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Abstract

The paper considers new classes of software-oriented logical formalisms — pure first-order
logics of partial quasiary predicates with extended renominations and predicates of strong
equality and of weak equality, denoted respectively L% and L.2". The characteristic features
of the studied logics are using of composition of extended renomination, and special 0-ary
predicate compositions that detect if the subject variables or predicates of equality have
assigned values. We specify two kinds of equality predicates: the predicate of weak (up to
definedness) equality =,,, and the predicate of strong equality =,,. For the considered logics,
main properties of their compositions are given, their languages are described, and various
variants of logical consequence relations are defined. For the language L.~ we obtain only
one correct relation P\:IR, at the same time for £.% we have relations P=|:1R, P=|:T, P=|:p, P=|:Tp,
R=\:Tp. We describe properties of the introduced relations, paying special attention to those
connected with equality predicates. As sequent calculi formalise logical consequence
relations for sets of formulas, properties of the latter become the semantic basis for
construction of the respective calculi. Thus, for P:|:1R we get calculus CL@IR; relations R=|:Tp,
P=\:m P=|:T, P=\:p, and P=|:[R induce calculi CLQ=TFR, CQJF, CLQ=T, C1Q=F, and C. 2% respectively.
We specify basic sequent forms (rules) for the presented calculi, and conditions for sequent
closedness. Description of the derivation procedure via sequent tree is given, using of rules
concerning equality predicates explained. The counter-model existence theorems are
considered; on the example of calculus C.%™ we illustrate a counter-model construction by
an unclosed path in the sequent tree. For the introduced calculi, the soundness and
completeness theorems are proved; the proof of the completeness theorems is based on
construction of the respective counter-models.
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1. Introduction

Methods of mathematical logic have proved to be effective in various applications in computer
science and programming. Many different logic systems have been created (see, for example, [1,2]);
usually the classical logic of predicates [3] and special logics based on it are employed for this
purpose. At the same time, classical logic has fundamental limitations [4], which complicate its use.
This brings to the fore the problem of building new, software-oriented logics. Such are logics, built on
the basis of a compositional-nominative approach common for logic and programming — composition-
nominative logics of partial quasiary predicates (CNL). A number of different classes of CNL are
described in, for example, [4—10]. This work is dedicated to studying of new classes of CNL — pure
first-order logics of partial quasiary predicates with extended renominations and equality; for such
logics various variants of calculi of sequent type are proposed. Gentzen-style sequent calculi provide
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efficient proof searching procedures to solve a number of problems that arise in information and
software systems.

Pure first-order logics of quasiary predicates (PCNL) are called L2 (logics of quantifier level).
PCNL with extended renominations are called PCNL, and also L.2; PCNL with predicates of strong
equality and weak equality are called L% and LY respectively; .,PCNL with predicates of strong
equality and weak equality are called L,% and L2 respectively. PCNL and their calculi are described
in [4, 5, 11]; .PCNL and their calculi are introduced in [6, 12]; L% and LY~ are investigated in [7, 8];
free-quantifier composition renominative logics with extended renominations and equality predicates
are studied in [9, 10].

The purpose of this work is to investigate logical consequence relations in L2~ and L%, and to
construct their sequent calculi. These calculi generalize sequent calculi both for PCNL [12], L% and
L97 [7]. For the constructed calculi, we specify basic sequent forms (rules) and sequent closedness
conditions. The soundness and completeness theorems are proved; the proof of the completeness
theorems is based on the counter-model exsistence theorems.

2. Composition predicate algebras of logics L.%" and L.%

To facilitate reading, we provide the necessary definitions for further presentation. Concepts that
are not defined in this paper are interpreted in the sense of [5, 8, 12].

Let "4 be a set of all V-4-nominative sets and {7, F} is a set of Boolean values. We define V-A-
quasiary predicate as a partial many-valued function Q : "4 & {T,F}.

Let V be a set of names (variables) and 4 be a set of values. V-4-nominative set is defined [4, 5]
as a partial single-valued function d: VA A. Nominative sets can be presented in the form
[Vi>ai,...,va—ay,...], where vi€V, a, €4, vi=v; when i =j.

