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Abstract

In this article, our main objective is to address the issue of diversity in abductive explanations for decision
trees by studying the impact of different weight functions on preferred abductive explanations. We
acknowledge that users may have specific preferences regarding the explanations they prefer to receive.
Therefore, we propose several criteria to obtain high-quality subsets of abductive explanations that take
into account these preferences. These criteria are defined by the users themselves by assigning weights to
different preference criteria. To evaluate the impact of these preference criteria on abductive explanations
and the relationships between the obtained subsets, we propose an approach based on SAT encoding.
This allows us to enumerate more easily the different subsets of abductive explanations that meet the
user-defined preference criteria. Additionally, we use measures based on the distance between two sets
of explanations to assess the correlation between user preferences and the extent to which result sets
differ from each other for different preferences. In summary, this study represents the first step towards
providing a framework for selecting abductive explanations that cater to users’ preferences in a diverse
and high-quality manner. We aim to instill the necessary confidence in users to utilize these explanations
in their decision-making process by offering explanations tailored to their individual preferences.
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1. Introduction

Explaining Machine Learning (ML) models is an important challenge that has been a subject of
study of Al in recent years (see, for example, [1, 2, 3, 4]. In this article, we focus on abductive
explanations for binary decision tree models [5]. Abductive explanations aim to clarify why a
classifier classifies an instance as positive or negative. In contrast, contrastive explanations aim
to explain why the instance was not classified as expected (thus addressing the question "why
not the other classification?"). Several types of abductive explanations exist depending on the
used classifier. These include the direct reason [6], the prime implicant [7], also known as the
sufficient reason [8]. The quality of an explanation relies not only on the reason itself but often
depends on the person being explained to and the domain involved.

In this article, we focus on the diversity of abductive explanations, a crucial aspect when it
comes to user-guided explanations. When a user requests an explanation for the classification of
an example by a machine learning model, they may have specific preferences regarding the form
or content of that explanation. For instance, some users prefer concise and succinct explanations,
while others prioritize more detailed and comprehensive explanations. Our study primarily
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centers on preferred abductive reasons, which are considered the most anticipated explanations
by users. We have chosen to investigate the diversity of preferred explanations within the context
of decision trees, which are widely used machine learning models. Diversity, in this context,
can be perceived as a mean to account for different priorities among users. In other words, the
objective of this study is to consider user preferences, specially when they vary from one another.

We first propose a SAT encoding based on the encoding proposed by Jabbour et al. [9] to
enumerate the preferred sufficient reasons. Several weight functions based on XAI methods
known in the literature have been considered to calculate the preferred reasons based on the
weights provided by these functions. These weight functions allow us to calculate the preferred
sufficient reasons for a given method (or a given user) using a gradual preference model expressed
by weights. Finally, we evaluate the impact of different weight functions on the preferred sufficient
reasons for a given decision tree, by first counting their number and then calculating the distance
between two sets of preferred explanations. This measure allows us to quantify the gap between
two subsets of explanations and thus measure the impact of user preference diversity on the
produced explanations.

2. Decision Trees and Abductive Explanations

2.1. Preliminaries

For an integer n, let [n| be the set {1,...,n}. We denote F,, as the class of all Boolean
functions from {0, 1}" to {0, 1}, and we use X,, = {z1,...,z,} to represent the set of Boolean
input variables. Any assignment z € {0, 1}" is called an instance. If f(z) = 1 for f € F,,
then x is called a model of f. x is a positive instanceif f(x) = 1, and a negative instanceif f(z) = 0.

We refer to f as a propositional formula when it is described using the Boolean connectors
A (conjunction), V (disjunction), — (negation), as well as the Boolean constants 1 (true) and
0 (false). Other connectors, such as implication —, may also be considered. As usual, a
literal ¢ is a variable x; (a positive literal) or its negation —x;, also denoted Z; (a negative
literal). z; and T; are complementary literals. A positive literal z; is associated with a posi-
tive feature (i.e., z; is assigned to 1), while a negative literal 7; is associated with a negative feature.

A termt is a conjunction of literals, and a clause c is a disjunction of literals. Lit(f) denotes
the set of all literals in f. A DNF (Disjunctive Normal Form) formula is a disjunction of terms,
and a CNF (Conjunctive Normal Form) formula is a conjunction of clauses. The set of variables
appearing in a formula f is denoted by Var(f). A formula f is consistent if and only if it has a
model. A CNF formula is monotone when each literal of a given variable in the formula has the
same polarity (i.e., each time a literal appears in the formula, the complementary literal does not
appear in the formula). A formula f; implies a formula fs, denoted f |= fo, if and only if every
model of fi is a model of fo. Two formulas f; and f5 are equivalent, denoted f; = fs, if and
only if they have the same models. Given an assignment z € {0, 1}", the corresponding term is

defined as:
n
t, = /\x? ouz) =T etal =y
i=1
A term t covers an assignment z if t C t,. An implicant of a Boolean function f is a term that

implies f. A prime implicant of f is an implicant ¢ of f such that no proper subset of ¢ is an
implicant of f. Conversely, an implicant of a Boolean function f is a clause that is implied by f,
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Figure 1: A decision tree T for classifies the allocation of a bank loan.

