnet; € scenarios(acnet;), forevery 1 < i < n;(ii) Q" C @ and W’ C W; and (iii) pre,,, (t) =
pre,,, (t) and post,,, (t) = post ,, (t), for every t € Teson. Moreover, cson is maximal if there
is no scenario cson’ satisfying Teson C Tso- We denote this by ocnet € scenarios(csan) and
ocnet € maxscenarios(csan), respectively. Each scenario of a csa-net csan is identified by the
set of its transitions V, and denoted by scenariog, (V). Figure 7(b) shows a maximal scenario
for the csa-net in Figure 7(a).
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acnet2

p5

Figure 7: csa-net with initial marking (a), and cso-net with initial marking (b).

Step sequence semantics. Let csan be a csa-net.

« markings(csan) = {M | M C Pesgn U Qsan} are the markings and MMt = pinit jg the
default initial marking.

« steps(csan) = {U C Tysan | U # D AVt # u € U : pregg,, (t) N prey,, (u) = &} are
the steps.

« enabledgan(M) = {U € steps(csan) | pregg, (U) € M U (postye, (U) N Q)} are the
steps enabled at M, and a step U enabled at M can be executed yielding a new marking
M'" = (M Upost g, (U)) \ pPregse, (U). This is denoted by M[U)

csan

Let My, ..., My (k > 0) be markings and Uy, ..., Uy be steps of a csa-net csan such that
M;_1[U;)ogan M, for every 1 < i < k.

o = MoUi My ... My_1Ux My is a mixed step sequence from Mg to M ando = Uy ... Uy,
is a step sequence from My to Mj,.
We denote My (1)), M and My[o)
that My, is reachable from M.

My, respectively. Moreover, My[)..,, M} denotes

csan csan

o« If My = M 'then 1 € mixsseq(csan) is a mixed step sequence, o € sseq(csan) is a step
sequence, and My, is a reachable marking of csan. Also, if o cannot be extended further, it
is a maximal step sequence in maxsseq(csan).

In contrast to the step sequence of an acyclic net, where a step consists only of enabled transitions,
in a csa-net an enabled step U can involve a/synchronous communications. That is, it can
use not only the tokens of the places within acyclic nets, but also tokens in the buffer places
generated in the same step [3].

In Figure 7(a), transitions e and ¢ are communicating asynchronously, so they can be executed
together, or e then c (but not ¢ before ). On the other hand, d and f must be executed
simultaneously as they are involved in synchronous communication. Therefore, some possible
maximal step sequences are {a, e}b, a{b, e}, ec{d, f}, and {e, c}{d, f}.
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Well-formed csA-nets. A csa-net csan is well-formed if each transition occurs in at least
one step sequence and the following hold, for every step sequence U ... Uy € sseq(csan): (i)
POSt g (t) N POSt gy (1) = D, for every 1 < ¢ < k and all transitions ¢ # u € U;; and (ii)
POst egan (Us) N post, (Uj) = @, forall1 <i < j <k.

Intuitively, a well-formed csa-net does not have ‘useless’ transitions and no place is filled
more than once in any given step sequence. Each cso-net is well-formed, and a csa-net is
well-formed iff each transition occurs in at least one scenario, and each step sequence is a step
sequence of at least one scenario.

Each step sequence o of a well-formed csa-net csan induces a scenario scenariocg,(o) =
scenariogsgn(V'), where V' are the transitions occurring in o. Thus, different step sequences
may generate the same scenario, and conversely, each scenario is generated by at least one step
sequence. Moreover, two maximal step sequences generate the same scenario iff their executed
transitions are identical.

Syn-cycles. In the case of cso-nets each executed step can be unambiguously represented
as a disjoint union of sub-steps which cannot be further decomposed.

A syn-cycle of a cso-net cson is a maximal non-empty set of transitions S' C Ti,, such that,
forallt #u € S, (t,u) € W, The set of all syn-cycles is denoted by syncycles(cson). The
idea behind the notion of syn-cycles is to capture fully synchronous communications [10]. In
Figure 7(a), there is one non-singleton syn-cycle S = {d, f}.