For nominative sets we define set theory operations M and \, and parametric operations || Z and ||
7[4, 5] t||z for components with names from ZC V-

d||Z={va a€d|vEZ}; dH z={va aEd|v6€Z}

Vsl e

vi, Xi, €V, 18 specified as ) d)=d |, . U a dx),..v,a d(xn)]. In partlcular,

"ty =d|., .
We use a special symbol L&V that denotes the absence of the variable value; d(x;)T means that a
component with the name v; is absent.

A simpler notation for sequences yi,..., Vs will be wused:y. Thus, instead of
r[vla X psVpa Xympa Loy, a 1] , We Wlll erte rgi
Given d(2)1, we obtain rl" (d) = 13" (d) and 1'% (d) =1} (d).
Successive renominations r%7" and Y 7, can be represented [6] by one renomination denoted
u,s,wi ¥.5,7,0 . : i,s,w,i v.,5,Z,0 v
o gt s we call it the convolution of D)) and 177 . For any d€'4 we get
w5, Wi V.5.2.0 05,7, W,2,7
Iyai1&el 1 (d) =I5all1 (d) .

In this work we construct sequent calculi for logics of many-valued (non-deterministic) predicates
of relational type (R-predicates): R-predicates are interpreted as mappings (relations) from "4 to
{T,F}. Each R-predicate @ is unequivocally defined by two sets: its #uth domain
T(Q) = {d| TEQ(d)} and falsity domain F(Q) = {d|FEQ(d)}, where O(d) denotes the set of values
which O assumes on argument dE"4.

A name xEV is unessential for R-predicate Q, if for any di,d>E'A we have: d||..=d,|.. =
O(dy) = O(da).

V-A-quasiary R-predicate Q is:

— partial single-valued, or P-predicate, if T(Q)NF(Q)=;
— total, or 7- mpeaukar, if T(Q)UF(Q) ="4
— total single-valued, or 7S- predicate, if T(Q)NF(Q)=@ and T(Q)UF(Q) ="4



— irrefutable, or partially true, if F(Q) = J; all irrefutable predicates are P-predicates;
— totally true (denoted T), if F(Q)= and T(Q) = "4;

— totally false (denoted F), if T(Q)=@ and F(Q)="4;

— totally undefined (denoted ), if 7(Q) = F(Q)=J;

— totally ambivalent (denoted Y), if T(P) = F(P)="4;

— monotonic, if d, Cd, = O(d\) C O(d>); antitonic, if d,Cd, = 0(d)) 2 O(d>).

We will denote classes of V-A-quasiary R-predicates, P-predicates, T-predicates and 7S-predicates
P PrP"™, Pr7"* and Pr7S "™ respectively. The class Pr7S" ™ is degenerate: all TS-predicates,
except constant T and F, are non-monotonic.

Considering the duality of classes PrP"* and PrT", and the degeneracy of Pr7S" ™ [5], it is
enough to concentrate on logics of R-predicates and P-predicates, whence the following ,PCNL
classes:

—L2and L2" — PCNL of R-predicates and ,PCNL of P-predicates;

— L2 and LY — PCNL of R-predicates with weak equality and PCNL of P-predicates with
weak equality;

— L% and L2" — PCNL of R-predicates with strong equality and PCNL of P-predicates with
strong equality.

A tuple ("4, Pr’, Cp), where Cj is a set of basic compositions, is called a composition predicate
system; it forms a semantic basis for CNL. Each such system defines a data algebra ("4, Pr'*) and a
composition predicate algebra (Pr’™, Cj).