and a prime implicant of f is an implicant c of f such that no proper subset of ¢ is an implicant of
I

Definition 1 (Boolean decision tree). A Boolean decision tree over X,, is a binary decision tree,
where each internal node is labeled with one of the n Boolean input variables, and each leaf is labeled
with either 0 or 1. Each variable appears at most once along any path from the root to a leaf. The
value T'(x) € {0, 1} of T for the input instance x is determined by the label of the leaf reached from
the root as follows: at each node, we follow the left or right child depending on whether the input
value of the corresponding variable is 0 or 1. The size of T (denoted |T'|) is the number of nodes.

The class of decision trees over X,, is denoted DT,,. It is well-known that any tree 7' € DT,
can be transformed into an equivalent disjunction of terms in linear time, denoted DNF(7'),
where each term corresponds to a path from the root to a leaf labeled 1. Similarly, 7" can be
transformed in linear time into a conjunction of clauses, denoted CNF(7") [10], where each clause
is the negation of a term corresponding to a path from the root to a leaf labeled 0.

The tree shown in Figure 1 will be used as an running example in the rest of the paper.

Example 1. The decision tree in Figure 1 classifies bank loans using the following attributes: x1:
"does not have a permanent contract", xo: "is over 50 years old", x3: "has annual income below 35K"
and x4: "has not repaid a previous loan".

2.2. Abductive explanations

We consider the concept of abductive explanation. Formally, for f € F,, and x € {0,1}", an
abductive explanation (reasons) of x given f is an implicant ¢ of f (or of —f in the case where
f(x) = 0) that covers x. There always exists an abductive explanation ¢ of x given f because
t = tx is such a trivial explanation. Therefore, in the remainder of this section, we will focus on
more concise forms of abductive explanation.

Direct reasons [10, 6] are abductive explanations specific to decision trees and random forests
(see [11]). Other abductive explanations exist that are not specific to a particular classifier, such
as sufficient reasons [8]. In the following, we will define sufficient reasons.

Definition 2 (Sufficient reason). Let f € F,, andx € {0,1}" such that f(x) = 1 (resp. f(x) = 0).
A sufficient reason for x given f is a prime implicant t of f (resp. —f) that covers x. sr(x, f)
denotes the set of all sufficient reasons for x given f.

A sufficient reason [8] (or PI-explanation [7]) for an instance x given a Boolean function f is
a subset ¢ of x that is minimal with respect to set inclusion, and such that any instance x’ that
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shares the set t is classified by f as x. Thus, when t covers x, when f(x) = 1, t is a sufficient
reason for x given f if and only if ¢ is a prime implicant of f, and when f(x) = 0, ¢ is a sufficient
reason for « given f if and only if ¢ is a prime implicant of — f. Sufficient reasons do not contain
any redundant attributes. We refer to a minimal-size sufficient reason for x given f as a sufficient
reason for x given f that contains the minimum number of literals.

Example 2. Going back to Example 1, we can observe that T'(x) = 0 (Bank loan rejected.) for
the instance x = (1,1,1,1). The direct reason for x is t?; =21 ANxag AT3 ATy, T1 N\ X2 N\ X4,
21 N x3 A x4 and x9 N\ x3 A x4 are the sufficient reasons for x given T'. They are also the only
minimal-size sufficient reasons for x given'T'.

3. Computing All Abductives Explanations

The number of sufficient reasons in an instance may be exponential [10]. In the following,
we remind that even for the restricted class of decision trees with logarithmic depth, an instance
a can have an exponential number of sufficient reasons. By definition, the number of minimal
sufficient reasons for  cannot be greater than the number of its sufficient reasons. However,
restricting ourselves to minimal sufficient reasons does not guarantee a significant reduction to
their number [12, 10] because an instance can have an exponential number of minimal sufficient
reasons. We shall recall a proposition that confirms the exponential nature of the number of
minimal sufficient reasons which was proposed by Audemard et al. [10].