The set of all syn-cycles syncycles(cson) is a partition of the transition set T¢p. As stated
below, each step occurring in step sequences of a cso-net can be partitioned into syn-cycles (in
a unique way).

Proposition 6. Let M be a reachable marking of a cso-net cson and M [U)_, M'. Then there

cson

are Uy, ..., Uy € syncycles(cson) such thatU = Uy & - - - W Uy, and MUy ... Ug)on M.

This means, for example, that all reachable markings of a cso-net can be generated by ex-
ecuting syn-cycles rather than all the potential steps. Moreover, the same holds for every
well-formed csa-net csan and the syn-cycles of its scenarios given by syncycles(csan) =
U{syncycles(cson) | cson € scenarios(csan)}.

Proposition 7. Let M be a reachable marking of a well-formed cso-net csan and M[U),,,, M'.
Then there are Uy, . .., Uy, € syncycles(csan) withU = Uy W - WUy and M[U; ... Uy),,, M'.

cson

Conflict in csa-net. Let csan be a well-formed csaA-net.

« Two syn-cycles S # S’ € syncycles(csan) are in direct forward conflict, denoted S#,S’,
if precsan (S) m precsan (S,) # Q'

« The conflict set of a syn-cycle S € syncycles(csan) enabled at a marking M of csan is
given as conflsetsqn (M, S) = {S}T U {5’ € enabledsan(M) | S#0S'}
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Figure 8: Probabilistic communication structured acyclic nets.

Calculating probabilities in csa-nets. We now extend the notion of calculating probabil-
ities in acyclic nets to well-formed csa-nets. In order to determine probabilities of alternate
scenarios, each syn-cycle S is assigned a positive numerical weight w(S). Below we assume that
w(S) =w(ty) + - + w(tx), where each w(t;) is the weight of transition ¢; as before. We then
define the probability of a syn-cycle S enabled at a reachable marking M as the weight of S
divided the weight of all the enabled S” € syncycles(csan) that are in conflict with S enabled
at M, and then calculate the probability of a step U composed of syn-cycles Si, . .., Sk:

Pcsan(M7 S) = w(S) Pcsan(M; Lﬂle Sz) = Hle Pcsan(M7 Sz) .

!’
S’ €conflsetesqn (M, S) W(S )

Then the probability of o = U1 PN Uk is Pcsan(a) = Pcsan(M07 Ul) et Pcsan(Mk—la Uk),
where Moy, ..., My_; are such that M;_1[U;).,,, M, for every 1 <i < k.

Figure 8 illustrates the notion of csa-nets with weights (the weights are shown inside
transitions in conflict). In Figure 8(a), there are two maximal scenarios of acnet; involving
either A or B, and also two scenarios for acnety involving either C' or D. Then csan has
four scenarios: cson; = scenariocgn({e, f, A, C}), csons = scenariogan({e, f, A, D}), csons =
scenariogsan({e, f, B,C}), and csony = scenariogan({e, f, B, D}). There are also five syn-
cycles: S1 = {e, f}, So = {A}, S3 = {B}, S4 = {C},and S; = {D}.

The probabilities of scenarios are calculated through their maximal step sequences. For
example, cson; has three: 01 = {e, f}AC, 02 = {e, f}CA, and 03 = {e, f}{A, C}. All with
the same probability 10/48, e.g., using o1 we get P ¢sqn(csony) = 1-(5/8)-(2/6) = 10/48. Also,
csong, csong, csony each has three different executions and their probabilities are equal as well. As
aresult, one can assign probabilities to the four scenarios. P csn(csons) = 1-(3/8)-(2/6) = 6/48,
P san(csons) =1-(5/8) - (4/6) = 20/48, and P 4n(csony) = 1-(3/8) - (4/6) = 12/48. Note
that P csan(csony) + P esan(csons) + Pesan(csons) + Pegan(csony) = 1.