Sets of basic compositions for different classes of .PCNL are introduced as follows:
Co={~,v,R> Ax,Ex} for LC and L2 Co-=CoU{=y} for LZ and L7,

x,Ll°
Co.=CoU {=,} for LEand L.%". Let us specify the basic compositions.
Logical connectives — and v are defined by the truth and falsity domains of the respective
predicates:
I(=P)=F(P); F(=P)=T(P); T(PvQ)=T(PUI(Q); F(PvQ)=FP)NFQ).
We specify the composition of extended renomination R P’ & Pr"* as follows:
R (P)(d) = P (1} (d)).-

A convolution of the renomination compositions is defined by a convolution of the corresponding
renomination operations:

RET 6L (P)(d) = (REL(RTL(P)XD) = P | &7.(d).
We define the quantifier (composition of quantification) xP: P~ £ P’ as follows:
TAxP)=U{d|d|_, Uxa a€T(P)}; FAxP)=1 {d|d|. Uxa aEF(P)}.

a€A a€A
A 0-ary predicate £z indicates whether a component zEJ} has a value on a given data [5]:
T(Ez)={d|d(z)i}; F(Ez)={d|d(z)T}.
Predicates £z are total, sinle-valued, and non-monotonic. Each x€/ such that x =z, is unessential
for Ez.
Predicates of weak equality (up to definedness) =y, ,, are specified as follows [7]:
T(=py) = {d | d(x)L, d(y)! and d(x) = d(y)};
F(=py) ={d | d(x)!, d(y)} and d(x) = d(y)}.
Predicates of strong equality =, ,, are defined as follows [7]:
(= (xyy) = {d | d)1, d(y)! and d(x) = d(y)} U {d | d(x)T and d(y)1};
F(=u,y) ={d|dx)!,dy)l and d(x) = d(y)} U {d | d(x)i, d(y)T or d(x)T, d(y)!}.
We will further denote the predicates =, and =y, as =, and =,, respectively; note that such
predicates are traditionally denoted as x=y and x=y.
Predicates =,, are total single-valued, non-monotonic and non-antitonic. Every name z&€V\{x, y} is
unessential for =, .
Predicates =,, are partial single-valued and monotonic (equitone). Every name zEV\{x,y} is
unessential for =g, ;.
The special case for =, and =y, is the situation, when x and y represent the same name; the



corresponding predicates =, and =, will be denoted as =,, and =,, (in traditional form x=x and
x=x). Every name zEV'\{x} is unessential for =,, and =,,.
For predicate =,, we have T(=,,) = "4 and F (=x) = I, whence =,,= T. For predicate =,, we have
F(=.) = J, whence =,, is irrefutable.
Thus, the following predicate composition algebras of , PCNL can be specified:
—A2=_"4,Pr", C.p) and A" =4, PrP", C.p), wherein 4.9 is a subalgebra of 4.%;
— A9 = (VA, P, C.p-) and A9 = (VA, PrP", C.p-), wherein AfPisa subalgebra of AiQ:;
— A% =4, P, C.p-) and AP =4, PrP™, C.p.), wherein A%isa subalgebra of 49
The main properties of the ,PCNL compositions. Properties of propositional compositions and
quantifiers, unrelated to renominations, correspond to those of classical logical connectives and
quantifiers [4, 5].
Let us specify basic simplification properties for the composition of extended renomination:
RI) RZZ7(P) =R (P) — identical renomination can be eliminated;

R.U) zE€V is unessential for predicate P = R%%" (P) =RL" (P);
RT) given d(z)T we have RT™(P)(d) = RE™ (P)(d) and RE™* (P)(d) = RZ% (P)(d);

x,1,z

Rip) R} (Ez) = Ey; given z&{v,u} we have RY" (Ez) = Ez.
Properties related to renomination R, RR, R.—, R,v and quantification compositions are given in
[6,9,12].
Let us consider properties of equality predicates. Note that the symmetric property of equality lies
within notation, as pairs =,, and =,, =, and =), are essentially the same predicates.
We define the reflexivity properties as follows:
Rf=) each predicate =,, is irrefutable; moreover, =,, can be denoted as =,,=Exv ;
Rf=) each predicate =, is totally true, i.e. =, = T.
The transitivity properties are specified as follows:
Tr=) for all d€"4 we have: =,(d) =T and =,,(d) = T = =..(d) = T; whence =, & =,,— =, is
irrefutable.
Tr—) for all d€’A we have: =(d)=T and =.(d)=T = =.(d)=171; whence
=,&=,—=,.=T.
Let us con51der properties of renominations for weak equality predicates (properties of the type

