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Abstract

We introduce new semantics for acyclic probabilistic logic programs in terms of Pearl’s func-
tional causal models. Further, we show that our semantics is consistent with the classical
distribution semantics and CP-logic. This enables us to establish all query types of functional
causal models, namely probability calculus, predicting the effect of external interventions and
counterfactual reasoning, within probabilistic logic programming. Finally, we briefly discuss
the problems regarding knowledge representation and the structure learning task which result
from the different semantics and query types.

Keywords
Counterfactual Reasoning, Functional Causal Models, Causal Bayesian Networks, Causal Struc-
ture Discovery, Distribution Semantics, CP-Logic, Probabilistic Logic Programming

1. Introduction

Intuitively, an acyclic probabilistic logic program under Problog semantics defines
a distribution by solving a system of equations in terms of mutually independent
predefined Boolean random variables. This intuition however is currently not reflected
in the official distribution semantics of probabilistic logic programming. [1, §2.1] To
illustrate this issue we introduce a version of the sprinkler example from [2, §1.4]:

Consider a road, which passes along a field with a sprinkler in it. The sprinkler is
switched on, written sprinkler, by a weather sensor with probability my := 0.7 in
spring or summer, denoted by szn_spr_sum. Moreover, it rains, denoted by rain,
with probability 73 := 0.1 in spring or summer and with probability w4 := 0.6 in fall
or winter. If it rains or the sprinkler is on, the pavement of the road gets wet, denoted
by wet. And in the case where the pavement is wet we observe that the road is slippery,
denoted by slippery.

To model the situation above we generate mutually independent Boolean random
variables u1-u4 with w(ul) = 0.5 and with 7(ui) = m; forall 2 < 4 < 4. The described
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mechanism is then represented by the following system of equations:
szn_spr_sum := ul

sprinkler = szn_spr_sum N u2
rain := (szn_spr_sum A u3) V (mszn_spr_sum A ud)
wet := (rain V sprinkler)
slippery := wet (1)

Further, with the usual reading of (probabilistic) logic programs one would encode (1)
into the following LPAD-program P:

ul:0.5. u2:0.7. u3:0.1. u4:0.6.

szn_spr_sum :- ul.

sprinkler :- szn_spr_sum, u2.
rain :- szn_spr_sum, u3.

rain :- \+szn_spr_sum, u4.
wet :- rain.

wet :- sprinkler.

slippery :- wet.

However, neither the distribution semantics [1, §2.1] nor CP-logic [3] link the pro-
gram P to the system of equations (1). Note for instance that these semantics do not
introduce any random variables.

Similar to [4] the current paper uses the framework of Pearls functional causal models
[2, §1.4] to obtain a new semantics for probabilistic logic programs. As a consequence
of our new semantics we obtain an easy correspondence between probabilistic logic pro-
grams and causal Bayesian networks. Moreover, we are able to answer counterfactual
queries with the theory discussed in [2, 1.4.4]:

Let us for instance assume we observe that the sprinkler is on and that the road
is slippery. We would like to answer the query: "What is the probability of the road
being slippery if the sprinkler were off?". In order to do so we need to update the
distribution of the error terms ¢ in our program P according to the evidence sprinkler
and slippery in a first step. Note that our observation may introduce new dependencies!
Hence, we encode the joint distribution of the error terms u1 —u4 explicitly. To this aim
we introduce new meta error terms v1,v11,v01,...,v1111,...,v0001, where v01...1
encodes the event that un is true if we observe that 1 is false, u2 is true and so on,
i.e. we find

un :- \+ul,u2,...,v01...1.

Further, we update the probabilities of the meta error terms according to our observa-
tions. In particular, we recognize that it is spring or summer because the sprinkler is
observed to be on, i.e. we replace v1 : 0.5 by the fact v1. In a second step we erase the
clause with sprinkler in the head to assure that the sprinkler is off. Finally, we query
the modified program P’ for 7(slippery) to obtain 0.1 for the desired probability.