Proposition 1. For anyn € N such that n is odd, there exists a decision tree I' € DT,, with depth

”T‘H, containing 2n + 1 nodes, and an instance x € {0, 1}" such that the number of minimum-size

sufficient reasons for x given T is equal to 2V" 1,

3.1. Compute all minimum-size sufficient reasons.

In order to synthesize the set of sufficient reasons, we first focus on the minimum-size sufficient
reasons. Although the set of minimum-size sufficient reasons for an instance given a decision
tree can be exponential, this number cannot exceed the total number of sufficient reasons, and
in practice, it can be significantly smaller. However, unlike sufficient reasons, which can be
generated in polynomial time [10, 12], computing the minimum-size reasons is not an easy task.

Proposition 2. Let T € DT,, and x € {0, 1}". Computing a minimum-size sufficient reason for x
given T" is NP-hard.

Despite this result of intractability in the general case, computing a set of minimum-size
sufficient reasons is possible in many practical cases. For this purpose, we rely on recent
advancements in combinatorial optimization related to SAT.

First, let us recall that the PARTIAL MAXSAT problem consists of a pair (Csoft, Charq ), Where
Csoft and Chaq are (finite) sets of clauses. The objective is to determine, if it exists, an assignment
of variables that maximizes the number of satisfied clauses from Cig, while satisfying all clauses
from Clarq. We can utilize a PARTIAL MAXSAT solver to compute minimal-size sufficient reasons:

Proposition 3. Let T decision trees in DT,, and x € {0,1}" an instance such that T'(x) = 1. Let
(Csoft, Chard) instance of PARTIAL MAXSAT problem such that :

Cooft = {TZ tx; € tm} U {xz 1T € tm}

and
Chard = {¢ Nty : c € CNF(T')}.
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The intersection of t with tg~, where x* is an optimal solution for (Chard, Csoft), is @ minimal-size
sufficient reason for x givenT.

A PARTIAL MAXSAT solver can also be used to compute a predefined number of minimal-size
sufficient reasons. The process involves generating an initial reason ¢, adding the negation of ¢ (—t)
to Chard, and including a cardinality constraint to ensure that the subsequent computed reasons
have the same size as t. This process is repeated until the desired number of reasons is reached
or no solution exists. Calculating a single explanation is often insufficient to fully understand
the behavior of a classifier. On the other hand, providing millions of explanations would not be
practical for the user. Reasons can vary greatly from one another, and the quality of a reason also
depends on the person to whom it is explained. The authors of the article [13] propose leveraging
user preferences to select the most relevant reasons and thus reduce their number. This restricted
set of explanations has two advantages: it aligns as closely as possible with the user’s preferences
and can drastically reduce the overall number of explanations. However, it is important to note
that even two experts on the same field may have different preferences. In our work, we focus
on the impact of different weighting functions on the set of preferred sufficient reasons given a
decision tree 7', in order to better understand the diversity of abductive explanations.

4. Preferred abductive explanations

One rational way to address this question is to focus on a subset of explanations, referred to
as the preferred ones [13]. Defining what makes an explanation "preferred" or "good enough”
is challenging in general, and there is no consensus on this matter, as seen in [14]. Preferred
explanations can be either the complete set of abductive explanations [15] or subsets thereof,
particularly those containing only sufficient reasons. Although the notion of preferred reasons
makes sense for any Boolean classifier, our results are specific to decision trees since they concern
sufficient reasons. The authors of the paper [13] have defined several preference models, and in
the following, we focus on one of them: Maximum-Weight Explanations.

4.1. Maximum-Weight Explanations

A model of preference relation on a combinatorial domain is by using a utility function (or cost
function). In our context, this involves assigning a utility value (weight) to each feature. This
approach leads to a total preorder on explanations, where the best explanations are those with
the highest weight.

The idea behind a utility function is to measure the importance of each feature in the
explanation. For example, one can assign a weight to each feature corresponding to its
usefulness or relevance to the considered problem. The larger the utility value of a feature,
the more important it is in the explanation. By associating a utility value with each fea-
ture, one can calculate an overall utility value for each explanation by summing the utility
values of its features. This allows ranking explanations based on their utility value and
determining the best explanations, those with the highest utility value. The advantage of
this approach is that it allows for more complex preferences to be taken into account than
simply ranking features in order of importance. Indeed, each user may have different pref-
erences, and a personalized utility function allows for these preferences to be modeled more finely.

In the general case, computing a maximum-weight sufficient reason is NP-hard in the broad
sense. This follows from the fact that a minimum-size sufficient reason ¢ for a given instance of a
decision tree is a minima-weight preferred reason ¢ for a given instance and decision tree with
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a weight mapping w; such that for each i € [n], wi(x;) = 1. Computing a maximum-weight
sufficient reason ¢ for a given instance of a decision tree is NP-hard [11, 16]. Nevertheless, the
approach presented in [12] can be generalized to compute minimum-size sufficient reasons for the
case of maximum-weight sufficient reasons. This amounts to solving an instance of the WEIGHTED
PArTIAL MAXSAT problem.