Confusion in probabilistic csa-nets.  Consider the csa-net csan in Figure 8(b). The two
possible scenarios are cson; = scenariogsgn({A, D}) and csons = scenariogsg,({ B, C'}). Note
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that the latter scenario is executed in a single execution step due to a synchronous commu-
nication that forms the syn-cycle S; = {B, C}. In scenariogsan({ A4, D}) transitions belong
to separate syn-cycles as So = {A} and S5 = {D}, and it has three different maximal step
sequences: 01 = 5253, 09 = 5352, and 03 = (S3 U S3). If 01 is executed, then the probability
of S3 is 1 (D is in this case is a certain transition), and so we get P ,n(01) = (7/10) - 1 = 7/10.
However, if 03 is executed, then the resulting probability is (3/5) - 1 = 3/5. Hence, one cannot
assign probability to cson;. The behaviour of this net is similar to the acyclic net with symmetric
confusion in Figure 2(b). Here, A and D are independent transitions, but firing any of them has
influence on the conflict set of the other. For example, firing A decreases the conflict set of D,
which is why confusion arises.

A well-formed csa-net csan has a confusion at a reachable marking M if there are distinct
syn-cycles S1, S, S5 € syncycles(csan) such that Sy, S2, .51 W Sy € enabledsq,(M), and one
of the following holds:

. 51#053#052 and S3 € enabledcmn(M).
« S1#053 and S3 € enabledsan(M”) \ enabled san(M), where M[So),,, M'.

We then denote symconfused,,,,(M, S1, S2, S3) in the first (symmetric) case, and in the second
(asymmetric) case we denote asymconfused,,(M, S1, S2,S3). If csan has no confusion at all
the reachable markings, then it is confusion-free.

For the csa-net in Figure 8(b), we have symconfused,, (M, S1, S2, S3).

Proposition 8. Let csan be a well-formed csa-net and M be its reachable marking. If it is
the cae that symconfused,,,(M, S1, S2, S3) orasymconfused,,(M, S1, S2, S3), then we have
conflsetesgn (M, S1) # conflsetesan(M’, S1) and S1 € enabled sen(M'), where M[S2),,, M.

5. Removing confusion from csaA-nets

In this section, we assume that a well-formed csa-net csan has a confusion. To remove the
confusion from csan, it is encoded into a single acyclic net. If the result is an acyclic well-
formed net whose clusters are acyclic, the approaches proposed in Section 3.1 is applied. The
encoding of csan is based on expanding the underlying transitions involved in asynchronous
communications. Hence, buffer places are considered as regular places. For the transitions
communicate synchronously, they are always combined together as one synchronised transition.
The buffer places are removed for combined synchronised transitions. The transitions of csan
are removed. Instead, for each syn-cycle S of csan, a transition 7g is created (graphically, we put
the transitions of .S inside the box representing 7g). Its preset and postset are those of syn-cycle
S except those involved in synchronous communication. The encoding is done as follows:

« All the places of csan together with their markings are retained.
« Each buffer place becomes a regular place.

« For each syn-cycle S € syncycles(csan), transition 7g is created. Its presets are the
pre-places of S except the buffer places in pre,,, (5) N post ., (5). Its post-sets are the
post-places of S except the buffer places in pre ,, (S) N post g (5).
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Figure 9: Confused csa-net (a), its equivalent acyclic net (b), and its confusion-free acyclic net (c).

« The original buffer places with empty pre-sets are removed.

The following definition formally captures the details of the encoding. Let csan be a well-formed
csa-net. Then acyclicnet(csan) = (P, T, F) is constructed so that:

« P=PypnUQeanand T = {75 | S € syncycles(csan)},
* Preyenet (Ts) = Preggn () \ Qesan N Precgg, (S) N post e, (5), for every 7g € T', and

o POStyenet (TS) = POStgan (S) \ Qesan N Pre gy (S) N Post g, (S), for every 7¢ € T

After that, the original buffer places with empty pre-sets are removed and, if acyclicnet(csan) is
a well-formed acyclic net whose clusters are acyclic, we apply the construction from Section 2.