R=):
R=) REL () = = R=2) RI7E (=) ==
R.=) given y&{u, v} x =y we have RU' (=) = =,;
Ri=o) givenx,y&{u,v} we have R}’ (=y)==y; in particular, given x&f{ir,v} we have
R (Za) =

R=) R:“li(=xy) = ; inparticular, R}"} (=) =
For weak equality predicates we have propertles of substitution of equals and elimination of pair
of equals in renominations:

=R.r) for all PEPrP"™ and d€'4 we have: =(d)=T = R>"*(P)d)=R."" (P)d) —

w,L,x w,L,y
substitution of equals;
=eIR)) for all PEPrP"* and d€"4 we have: =,(d) = T = R (P)(d) =RL" (P)d)-

w,L,y
Properties of renominations for strong equality predicates (properties of the type R.=):
R=u) RY1M(=0) = = R=) R} (=)= =

w, J_z w,L,z,s
_2E) R:v‘j_);)j.(_x1) = _|EZ
R.=)) forall y&{u,v}, x = y we have Rt o (=)= =

Ri=p) forall ye{u,v}, x=y we have R} (=,) = —~Ey;



Ri=) for all x,y€{u,v} we have R}" (=)= =,; in particular, R" (=)= =, given
X, v}
Ri=) R} (=)= T; inparticular, R} (=)= T.
Properties of substitution of equals and elimination of pair of equals in renominations for strong
equality predicates:
=Rr) for all PEPrP"™ and d€"4 we have: =,(d)=T = R (P)d)=RL7" (P)d) —

substitution of equals;
=elR ) for all PEPrP"" and d€"4 we have: =,(d) = T = RL"* (P)(d) = R (P)(d).

WLy

3. Logical consequence relations for L.%" and L,%

Let us describe languages of PCNL. We will concentrate on the language of L%, languages of
L2 and L9 are defined in the similar manner.
An alphabet of the language of L% consists of a set of names (variables) ¥, a set of predicate

symbols Ps, and a set of basic compositions’ symbols Cs = {—-,v,R;“Z,EIx,Ex, =,,}. We define

inductively the set of formulas (denoted Fr):
— each pEPs, each Ex, and each =,, is a formula; such formulas are called atomic;

—let ®,WEFr; then —~®EFr, vOWEFr, RV ®E Fr, IxDEFT.

We specify a set V7C V of totally unessential names (unessential for any p&€Ps) and extend it
[5, 6, 8] to formulas: v : Fi r—2" to get a set of guaranteed unessential names for formulas.

If xEv(D), then x is unessential for ® [5, 6].

We call a formula primitive, if it is atomic or has a form Rl p, where pEPs, {v,u}Nv(p) =D

and there are no identical pair of names in RI. Formulas of the form R/® are called R-formulas.
The set of names x&V that occur in ® is denoted nm(P).

For any I'C Fr we denote: nm(I') = U nm(®); v(I) =1 v(®); fu(l')=Vr\nm(T).
T el

We interpretate the language of L.% on composition systems CS = ("4, Pr’™, C.o.).

Symbols in Cs are interpretated as corresponding compositions; symbols Ex — as variable
assignment predicates Ex; symbols =,, — as corresponding predicates of strong equality =,,.

We specify a total single-valued mapping 7: Ps/& Pr’*, and extend it to formulas as an
interpretation mapping 7 : Fr & Pr’";

1(=®) = = ([(P)), I(vOW¥)=v (D), [(V)), I(R[®)=RII((P)), [(FAx®)=3Ix([(D)).

Let the tuple J = (CS, %, 1), where Z = (V, Vr, Cs., Ps) is an extended signature of the language, be
an interpretation of the language of L% (further shortened to J = (4, I)).