We are not aware of any other semantics for probabilistic logic programming, which
is able to answer counterfactual queries using Pearl’s theory of causality as we just did.



However, there also exists a notion of counterfactual query in CP-logic [5]. In a future
paper, we want to prove that these two approaches to counterfactual reasoning are
equivalent, which means that CP-logic indeed consistently generalizes Pearl’s theory
of causality. As the theory of causal structure discovery is written in the language of
causal Bayesian networks and causal models our results can also be seen as a first step
towards structure learning of probabilistic logic programs under their causal semantics.

Our presentation begins with recalling Pearl’s functional causal models and the
distribution semantics in Section 2. Further, in Section 3 we define our new semantics
and show that it generalizes the distribution semantics. Moreover, we prove that our
semantics yield a notion of intervention that is consistent with the one in CP-logic. In
Section 4 we discuss how counterfactual reasoning can be realized within probabilistic
logic programming. Finally, Section 6 closes this paper with a discussion of our results.

2. Preliminaries

Before we begin with the presentation of our results, we introduce Pearl’s functional
causal models, which are the target structures for our new semantics and we recall the
classical distribution semantics for probabilistic logic programming.

2.1. Pearl’s Functional Causal Models

Let us recall the definition of a functional causal model from [2, §1.4.1]:

Definition 1 (Causal Model). A functional causal model or causal model M on a
set of variables V is a system of equations, which consists of one equation of the form

X = fx(pa(X),error(X)) (2)

for each variable X € V. Here the parents pa(X) C V of X form a subset of the set of
variables V, the error term error(X) of X is a vector of random variables and fx is a
function defining X in terms of the parents pa(X ) and the error term error(X) of X.

Example 1. The system of equations (1) from Section 1 forms a causal model on the

set of variables V := {szn_spr_sum,rain, sprinkler, wet, slippery} if we define
, . 3
error(szn_spr_sum) := ul, error(sprinkler) := u2, error(rain) := 54

Next, we note that causal models do not only support queries about conditional and
unconditional probabilities. They come along with two other more general query types,
namely determining the effect of interventions and counterfactuals. To proceed we fix
a causal model M on a set of variables V.

Assume we are given a subset of variables X := { X1, ..., X} C V together with vec-
tor of possible values x := (z1, ..., zj) for the variables in X. In order to model the effect
of setting the variables in X to the values specified by x we simply replace the equations
for X; in M by X; := x; for all 1 <14 < k and calculate the desired probability. The
resulting probability distribution is then denoted by 7(_| do(X = x)).[2, §1.4.3]

Example 2. To predict the effect of switching the sprinkler on in the causal model (1) we
simply replace the equation for sprinkler by sprinkler := True.



Finally, let E C V and let X C V be two subsets of our set of variables V. Now
suppose we observe the evidence that E = e and we ask ourselves what would have
been happened if we had set X = x. Note that in general X = x and E = e contradict
each other. To answer this query we proceed in three steps: In the abduction step
we adjust the distribution of our error terms by replacing the distribution 7 (error(V))
with the conditional distribution 7(error(V')|E = e) for all variables V' € V. Next, in
the action step we intervene in the resulting model according to X = x. Finally, we are
able to compute the desired probabilities from the modified model in the prediction
step. [2, 1.4.4] For an illustration of the treatment of counterfactuals we refer to the
introduction.

2.2. Causal Models and Bayesian Networks

Next, we compare causal models with the widespread formalism of Bayesian networks.
Recall, that a Bayesian network consists of a directed acyclic graph G on the involved
random variables V and of the conditional probability distributions 7 (X | pa(X)) for
every X € V, where pa(X) denotes the set of parents of X in G. Further, a given
distribution on V can be stored in a Bayesian network on the graph G if the Markov
condition is satisfied, i.e. if each X € V is independent of its predecessors conditioned
on its parents pa(X). This motivates the following definition:

Definition 2 (Acyclic & Markovian Causal Models). For each causal model M on V
we define the causal diagram graph(M) to be the directed graph on V, which is given
by drawing an arrow X — Y ifand only if X € pa(Y'). Further, we call M an acyclic
causal model if its causal diagram graph(M) is a directed acyclic graph. Finally, an
acyclic causal model is said to be Markovian if the error terms error(X ) are mutually
independent forall X € V.