Definition 3. LetT' € DT,,. Let w : X,, — N* a weight vector associated with each feature. A
maximum-weight reason for x given T' et w is a term t for x and T’ that maximize ¥yc vy 1w ().

Proposition 4. Let T' € DT,, and an instance x € {0,1}" suche that T'(x) = 1. Letw : X,, — N*
weights application. Maximum-weight sufficient reason for x given T' et w is given by tg M tyx,
where v* is the solution of (Csott, Chard) 0f WEIGHTED PARTIAL MAXSAT problem such that :

Coott = {(xl,w(xz)) X € tw} U {(@,w(mz)) 1T € tw}
Chard = {(c[], 50) : ¢ € CNF,(T)}

where : Cyayq : is the CNF encoding proposed by [9] of the CNF encoding of decision tree T’

In the following, we will refer to "maximum-weight sufficient reason" as the explanation with
the highest weight and "preferred sufficient reason" as the explanation preferred.

Remark. We would like to clarify that the encoding proposed in this article (Proposition 3) is
different from the one proposed by the authors in [13], even though both are based on MaxSAT.
The aim of the encoding in [13] is to minimize the sum of weights to obtain preferred reasons,
while our approach aims to maximize it. Another major difference is the exploitation of the
encoding by [9] to preferred sufficient reasons for the decision tree. This encoding allows for
easier enumeration of preferred sufficient reasons for decision tree.

Example 3. Let’s consider the example of a banker 1 using a decision tree to decide whether to
approve or reject a loan for a client. Suppose the decision tree is represented by Example 1, and
the banker wants to understand why a particular instance, x = (1,1,1,1), was classified as a
rejection (T'(x) = 0). In this case, there are multiple sufficient reasons to explain this classification.
These reasons are all combinations of attributes that, if true, result in a negative classification. For
x = (1,1,1,1), the sufficient reasons are: x1 A 3 A x4, 1 A 3 A x4, and x2 N\ x3 A 4. However,
the banker prefers an explanation without the attribute o because it is a non-actionable attribute,
meaning the client cannot change it. In this case, we can use a weight function for each attribute
to find the best explanation. In this example, we use the weight function wi; = (5, 1,8,4), which
assigns higher weights to attributes considered more important for the decision. Using this weight
function, the solver returns that the best explanation of maximum-weight is x1 A x3 A x4, which
does not include the non-actionable attribute x.

5. Weight Functions and Distance Between Two Finite Subsets of
Explanations

The main idea of this section is to address the variations in user preference aggregation modalities
regarding preferred abductive reasons. It is acknowledged that even two experts in the same
domain can have different preferences. However, in the absence of a real-world application with
actual user preferences, the study focuses on exploring different weight measures, both local
and global. The weight functions used in this study are based on different approaches such as
Shapley values, Banzhaf values, LIME, Anchors, Explanatory, as well as Wordfreq and Feature
importance. These weight functions allow quantifying the relative importance of different features
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or attributes in explaining the results of the classification model. By using these weight measures,
it is possible to take into account user preferences when aggregating abductive explanations,
assigning different weights to features based on their perceived importance.

5.1. Weight Functions

Global Weight Measures: Global weight measures focus on the contribution of features by
considering all predictions of all instances. We will present some of the global weight measures
used in the literature to aggregate user preferences regarding preferred sufficient reasons.

« Wordfreq : Zipf’s law states that the frequency f of a word in a corpus is inversely
proportional to its rank 7, i.e., f x % This law is often used to model the distribution
of word frequencies in a linguistic corpus. The Zipf frequency f of a word is given by:
f =logyg (%), where N is the total number of words in the corpus and r is the rank of
the word, i.e., its position in the ranking of most frequent words. '

 Features importance : The "Mean Decrease Impurity" (MDI) method is used to evaluate
the importance of attributes in a classification task by measuring the average decrease in
impurity (e.g., entropy or Gini index) in the decision tree when the attribute is used to
divide the data into subgroups. The importance of an attribute is then evaluated by taking
the average and standard deviation of this decrease in impurity over all divisions of the
tree that use that attribute [17].

Local Weight Measures: Local measures focus on the contribution of features to a specific
prediction, individual predicted instance. We now present some local weight measures:

+ Local Surrogate Models (LIME): LIME allows for the explanation of individual predictions
made by non-interpretable machine learning models. This technique was proposed and
implemented by Ribeiro et al. in 2016 [1]. LIME focuses on constructing local surrogate
models to explain individual predictions. The idea is to train an interpretable surrogate
model on a new dataset composed of locally perturbed samples.

« SHAP (SHapley Additive exPlanations): The Shapley value is based on cooperative
game theory. The goal of SHAP is to explain the prediction of an observation by calculating
the contribution of each variable to that prediction. We used the method proposed by [3].