Predicate /(®) is a value of a formula in the interpretation J (further denoted ®,).

Name xEV is unessential for a formula @, if x is unessential for @, for any interpretation J.

The language for L9 is specified in the same manner (changing =, t0 =y).

For the language for L.¢ we omit everything connected with =,

Classes of interpretations of a language are also called semantics. Specifying of subalgebras of P-
predicates in algebras 4.2, 4,27, 4.% leads to the following respective semantics: ,R and ,P, ,R” and
P, R-and P-.

Formula @ is irrefutable in the interpretation J (denoted J |= ®), if @, is a irrefutable predicate.
Formula @ is irrefutable in the semantics a (denoted <|= ®), if J|= ® for any interpretation JEa.
Formula ® totally true in the interpretation J (denoted J |=;; @), if @, is a totally true predicate.
Formula ® totally true in the semantics o (denoted <|=;; @), if J|=;; ® for any interpretation JEa..



Let us call constant formulas that are always interpreted as constant predicates T, F, . For
example, Ex v =EXx, =y, IxEx, R (=_)are r-formulas; R} (Ez) is an p-formula, R} (=) is a -

formula.
Un-equivalent formulas. Let R;7 77 (®) be an R-formula, such that {i,w} C v(®). Let us call an

Ll

Rs-form of an R-formula R}{ (®) the R-formula obtained from R}I(®) by all possible simplifications

of external renomination based on properties R, R.I, R,U, and properties of the type R.=

We will call Rs-formulas Rs-forms of R-formulas. If 9 is an Rs-form of an R-formula W, then
Uy=W, for all J.

Let UnC V be a set of indefinite names.

Let us call formulas W and O Un-equivalent (denoted W ~;, ), if for all J =(4, I) and de’4 [|—m
we have W, (d)=10,(d).

Statement 1 (implied from RT). Let z€&Un, then RV{"®: , RU{/® and RTID: , RTD.

X, 1,1 X, 1,1

Every Rs-formula can be presented in the form R ;; T, where
(3,7,5,u4} CUn, v,Xx,wNUn=0.
Un-form R:7Y® (also called Un-formula) can be obtained transforming an Rs-formula R:: f T

in such a manner.
Statement 2. If ¥ is an Un-form of a formula ®, then ® ~, W.
Logical consequence relations. Let us extend logical consequence relations =5, "=z, “|=r, *|=1r,
Rl=;# defined on formulas of the language L? [5] to formulas of the languages L 2, L2~ and L -
Firstly, let us specify the following logical consequence relations for two sets of formulas in the
interpretation J:
— IR-consequence, or irrefutable = : © J=rp¥ < T(PH)NF(V,)) = J;
— T-consequence (on truth) j|=r: @ J=r¥ < T(D,) S T(¥));
— F-consequence (on falsity) j=r: ® |=r¥ < F(¥,)CF(D,));
— TF-consequence, or strong j=rr: @ =¥ < @ jJ=rW¥ and ® jJ=rW.
The corresponding logical T-consequence relations in the semantics a are defined as follows:
O |=t VY, if d j=t W for every interpretation JEa.
We define a logical T-equivalence relation in the interpretation J as follows:
b~ W, lf(DJ|:lp and IPJ|:,(D
A logical T-equivalence relation in the semantics a are defined as folllows:
O~ if &= and V=
Note the importance of the relation ; ~m: @ ~pW < T(D)=T(¥,) and F(P,)=F(¥, <
(I)J IIIJ
Consequence and logical consequence relations for a pair of formulas can be extended on pairs of
sets of formulas.
Let 2,T,AC Fr be sets of formulas, J be an interpretation. We will further denote:
I 7(0,) as T(Z)), UT(0,) as T(Z)), 1 F(0,) as F*(Z,), U F(0,) as F«(Z)).
(&> (5> (S (S

A is an IR-consequence of T in the interpretation J (denoted I' =1z A), if To(T)) N F(A)=4.

A is T-consequence of I in the interpretation J (denoted T |=rA), if T~(T,) S T(A)).