The next result from [2, §1.4.2] links Markovian causal models to the theory of
Bayesian networks:

Theorem 1. Each Markovian causal model induces a distribution, which can be repre-
sented by Bayesian network on the associated causal digram.

Example 3. For the causal diagram of the causal model in Example 1 we obtain the
following acyclic graph:

§zn_spr_sum

T

sprinkler

—
\ / 3)

wet

|

slippery

rain

As the error terms are mutually independent by construction we have a Markovian causal
model, i.e. the resulting distribution can be represented by Bayesian network on the graph
above.



Theorem 1 yields a way to determine effects of interventions from a Bayesian network
structure. Assume we are given a Markovian causal model M. We know that M gives
rise to a Bayesian network B on the causal diagram graph(M). As it turns out to
calculate the effect of setting X := { X1, ..., X3} to x := (21, ..., x) one can modify B
by changing the distributions 7 (X;| pa(X;)) to

1, X;,=ux
’ P= foralll < < k.
0, otherwise

m(Xi|pa(X;)) = {

The resulting structure is called a causal Bayesian network, i.e. a causal Bayesian
network is a Bayesian network that additionally supports queries about the effect of
external interventions. [2, §1.3]

To summarize we are left with the following hierarchy: Probability distributions
support the calculation of (conditional) probabilities. Causal Bayesian networks are
more general because they are also able to predict the effect of interventions. Finally,
causal models are the most general structure as they additionally provide the possibility
of counterfactual reasoning. We also would like to highlight that each of these structures
comes along with a corresponding learning problem if we want to derive a certain
model from observational data.

2.3. Probabilistic Logic Programming under the Distribution
Semantics

We proceed by recalling the classical semantics, the distribution semantics, of probabilis-
tic logic programming. As the semantics of non-ground probabilistic logic programs
is usually defined by grounding [6], we will focus on propositional probabilistic logic
programs. Further, note that this paper uses LPAD-notation.

2.3.1. Syntax of Probabilistic Logic Programs

Before we discuss the semantics of a probabilistic logic program, we need to introduce
it’s syntax. Here, we construct a (probabilistic) logic program from a propositional

alphabet ‘B:

Definition 3 (propositional alphabet). A propositional alphabet Q3 is a finite set of
propositions together with a subset €(*) C ‘B of external propositions. Further, we
define I(P) := P\ E(P) to be the set of internal propositions.

Example 4. To build the program P in Section 1 we need the alphabet 3 with internal
propositions I(P) := {szn_spr_sum, sprinkler, rain, wet, slippery} and with the
external propositions €(P) := {ul, u2,u3, ud}.

From propositional alphabets we built literals, clauses and random facts. Random
facts are used to specify the probabilities in our model. To proceed let us fix a proposi-
tional alphabet ‘.

Definition 4 (Literals and Clauses).
i) A literall is an expression p or —p for a proposition p € *B. We calll a positive
literal if it is of the form p and a negative literal if it is of the form —p.



ii) Aclause LC isan expression of the formh < by, ..., by, wherehead(LC) := h € J(°B)
is an internal proposition and where body(LC) := {b1,...,b,} is a finite set of
literals.

iii) Arandom fact RF is an expression of the formu(RF') : m1(RF'), whereu(RF') € €(*B)
is an external proposition and where T1(RF') € [0, 1] is a number called the prob-
ability of u(RF).

Example 5. In Example 4 we have that szn_spr_sum is a positive literal, whereas —szn_spr_sum
is a negative literal. Further, rain < —szn_spr_sum,u4 is a clause and u4 : 0.6 is a
random fact.