« Anchors: Anchors [2] is an interpretability technique that aims to find sets of rules that
best summarize the behavior of the model under study. The objective is to identify the
largest possible local regions where predictions are as consistent as possible.

« Explanatory: It involves calculating the number of models for each variable z; given the
instance x and a decision tree T" using D4 [18].

Example 4. Two other bankers have different preferences for explanations compared to the banker
in Example 2. The second banker believes that if the client has not repaid a previous loan, they will
never be able to repay a new loan, so they prefer an explanation with attribute x4. These preferences
are expressed with wy = (1,1,1,10). On the other hand, a third banker thinks that if the client has
an annual income below 35K and is over 50 years old, it is preferable not to grant them a loan due
to their low salary relative to their age, so they prefer an explanation with xo A 4.

« Forwy = (1,1, 1,10), the reasons x1 A xo A x4, x1 A x3 A x4, and o N\ x3 \ 24 are preffered
sufficient reasons based on the preferences of the second banker.

You can find more information at https://pypi.org/project/wordfreq/.
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+ The two reasons and are two preffered sufficient reasons based based
on the preferences of the third banker.

Example 4 demonstrates that subsets of preferred reasons can be very different from each other.
For instance x, the two subsets of preferred reasons based on the preferences of bankers 1 and 3
do not share any common reasons.

Monotone Transformation. We know that the operation of SAT solvers requires integer
and positive weights, while the values of SHAP, LIME, etc., are not necessarily positive or
integer initially. In order to satisfy this constraint for SAT solvers and still maintain the same
preference order based on SHAP, LIME, etc., values, we will perform a monotonically increasing
transformation on the values of different weight functions. The Explanatory method does not
require a monotone transformation as the number of models for each literal is already a positive
and integer value. Given a weight vector w € R", the monotone transformation is given by the
following formula: w <— w — min;c|,w(x;) + 1. Then, we multiply w by 10%, where k is the
maximum number of decimal places. This transformation allows us to convert all the weights
into positive integers.

Example 5 (monotone transformation). Let T' € DT,, be a decision tree and x € X4 be an
instance, and let SHAP(x,T') = (0.5, —0.2,0.3, —0.1) be the Shapley values for the instance x given
T. Then, a monotone increasing transformation gives w(x) = (8,1, 6, 2).

5.2. Distance Between Two Finite Sets of Explanations

When it comes to evaluating the impact of user preferences on preferred abductive explanations,
several evaluation criteria can be considered. One of these criteria is a distance measure based on
the symmetric difference between two explanations. This distance measure allows quantifying
the proximity between two explanations. The symmetric difference between two explanations
involves considering the literals that are present in one explanation but not in the other, that is,
the literals that are specific to each explanation. By comparing the cardinality of this symmetric
difference, we can assess the degree of similarity or difference between these two explanations.
Additionally, we will consider the distance between two finite subsets of explanations as the
minimum distance between the explanations within these two subsets.

The idea behind this distance measure is to provide an estimation of the proximity between
sets of explanations, allowing us to understand how these sets come closer to or move away from
each other. This can be useful for evaluating the similarities or divergences in user preferences
regarding abductive explanations.

Definition 4. The distance between two finite subsets of explanations S and So is defined as

Sa(S1,52) = meérlliyneSQ\Dsr(x,y)\, where |.| represents the counting measure, and D, is the

symmetric difference between two explanations t1 and to, denoted as Dy, (t1,t2), given by the
formula Dsr(tl,tz) = {l :le Lit(tl) U Lit(tg) Al ¢ Lit(tl) N Lit(tg)} = Lit(tl)ALit(tQ).

Note that the larger the value of S;(S1, S2), the farther apart the two sets S; and Sy are from
each other. If S1 N Sy # &, then S4(S1, S2) = 0. From a topological perspective, S; expresses the
geometric distance between two finite subsets of explanations, taking into account the topological
nature of explanations, which are terms composed of literals.

Lemma 1. The complexity of calculating the distance between two subsets of explanations, S1 and
So, is quadratic.
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The computational complexity of calculating the distance between two sets of explanations, Sy
and S, depends on the sizes of these sets. Let’s assume that m represents the size of S; and mo
represents the size of So. For each element in 57, we need to compare it with each element in S5
to calculate the distance between them. This implies a comparison between m; elements of Sy
and my elements of S, resulting in a complexity of the order of O(m; - ma), which is quadratic
when m; and my are sufficiently large.

Example 6. Based on Example 4, let’s denote S, , Sw,, and Sy, as the subsets of preferred expla-
nations based on the preferences of bankers 1, 2, and 3, respectively. We have Sq(Sy,, Sw,) = 0 and
Sa(Swys Sws) = 0 because Sy, N Sy, # @ and Sy N Sy, # I, while Sq(Sw, , Swy) = 2.