A is F-consequence of T in the interpretation J (denoted I' j|=¢A), if Fo(A;)CF«(T)).

A is TF-consequence of I' in the interpretation J (denoted I" j=7rA), if ' J=rA and I' J=rA.

The corresponding logical T-consequence relations in the semantics a are defined as follows:

= A, if I' = A for every interpretation JEa.

Here a denotes one of the semantics: ,R, P, .,R™, P, R-, ,P-. Thus, there is a total of 24 logical
concequence relations.

Some of them coincide, some are degenerate, and the relations g T ER P Frr, R:|=TF are
incorrect [5,7,8]. Therefore, there remain the following undegenerate correct relations in the logics
Le L%, L%

P_ P_ P_ P_ R_ . P=_ . P,_
|_[R9 |_T: |_F7 |_TFa |_TF, |_IR9 =|_1R;

P=
|

P\_ P,_ P_ R _
=|_Ts ’|_F7 =|_TF9 =|_TFo



We will use P# to denote one of the P, P=, P=; R# to denote one of the R, R=, R=; ~7+ to denote
one of the ¥~y "~z and |=. to denote one of the “|=jz, =1, =5, "|=1r, ®|=1r. Also the meaning
of the notations “|=. and -|=. should be obvious.

Properties of logical consequence relations. As sequent calculi formalise logical consequence
relations, properties of the latter become the semantic basis for construction of the respective calculi.
Such properties are described in [5—12]. Let us consider only specific for L2 and L. properties,
needed for construction of sequent calculi.

Traditional properties of formulas decomposition are specified in detail in [5].

For Ez and their renominations we have properties of carrying — to the other side of a relation:

-g) ~Ez, T =A< T|=A Ez -r) ['|= A, —Ez < Ez, T |= A,
—reL) ~RyT(Ez),T|=, A < T'|=, R (E2), A, —rer) T'l=, =R} (Ez),A < R.'(Ez),T|=, A.

Properties of equivalent transformations connected with extended renominations hold for "=,
P=r, "|=r, "|=1r, ®=1r, they are based on the predicates properties R, R.I, R.U, RT, R.~, R.,v, RR
and Rg. Each of R, RI, RU, R~, Rv, RR induces 4 corresponding properties for a logical
consequence relation, depending on the position of a formula or its negation (either in the left or in the
right side of the relation) [6, 10, 12].

RT induces the following two foursomes of properties:
RTi) RITV(®).T|=AEz & RITV(®)T|=A, Ez;

u
X,L1,z 1,

RT lR) r |:x A: R (q)),EZ < I |:~ A, R (CI)), Ez;

%, 1,z %, 1,1
RTy) RITH(®).T|= A Ez < RYI(P).T[=A, Ez;
RTZR) T |:x A, R;j_j_ ((I)), Ez T |:. A, R;j_ (CI))’ Ez;
To them will be added similar properties =RT;;, =RT g, =RTy, =RT.
R induces the next 4 properties of simplification of external renomination of predicates-
indicators:
RJ_EvL) ij’z (EZ),F |=* A = Ey,r |=* A; RJ_EvR) r |=* A, RV,E’Z (EZ) < T |=* A, EJ/;

X, Ly x, 1y
R, )RV (E2),T|=, A < Ez,T|=, A, where z{v,u};
R, ;)T |= AR (Ez) < T|=, A Ez, where z&{v,u}.
Properties of quantifier elimination, E-distribution and primary definition are defined in [5, 6, 12].
Let us describe properties which guarantee the specified logical consequence relation. There is a
general for all considered relations property C and property CF, connected with constant g-formulas
(see R.gp):
O) D, T |=A, @, CF) Ry} (Ez),T|=, A.
Additionally, we have [5]:
CL)®,-®,T™=;A;  CRYT™|=zA, ®,-®; CLR)®, -, I =AW, -W.
Basing on these properties, we can define conditions which guarantee a certain logical
consequence relation I" [=+A.
C) there exists ®: ®ET and PEA; CF) there exists R}"] (Ez)ET;

CL) there exists ®: ET" and —DET; CR) there exists ®: PEA and ~DEA;
CLR) there exist ®, ¥: &, -PEI and ¥, -WEA.