Next, we define logic programs and probabilistc logic programs as follows:

Definition 5 (Logic Programs and Probabilistic Logic Program).

i) A logic program P is a finite set of clauses. We call such a program P acyclic if
there exists a level function ) : 8 — N, which satisfies the following assertion
for each clause LC' € P: ¥ cpoay(rc) - A(head(LC)) > A(L). (Here we use the
convention \(—p) = \(p) for every proposition p € °B.)

ii) A probabilistic logic program P is given by a logic program LP (P) and set Facts(P),

which consists of an unique random fact for every external proposition. We call LP (P)
the underlying logic program of P. Further, we call P acyclic if LP(P) is an
acyclic logic program.
Finally, we define the dependency graph graph(P) of P to be the directed graph
on the set of internal propositions J(B), which is given by drawing an arrowp — ¢
if and only if there exists a clause LC' € LP(P) with head(LC') = ¢ and such
that {p, —p} N body(LC) # 0.

Notation 1. To reflect the closed world assumption we will omit random facts of the
formw : 0 in the set Facts(P).

Example 6. The program P from the introduction is an acyclic probabilistic logic pro-
gram. We obtain the corresponding underlying logic program LP(P) by erasing all ran-
dom facts of the form ui : _ from P. Further, the dependency graph graph(P) of P is

given by (3).
Finally, we define formulas as usual in propositional logic:

Definition 6. Let  C ‘P be a set of propositions. A Q-formula is inductively de-
fined by:

- Each proposition p € Q is a Q-formula.

- For each formula ¢ we have that —(¢) is a Q-formula.

- For any two formulas ¢ and 1) we have that (¢ A 1) is a Q-formula.
- For any two formulas ¢ and 1) we have that (¢ \V v) is a Q-formula.
For any two formulas ¢ and 1) we have that (¢ <> 1) is a Q-formula.



2.3.2. The Semantics of Propositions and Formulas

We will use Clark translation to define the semantics of acyclic logic programs, i.e. we
define the semantics of logic programs via the semantics of propositions and formulas.
To this aim we fix a set of propositions 2 C 3.

Definition 7. A Q-structure is a function M : Q — {True, False}, p — p™.
Next, we give a meaning to every Q-formula in the usual way:

Definition 8. For a Q-structure M the models relation = is defined inductively over
the structure of a Q-formula:

- For each proposition p € Q we write M = p if and only if p™ = True.

- For each formula ¢ we write M |= —(¢) if and only if not M |= ¢, i.e. if M [~ ¢.

- For any two formulas ¢ and 1) we write M = (¢ A 1) if and only if M |= ¢

and M = .

For any two formulas ¢ and 1) we write M = (¢ V ) if and only if M = ¢

or M = 1.

- For any two formulas ¢ and v we write M |= (¢ <> 1) if and only if either
M= ¢ and M |= 1 or M = ¢ and M~ 4.

Now we can give a semantics to acyclic logic programs.

2.3.3. The Semantics of Acyclic Logic Programs

As already mentioned we define the semantics of an acyclic logic program by using
Clark translation.

Definition 9 (Clark Translation). For each logic program P we define it’s Clark trans-
lation by

PFL = p \/ /\ l :p € I(P)
LCeP lebody (LC)
head(LC)=p

with the convention that an empty disjunction evaluates to False and that the empty
conjunction evaluates to True.

Example 7. One key observation is that the Clark translation of the underlying logic
program LP(P) of the probabilistic logic program P in Example 6 can be obtained from
the system of equations (1) by replaceing the ":="-sign by the " "-sign.

In the next proposition we formally justify, why it is permissible to exchange the
="-sign by the "<>"-sign.

",

Proposition 1. Let P be an acyclic logic program.

i) Foreach &(B)-structure £ there exists an unique‘B-structure M (&, P) such that M (&, P)
extends € and such that M(E, P) |= P°T.



ii) We have that M (&, P) is obtained from £ by solving the system of equations:

ES(P) =< p:= \/ /\ I :p€I(P)

LCeP lebody(LC)
head(LC)=p

Proof. Let P be an acyclic logic program. First, we observe that i) trivially follows
from ii) by the definition of =. Hence, all we need to show is that ES(P) posses an
unique solution for every &(B)-structure £.