Figure 9(a) illustrates the notion of asymmetric confusion in a well-formed csa-net csan. The
csan is composed of two acyclic nets, acnet; and acnety, with asynchronous communication via
buffer place ¢;. There are four syn-cycles: S = {a}, So = {b}, S3 = {c}, and S4 = {d}. These
syn-cycles exhibit asymmetric confusion, as we have asymconfused,,, (51 U S4, S2, 53). The
acyclic net in Figure 9(b) is acyclicnet(csan). Its transitions are the transitions derived from
the syn-cycles in Figure 9(a). Each syn-cycle S = {z} is removed and instead transition 7, is
created. Note that despite the fact that there is an asynchronous communication between b and
¢, and so they might be executed simultaneously, they are encoded as singleton transitions and
the buffer place ¢; as a regular place. Note also that the behaviour of the constructed acyclic
net is closely linked to the original csa-net. First, scenariogenet(7a, 74) and scenariogenet(7, 74)
can be executed in any order. The only behaviour that is not preserved is the possibility of
executing {b, ¢} as the corresponding syn-cycles, So = {b} and S5 = {c}, are not explicitly
synchronised. Note that the transformed net in Figure 9(b) is cluster-acyclic.

The following result shows that the behaviour of the constructed acyclic net is equivalent to
the original csa-net. Below, for a set of transitions U of the former, Ty = (J{S | 75 € U}.

Proposition 9. Let csan be a well-formed csa-net, and acnet = acyclicnet(csan).

1. For every cson € maxscenarios(csan), there is a maximal step sequence Uy . ..Uy, of acnet
such that Ty, ... Ty, is a maximal step sequence of cson.
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Figure 10: csa-net (a), its encoding into acyclic net which is not cluster-acyclic (b), and another
encoding (c).

2. IfU; ... Uy is a step sequence of acnet, then Ty, ... 1Ty

. 1s a step sequence of csan.

The first stage of the approach of removing confusion in csan of Figure 9(a) was already
presented. We now present the second and third stages. Since the transformed acyclic net
is cluster-acyclic, the techniques of the confusion-free encoding in Section 3.1 can be ap-
plied. There are two maximal clusters in this case: k1 = {74, 7} and ko = {7, 74} with
k1 C ko. The associated maximal transactions are: maxtrans(xi,{p1}) = {{7a}, {7}},
maxtrans(ke, {p4,q1}) = {{7c}, {7a}}, and maxtrans(ks, {ps}) = {{74}}. The net in Fig-
ure 9(c) represents the third stage, which is carried out similarly to the first approach for the
net in Figure 3(b).

Asynchronous communication and csa-net acyclicity. Consider again the nets in Fig-
ure 9, for the cluster-acyclicity constraint hold. Therefore, it is possible to reuse the proposed
approach discussed in Section 3.1 after transforming csan into acyclicnet(csan). However, there
is an intuition that cluster-acyclicity constraint can be checked at the level of csa-nets. This
happens when asynchronous communications between the transitions of the component acyclic
nets are unidirectional, in the following sense.

The net in Figure 9(a) adheres this condition. However, if exists an a\synchronous com-
munication between (d,a) € Wiy, as it is portrayed in Figure 10(a), then the csan is not
cluster-acyclic. As a result, even if this net is transformed into an acyclic net, the approach
proposed previously is not applicable as it depicted in Figure 10(b). In order to solve this issue,
one can construct the equivalent acyclic net differently by combining all the transitions involve
in asynchronous communications into one synchronised transition. For example, the transitions
(b,¢) € Wesan and (d,a) € Wisen whose communications are asynchronous in Figure 10(a)
can be translated into one synchronised transition 75, and 74, respectively as the semantic of
asynchronous communication allows those transitions to be executed together. Figure 10(c)
shows the alternative encoding of csan in (a).

Proposition 10. Let csan = (acnety, . .., acnet,, Q, W) (n > 1) be a well-formed csa-net such
that each acnet; is cluster-acyclic and, for each 1 < i < jleqn, there are not € Tycner, and
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U € Tiener, Such that (t,u) € W2,,. Then acyclicnet(csan) is a cluster-acyclic.

6. Conclusion

This paper investigated two approaches of removing confusion in acyclic nets, one of which
is based on the work presented in [14]. Then the proposed solution was lifted to the level of
csA-nets. There are some issues regarding the approach of handling the confusion in csa-nets
as the acyclicity constraint may not be satisfied due to communication, and one may address
these issues by combining transitions involved in synchronous communication. In the future
work, we plan to extend the current work to behavioural structured occurrence nets [2], where
the dynamic behaviour of a concurrent system is represented at different levels of abstraction.
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