6. Experiments

Benchmark Global measures
name (#B,#1) acc(%)  |sr(@,T)|  |sm(z.T)| swordl  imp  #Ruag #Ruaeo  #Ri w0
placement {17,215) 8605 9.6 (+£887) 551 (+6.92) 184 (£1.09) 149 (£1.49) 251 (£123)  205(£1.33) 167 (+1.38)

compas (456171 6421 269 (£2095) 326 (+289) IAB(E349)  ZIB(EIIR) RAB(H32Y)  L1B(H169) 264 (+215)
diabetes  (110.7%68) 7273 340 (£862)  24(+214) 336(2005)  3I6(E316)  196(4278)  33(H46T)  22(+216)

indian | (86,583) 641 100 (£359) 206 (+1.65) 16(£195)  23(323)  292(+248)  232(£207)  188(%18)
banknote  (241371)  9TED  1442(+1817) 276 (+299) LI4(H197)  ZTA(ELM) A04(+225)  L16(H1B1)  43(27.09)
anneal (13898 1000 128(£05) 116 (£0.37) I06(+135)  322(431)  B(4137)  32(d106) 322 (4103
fetal h  (1082126) 9343 10° (+£3.10%  :5(£25) EA(E162)  23(2M)  424(+392) 292 (£304) 186 (£1.43)
divrce (3170) 9706 ZN{H04T) 139 (+047) 165(+095) 165(+£165) 185 (+£095) 165 (+£095)  1.65(+0.95)
heart (39303 7049 152241736 192 (+0.72) LI4(E108)  18M(E10)  178(216 20(215) 206 (+1.66)
horse (33.299)  TEET  11SB(4142)  S4(£720) TA(E256)  L12(E212)  242(4335)  216(4191)  26(£23Y
meta (41528)  BAGE  G13(H7501) 306 (+237) IBD(E567)  2B6(E286)  308(+195) 358(H774)  27(+213)
startup  (96923) 6019 5.104 (£105) 441 (£423) 12(4045)  16(216)  12(£122)  10(208)  16(+0.89)
student p  (3649)  SLTT ZLIS(42788)  336(4214) 62(427)  266(266)  265(+232)  267(£284)  251(£28)
student .m (23395 8608 T53(£71)  1IB(£1.74) IB(E2T6E) 249{E249)  215(4238) 199 (H135)  218(+1.66)
derm (4366 9865 133(+123)  218(+1.28) I54(2098)  254(2254)  185(H098) 146 (F05)  1.36 (+0.48)
balance {17,625) 872 272(+£3299)  28(423) 19(410)  30(+30)  23(4238)  29(+401)  22(+1.14)
hepatitis ~ (15142)  B2%  652(+393) 245(+1.43) 10(4086) 2IB(E2W)  1BI(H0TY  207(E11) 124 (H084)

Figure 2: Statistics on the computation of preferred sufficient reasons using a global measures for instances
from various datasets.

Experimental setup. We considered 18 well-known binary classification datasets available
on Kaggle, OpenML, and UCL No data preprocessing was performed for numerical attributes,
and the attributes were binarized in-line by the decision tree learning algorithm used. For each
benchmark b, we evaluated the classification performance using standard evaluation metrics. We
used the CART algorithm and its implementation in Scikit-Learn to learn decision trees, with
default parameter settings. For each benchmark b and a subset of up to 250 randomly selected
instances @ from the test set, unless the dataset contains fewer than 250 instances, in which case
the entire dataset was used. We computed the number of sufficient reasons using the encoding
proposed by [9] and the number of minimum-size sufficient reasons using the PARTIAL MAXSAT
solver (with a 60-second timeout per instance). Finally, we computed the number of preferred
sufficient reasons using the encoding detailled in the section 4 and the WEIGHTED PARTIAL
MAXSAT solver from OpenWBO [19].

Regarding the weight functions, for each tree 7}, we used the exact method proposed by [20]
to compute the SHAP score as well as the scores for LIME [1] and Anchors [2]. We also used
feature importance with Scikit-Learn [17], the number of models "Explanatory” with [18], and
the Zipf frequency of each feature viewed as a word in the wordfreq library. Two weight
functions (random local and global) based on random weight sampling were added to clarify the
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nature of preferred explanations for different weight functions. We report the classical statistics,
the average number and variance of sufficient reasons and minimal sufficient reasons, and the
preferred sufficient reasons for each weight function method. Finally, for the "placement" and
"compas" datasets, we report the distance between different preferred subsets for the different
weight functions.