Let £ be an E()-structure. As P is acyclic there exists a level function A : ¢ — N.
Let us proceed by induction over the number n of the values of .

n=1 In this case for every clause LC' € P we have that body(LC') = (). Hence, the
only B-structure M extending £ and satisfying ES(P) is given by

P P — {True, False}

e, e € &(P)
p+— § True, pe€J(P)andp=head(LC)fora LC €P.

False, otherwise

n>1 Denote by B™** the set of all propositions p with A(p) = maxp,eqp A(p). Further,
denote by P™** the set of all clauses LC' € P with head(LC') € B™#*. Finally,
set P/ := P\ P™* and set P’ := P \ P™**. Now by induction hypothesis
there exists an unique P’-structure M’ := M(E,P’) extending £ and satisfy-
ing ES(P’). To conclude we observe that by acyclicity the only 9-structure M
extending £ and satisfying ES(P) is given by

M P — {True, False}

M. ped
p+ < True, p=head(LC)and M’ = body(LC) fora LC' € P™* .

False, otherwise

O]

Remark 1. We take the assignment & — M (E, P) as the semantics of an acyclic logic
program P. Note that this is consistent with the standard minimal Herbrand-model se-
mantics. [7]

Corollary 1. Let P be an acyclic logic program. Each model of the Clarck transla-
tion M |= P°T is uniquely determined by it’s restriction M| (p) to the external propo-
sitions.

Proof. This is a direct consequence of Proposition 1. O

2.3.4. The Distribution Semantics of Acyclic Probabilistic Logic Programs

Finally, we are in the position to give the definition of the distribution semantics for
acyclic probabilistic logic programs:



Definition 10. Let P be a probabilistic logic program. An atomic choice is a sub-
set C C Facts(P) of the random facts of P. To each atomic choice C we associate the
E(B)-structure
E(C) :€(B) — {True, False}
= {True, if there exists a random fact of the forme : _in C
e

False, otherwise

and the probability
m(0) = [] =(®&F)- [] 0 -=(RF)).

RFeC RF¢C

The distribution semantics of an acyclic probabilistic logic program P is the distri-
bution W}i,m on the P-structures M, which is given by

©(C), if M = M(E(C),LP(P)) for an atomic choice C

0, otherwise

gt (M) = {
Finally, for every S3-formula ¢ we define the probability for ¢ to hold by

w(9):= Y  aM). 4)
M P—structure
M=¢

Remark 2. Remark 1 ensures that Definition 10 defines the distribution semantics as
in [1, 2.1.2].

3. The Functional Causal Models Semantics for
Probabilistic Logic Programs

Since we are now finished with our preparations, we proceed to the functional causal
models semantics we are heading for:

Definition 11. Let P be an acyclic probabilistic logic program. We define the functional
causal models semantics or FCM semantics of P to be the functional causal model
on the internal propositions J(*33), which is given by the system of equations

FCM(P) := { pf'™ .= \/ /\ FEMA L p e 3(P)
LCELP(P) \lebody(LC)
head(LC)=p

and mutually independent Boolean random variables u(RF)YM for every random fact
RF € Facts(P) that are distributed according to w [u(RF)*M] = 7(RF). Here we
again use the convention that an empty disjunction evaluates to F'alse and that an empty
conjunction evaluates to True.



Remark 3. By construction the dependency graph graph(P) of P yields the causal dia-
gram graph(FCM(P)) of the associated functional causal model.

Remark 4. The theory so far has been restricted to acyclic probabilistic logic programs,

since the Clark translation is known not to be correct for general acyclic logic programs [7].

However, potentially cyclic programs with stratified negation can also be accommodated

bycycle-breaking. This process replaces a propositional (or ground) logic program with an

equivalent acyclic logic program. There are different algorithms available for this task,

the current state-of-the-art being treewidth-aware cycle-breaking based on forward-

unfolding of the logic program [8].

Example 8. Asintended in the introduction the causal model (1) yields the FCM-semantics
of the program P.

Next, we check that the FCM-semantics indeed yields a well-defined distribution.

Proposition 2. Let P be an acyclic probabilistic logic program. The FCM-semantics
assigns to each predicate p € B an unique random variable p*“M.

Proof. Similar to Proposition 1. O

Our next aim is to verify that the FCM-semantics yield a consistent generalization of
the distributions semantics. For this purpose we introduce the following notation:

Notation 2. Let P be an acyclic probabilistic logic program. For each [3-structure M we
write

mp M(M) =7 [{p"M = M(p) :p € B} .
Note that ﬂ'IF,CM encodes the joint distribution of the random variables p* “™. Hence, the

distribution of the random variables p*“™ is uniquely determined by 75°M.

With Notation 2 at hand we now proceed to the proof of the desired consistency:

Theorem 2. For each acyclic probabilistic logic program P we have that WECM = miist,

Proof. We have to show that 75 “M (M) = 7ist (M) for every B-structure M. Denote
by & the restriction of M to the external alphabet &(3) and by C the unique atomic
choice with £ = £(C). Now observe that

7.‘.IF)‘CM (M) DEF - HpFCM — M(p) for allp c m}] Coroiary 1
=7 [{FM = M(e) e c eB)}] E 7 [{FM=E(e): e e €(P)}] 2T
= H m(RF) - H (1—7(RF)) DEF 7(C) = ﬂ.fd)ist(M).

RFeC RF¢C
O

Corollary 2. The FCM-sematics and the distribution sematics yield the same probability
for every proposition in 3.

Proof. This follows by marginalization and equation (4). d
Further, recall from 2.1 that functional causal models do not only provide a probability

distribution they also support two further query types, namely the prediction of the
effects of interventions and counterfactual reasoning,.



Predicting the Effect of External Interventions in FCM-semantics

Let P be a probabilistic logic program and let X1, X C J(3) be two subsets of internal
propositions. Assume we would like to calculate the effect of setting the variables
in XYM to True and the variables in X5 to False. According to the discussion
in 2.1 and Definition 11 the desired distribution can be calculated from a modified
program P/, which is obtained as follows:

1.) Replace every clause LC' € P with head(LC') € X; by the clause head(LC') <.
2.) Erase every clause LC' € P with head(LC) € X form P.

We observe that this is the same notion of intervention, which was introduced for
CP-logic in [3, §7.5] and which is implemented in cplint [9]. As CP-logic is consistent
with the distribution semantics Theorem 2 yields the following result:

Theorem 3. The FCM-semantics consistently generalizes the notion of intervention in
CP-logic. [

Next, we want to use probabilistic logic programming as a language for causal
Bayesian networks:

Definition 12. We call an acyclic probabilistic logic program P Markovian if we obtain
for every external proposition u € E(), which occurs in the body of a clause LC that

Vicserp(p) © (head(LCh) # head(LC2) = {u, —~u} Nbody(LCs) = 0).

Example 9. The program P in the introduction yields a Markovian probabilistic logic
program.

Theorem 4 (Probabilistic Logic Programs & Causal Bayesian Networks). A Markovian
probabilistic logic program P, equipped with the above notion of intervention, gives rise
to a Boolean causal Bayesian network CI3(P) on the dependency graph graph(P) of P.

Proof. This follows directly from Definition 11, Remark 3 and Theorem 1. O

Definition 13 (Bayesian networks semantics). In the situation of Theorem 4 we call
CB(_) the causal Bayesian network semantics for Markovian probabilistic logic pro-
grams.

Remark 5. As the causal Bayesian network semantics allows for the computation of the
effect of interventions it is a proper generalization of the distribution semantics.

Next, we see that the causal Bayesian network semantics yields a proper generaliza-
tion of the distribution semantics for probabilistic logic programs.

Example 10. Consider the Markovian probabilistic logic programs P1, respectively Py
below:

a :-b. b :-u. u :0.5.

b :- a. a :- u. u :0.5.