Benchmark Global measures
name (#B,#1) acc(%)  |sr(a,T)|  |sm(z.T)| swordl  imp #Ruag #Rpaeo #8000
placement {17,215) Bo.05 96(L587) 551 (+692) TH(E109) 149 (2149 251(£123)  205(H£133) 167 (£1.38)

compas  (45,617) 6421 269 (£2085) 326 (£289) I4B(£349)  2IB{E238)  3B(4322)  18(H169)  2ed(+215)
diabetes  (110.7%68) 7213 340 (£862)  24(+214) 336(2005)  3I6(E316)  196(4278)  33(H46T)  22(+216)

indian | (86,583) 61 199 (+£359) 206 (+1.65) 16(£195)  23(+23)  292(+248)  2132(£207)  1BB(+14)
banknote  (241372) 9782  1442(£1817) 276 (£299) LN4(E197)  LTA(ET)  404(£225)  L16(H181)  43(7.19)
anneal (13898 1000 128(£05)  1.16(+0.37) 3060135 32(£32)  LB(H13)  32(+116)  3122(+113
fetal h  (1082126) 9343 10% (£3.10Y) 254250 BAE162)  23(E2M)  A24(£392)  292(£304) 186 (+1.43)
divorce (3170) 9706 229(4097) 229(+097) 165(4095)  165(£1.65) 185 (4095 165 (4095) 165 (L095)
heart (9,03 7049 15241736)  192(40.72) 174(£1.08)  19(£194)  178(E16)  20(£15) 206 (+166)
harse (33.29)  TeET  10B(4141)  SA(L7) 4256 MB(E212)  22(EI 26(H191)  26(423
meta ([41,528)  BAEE  613{7511) 306 (£237) 3B2(L567)  286(L286) 308(+195 I58(ET04)  27(213
startup (96923 6909 5L0P(£105) 441 (+423) 12020450 16(£16)  12(4123)  10(208  16(+089)
student.p (306490 G077 20A5(42788)  336(4214) TEI(EAT) N66(L266)  265(£232)  26T(L284)  251(L28)
student m (2395 86.08 153(£70)  178(+1.04) LIB(E2T6)  249(£249)  215(£228)  199(+135)  218(+1.66)
derm ([4366) 9865 223(4123)  218(+126) 254(£098)  254(£254)  185(H098)  146(205)  1.36(+0.48)
balance {17.625) 8712 M2(+199)  28(423) 19(410)  30(E30)  23(4238)  29(Ha01)  22(41.14)
hepatitis  (15142) 8276 652(+393) 245 (+143) 19(2086)  228{2238) 183(H073) 207 (£10)  1.24(+0.64)

Figure 3: Statistics on the computation of preferred sufficient reasons using a local measures for instances
from various datasets

6.1. Experimental results

Tables 2 and 3 present an excerpt of the results. The tables present results on datasets, decision
trees, and global weight measures, based on 18 datasets. For each benchmark, the table provides
the dataset name (name), the accuracy of the decision trees (acc(%)), the number of binary
variables (#B), and the number of instances (#I). The columns |sr(z,T)| and |sm(x,T)]
respectively indicate the mean and standard deviation (std) of the number of sufficient reasons
and the number of preferred sufficient reasons. Then, for each benchmark b, the columns #wordf,
#t_imp, (R[1 10], B[1,100)> L[1,1000)) correspondingly represent the number of preferred sufficient
reasons for wordfreq, feature importance, and global random sampling over the intervals [1,10],
[1,100], and [1,1000]. The columns of Table 3 represent the mean and standard deviation (std) of
the number of preferred sufficient reasons for the local weight measures in the following order:
Lime, Shapely, Anchors, Explanatory, and local random sampling over the intervals [1,10], [1,100],
and [1,1000]. We clarify that the concept of "random sampling local" consists of selecting integer
weights for each instance, while respecting a specified interval. Let’s consider the illustrative
example: suppose we have a dataset with instances of size n = 5, meaning that there are five
elements in each instance. The specified interval is [1, 10], indicating that the chosen weights
must be integer values ranging from 1 to 10. For each individual instance, we perform a random
draw to determine the corresponding weights. In our example, the weight vector w = (9,4,7,5)
is generated from this random draw. Each weight in the vector is an integer chosen randomly
within the interval [1, 10].

First. We would like to emphasize that computing preferred reasons given a decision tree and
instance is feasible in practice. In fact, for many datasets and instances, the computation of all
preferred reasons has been completed in less than 20 seconds, regardless of the type of weight
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/ Lime | Shap | Anchor | Exp | "R_[1,10]" | "R_[1,100]" | "R_[1,1000]"
Lime 0.0 0.16 0.2 0.28 | 0.2 0.28 0.38

Shap . 0.0 0.32 0.4 0.32 0.4 0.5

Anchor . . 0.0 0.32 | 0.22 0.3 0.4

Exp . . . 0.0 0.32 0.4 0.5
"R_[1,10]" | . . . . 0.0 0.3 0.4
"R_[1,100]" | . . . . . 0.0 0.36
"R_[1,1000]" | . . . . . . 0.0

Figure 4: Statistics on the symmetric distance between the subsets of preferred sufficient reasons using
local measures for the compas dataset.