It is easy to observe that Py and Po determine the same distribution. However, intervening
according to a¥™ = True leaves b*M unchanged in Py, while b¥M becomes true
in Po. Hence, Py and Py are equivalent under the distribution semantics, whereas they
are not equivalent under the causal Bayesian network semantics.

Considering Example 10, we see that from the classical LPAD-syntax it is not clear,
which knowledge a probabilistic logic program actually states! Hence, one should be
careful when using probabilistic logic programs for causal inference. In particular this
observation has tremendous consequences for the structure learning theory of such
programs:

Assume we want to learn the probabilistic logic program P; from data. If we only
claim to learn P; under the distribution semantics, it is equally good to end up with P5.
However, if we are interested in the effect of interventions, we need to distinguish
between P; and Ps.

In the theory of Bayesian networks the task of learning a causal Bayesian network is
referred to as causal structure discovery. One of our future goals is to develop a causal
structure discovery algorithm for non-ground probabilistic logic programs.

4. Counterfactual Reasoning in Probabilistic Logic
Programming

Finally, we also want to establish counterfactual reasoning in probabilistic logic pro-
gramming. Assume that we are given an acyclic probabilistic logic program P. Addi-
tionally, let E C J(3) and X C J(B) be two subsets of internal propositions. Now
suppose we observe the evidence EF®M = e and we ask ourselves what would have
been happened if we set X*®™ = x. In particular it may be that EF°™ = e and
XFOM — x contradict each other!

Recalling the discussion in 2.1 and Definition 11 we proceed as follows: First, in
the abduction step, we build a modified program P/, where we need to adjust the
distribution of the external predicates 1u1"“M-un"®M according to our observations.
Note that in general given new evidence the random variables u1"“™M-unF™ are no
longer mutually independent! Hence, we encode the full joint distribution of the ui in
our program. To this aim we introduce 2" new meta external predicates va, which
we enumerate with sequences (aj) € {0,1}™ with m < n and am = 1. The sequence
(aj) encodes the event that um“M is true once we observe uj if aj = 1 and —wj if
aj = 0. From Theorem 4 we see that the distribution on the ui can be stored in the
following program Py:

vl : pl. %ul:pl random fact in P
v1ll : p2. v11l : p2. %u2:p2 random fact in P

vil...1 : pn. ... v0...01 : pn. %un : pn random fact in P
ul :- vi1.

u2 :- ul,vil. u2 :- \+ul,vOol1l.

un :- ul,u2,...,un-1,v11...1.

un :- \+ul,\+u2,...,\+un-1,v0...01.



Hence, the program Pj, that results by replacing the error terms of P with the program
Py yields the same distribution on the internal prdicates. Finally, we obtain the modified
P’ by replacing each random fact va : 7, in the program P, with the random fact
va : 7 (vale). We can then compute the desired probabilities by intervening according
to XFCM — x_ For a detailed example of the treatment of counterfactuals we refer the
reader to the introduction. Note that there is also a notion of counterfactual reasoning
in CP-logic [5]. We verify in a future paper that these to approaches to counterfactual
reasoning in probabilistic logic programming lead to the same result.

Further, like the causal Bayesian network semantics generalizes the distribution
semantics, we also find that the FCM-semantics properly generalizes the causal Bayesian
network semantics.

Example 11. Consider the probabilistic logic programs Py, respectively Po below:

ul:0.5. u2:0.5. u3:0.4.

treatment :- ul.
recovery :- uZ.
recovery :- treatment, u3.

ul:0.5. u2:0.5. u3:0.7.

treatment :- ul.
recovery :- \+treatment, u2.
recovery :- treatment, u3.

According to Theorem 4 both programs give rise to a causal Bayesian network on the
graph treatment — recovery.

Observe that in Py, there is a baseline chance of 0.5 for recovering from an illness,
and treatment gives an additional chance of 0.4 that a patient recovers from treatment
that would not otherwise have recovered. Therefore, the probability of recovery under
treatment is 0.7.

In Py, the recovery rates with and without treatment have been modelled separately,
with a 0.7 recovery rate under treatment and a 0.5 rate without it.

Therefore the programs Py /5 yield the same probabilities for m(treatment),

7 (recovery|treatment) and(recovery|—treatment). Thus they share the same causal
Bayesian network semantics and therefore the same distribution semantics.

Next, let us assume we observe that treatment is false and that recovery is true. Let ()
be the query: “What is the probability of recovery if treatment was true?” In both pro-
grams Py 5 our observations imply that u2 is true. Hence, Py answers the query Q with 1.
For P, we obtain that P, is equivalent to the following program:

v1:0.5. vil : 0.7. v01:0.7.

ul :- vi. u2. u3 :- ul,viil. u3:-\+ul,v01.
treatment :- ul.

recovery :- \+treatment, uZ2.

recovery :- treatment, u3.

This means that Py answers () with a probability of 0.7.
Note that when modelling under the distribution semantics, one would often be tempted
to prefer Pa, since separating the possible situations makes it easier to see the probabilities



of recovery of each reference class at first glance. However, when using the resulting
program for counterfactual reasoning, the FCM-semantics of Py implies that recovery
with and without treatment are completely independent. In particular, we obtain for every
patient that recovered untreated a 0.3 probability that he would not have recovered if he
had indeed received the treatment. This would be an extraordinary claim, and usually the
interpretation encoded by P, namely that treatment enhances any individual’s chance
of recovery, would be closer to the intended meaning.

5. Syntactic Sugar and Non-Ground Probabilistic Logic
Programs

In probabilistic logic programming under Problog semantics, a special case of the
distribution semantics [1, §2.1.2], one introduces the following syntactic sugar:

Definition 14 (Problog Program). A Problog clause RC is an expression of the form
h:m < b1, ..., by forapropositionhead(RC') := h, areal numbern(RC) := 7 € [0, 1]
and literals body(RC') := {b1, ..., b, }. Further, a Problog program P is a finite set of
Problog clauses.

For each Problog clause RC' € P we add a distinct external literal u( RC') to our alpha-
bet. In this case the FCM-semantics of P is given by the FCM-semantics of the program
PLP(P), which is given by

LP(PLP(P)) := {head(RC) + body(RC) Uu(RC) : RC € P}

Facts(PLP(P)) := {u(RC) : #(RC) : RC € P}.
Finally, we call P acyclic is PLP(P) is an acyclic probabilistic logic program.

Remark 6. An acyclic Problog program is automatically Markovian, i.e. it posses a well-
defined causal Bayesian network semantics.

Example 12. The causal model in Example 1 can be defined using the following Problog
program:

szn_spr_sum:0.5.
sprinkler:0.7 :- szn_spr_sum.
rain:0.1 :- szn_spr_sum.
rain:0.6 :- \+szn_spr_sum.
wet:1 :- rain.

wet:1 :- sprinkler.
slippery :1 :- wet.

Finally, non-ground probabilistic logic programs can be considered as Problog pro-
grams built over relational alphabets. Instantiating such a non-ground program with a
given domain then yields a propositional program to which the results of this paper can
be applied. Hence, the FCM-semantics for probabilistic logic programs and all results
of this paper easily generalize to the non-ground case. In particular by Remark 6 all
non-ground programs constructed in this way possess a well-defined causal Bayesian
network semantics.



6. Conclusion

In this paper we present an interpretation of acyclic probabilistic logic programs in terms
of Pearl’s functional causal models. As a consequence we are able to establish the three
query types of functional causal models, namely probability calculus, prediction of the
effect of interventions and counterfactual reasoning in the framework of probabilistic
logic programming,.

Moreover, we see that each of these query types comes with its own semantics and
that it is not clear from the syntax which knowledge a given probabilistic logic program
actually states. Hence, one should be careful when using a probabilistic logic program
for causal queries.

Finally, we highlight that each of those semantics yields a new structure learning task.
This brings the subject of causal structure discovery to the realm of probabilistic logic
programming. In the future we aim to develop causal structure discovery algorithms
for learning non-ground probabilistic logic programs under causal Bayesian network
and FCM-semantics.
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