/ Lime | Shap | Anchor | Exp | "R_[1,10]" | "R_[1,100]" | "R_[1,1000]"
Lime 0.0 0.17 0.23 0.01 | 0.23 0.17 0.2

Shap . 0.0 0.23 0.0 0.23 0.2 0.2

Anchor . . 0.0 0.23 | 0.23 0.23 0.23

Exp . . . 0.0 0.23 0.17 0.2
"R_[1,10]" | . . . . 0.0 0.23 0.23
"R_[1,100]" | . . . . . 0.0 0.2
"R_[1,1000]" | . . . . . . 0.0

Figure 5: Statistics on the symmetric distance between the subsets of preferred sufficient reasons using
local measures for the placement dataset.

function used. It is evident that the use of different weight function types has a significant impact
on the number of reasons, making it easier to compute all preferred reasons by reducing their
quantity compared to sufficient reasons and minimum-size reasons.

Furthermore, it is important to note that for each dataset b, each instance in the benchmark
of b, and each type of weight function, enumerating the preferred sufficient reasons has been
feasible. Leveraging user preferences offers a significant advantage by substantially reducing the
number of generated explanations. By focusing solely on the explanations preferred by the user,
information overload is avoided, and attention is directed towards the most relevant and useful
explanations.

Second. Tables 4 and 5 present a matrix that visualizes the average distances between different
subsets of explanations. These subsets of explanations are obtained using various methods of
local and global weight assignment. The values in the matrices correspond to the distances
between pairs of subsets, where the coordinates (z, y) represent the weight assignment methods
used. When examining the diagonal entries of the matrix, we observe that the distances are
zero. This is because a subset is identical to itself, so the distance between a subset and itself is
always 0. Additionally, it is important to note that the matrices are symmetric. This is because
the distance used is symmetric, which is typically the case for all distances.

By observing the distances between the different subsets of explanations, we notice that they
are generally less than 1. This indicates that the explanations are relatively close to each other in
terms of distance. Topologically, this suggests that the set of sufficient reasons forms a compact
structure, where the explanations are closely grouped and interconnected. This observation
represents an initial step in studying the diversity of formal explanations. It indicates that the

11



Louenas Bounia et al. ICCBR’23 Workshop Proceedings

different methods of local and global weight assignment used to generate the explanations do
not result in explanations that are very distant from each other. This raises questions about the
variety and extent of possible explanations, as well as how local weight assignment methods can
influence the diversity of the obtained explanations.

7. Conclusion

To summarize the contributions highlighted in this article, we first proposed a CNF-encoding
approach to compute preferred sufficient reasons for decision trees. This approach involves
representing the reasons in a logical form that facilitates their calculation. Additionally, we
introduced the concept of distance between preferred explanations and examined the impact of
weight functions on preferred abductive explanations. Namely, we investigated how different
methods of assigning weights affect the proximity of preferred explanations to each other.
Our focus was on the quantity and diversity of these explanations. We found that a classified
instance, whether positive or negative, can have an exponential number of reasons, including
an exponential number of minimum-sized reasons or preferred reasons. This means that there
can be numerous possible explanations for a single classified instance. However, despite this
potential diversity, the number of preferred reasons is significantly smaller than the number
of sufficient reasons, regardless of the weight function used. Generally, there is a restricted
selection of preferred explanations that are considered the most relevant or useful. Furthermore,
we observed that the distances between different sets of explanations are generally not large.
This indicates that abductive explanations for decision trees tend to be close to each other in
terms of similarity or proximity. In other words, the explanations often share similar features or
partially overlap. These findings suggest that despite the potential diversity of explanations, there
are commonalities and trends among preferred explanations for decision trees. This can be useful
in understanding how decisions are made by these models and in providing comprehensible
explanations to users.

Studying the impact of weight functions on preferred abductive explanations for decision trees
is just the first step in our research on the diversity of abductive explanations. We intend to apply
a similar approach to other models, particularly random forests. Concurrently, we are developing
a SAT encoding to compute the SAT Distance between preferred sets of sufficient reasons. The
aim of this endeavor is to provide users with a framework for selecting preferred explanations
that align with their personal preferences and are closer to the model’s output. In other words,
through this SAT encoding, users will be able to measure the proximity between different sets of
explanations and identify those that are most relevant and consistent with their expectations. This
will enhance their understanding of the model’s results and enable the provision of explanations
that are better suited to the users needs.

12
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