C and CF guarantee every I'|=-A; CL guarantees I'"=;A; CR guarantees I'"=rA; CLR
guarantees I “|=77 A.

Let us consider properties, connected with =,,. Transitivity of the weak equality relation does not
hold for ““|=; and ""]=; [7, 8], which implies it does not hold for “~|=77 and *"|=; as well. Therefore,
==z is the only correct relation in L.2".

Transitive property for =,,:

Tr=) =y, =T P:|:[R A=y =,=:T P:|:1R A.

Properties, based on R,=,,, R =, R=1, R,=:

R=1) R"? (=M),I*P:|:[RA e =, T =rA;

w, L,z



R=.r)T P:|:IR ARMN(= )= T P:|:[R A=

w,L1,z
o p= pP=
R1:2L) R;,j_,)z(,z (=xy)9r ‘:IR A = “zs5 r |:[R A?
p= Ty P=
R=x) I [FrA R (=) < T7 [FrA =

R=11) R (= )T =rA < =,,T" =z A given y&{u,v}, x= y;
R=1p) T = A, RV (=) < T =rA, =, given y&{in,v}, x=y;
R=o) RV (= )T TFrA < =,. T |=pA given x,y¢ @, v};
R=r) T = A, RV (=) & T =rA, =, given x,y i, v}

=R r induces properties of substitution of equals for “|=:
=Rurt) =, RL(®),LT T =rA < = RYT(®@), R (@), T =r A

w,L,x w,L,y
:RirR) =xysr P=|=IR R;Jg.zx (P),A = ="y,r P=|=1R Rgii(‘b), R;Jﬂ.; (D),A.

Properties of elimination of pair of equals in renominations are based =elR,:
=elRy) = RITU(@LT A < = RYT(@).T =rA;

Xy ), L
=elRR) = ,T "=, R1I(®),A < = T 7=, R (D),A.
Rf= and R = induce properties that guarantee the relation ” =
CRf=) r P:|:IR = A

CJ_L) R;:ij(=xy),FP:|=1RA and RE’E’X(=M),FP:|:1R A,

w,L, L

CL) T = ARV (=) and T = A RIT (=),
We have T(=,,)NF(Ex) = & and F(=,,)NF(Ex) = &, whence properties which guarantee P =g

Cp-1) =4, T "7|mir Ex, A; in particular, =, T "=z Ex,A;  Cip) T7 7 J=r =, Ex, A.
Therefore, we can define conditions which guarantee T" = A :

Cri=) =€A;

C.u) R} (=,)€ET; in particular, R} (=, )ET;

Cr) R (=, )EA; in particular, R} 1(=, ) EA;

Ce-1) =E€I" and ExEA; in particular, =&l and ExEA; Ce=r) =4EA and Ex€EA.
Let us consider properties, connected with =,,. Transitivity for =,,:

Tr=) =, =, = A = =, 5, =, = A

For =,, and their renominations we have properties of - elimination after carrying to the other
side of a relation:

_'EL) = r |:A < T |:~ A, =y _'ER) r |:~ A, =y S =y, r |:n A;
—“R=p) -RVI(=,).Tl=. A = T|=, RV (=,).A
—R=p) T'|=, =R} (=,).A < R (=,).T|= A

Simplification properties based on R =,,, R.=,, R.=;, R.=:
Ri=n1) va:vjj (Em)a r|: A= =T |: A; RiExxR) r =|:- A, R;jj (Em) < T |: A=,

R=o) RETDN(= ) TEA © =, T A Re) TR A RUTN (5,) < TH=A =
R=p) RV (=,). D= A < ~Ez L= A

w,Ll,z, 1
R=r) I'"[=.A, R;ﬁ”’z‘ﬁ (=,) © I|=A -Ez
R=n) RyTH(=, ). TR A < =, T=A;
R=Rr) T{=A, R;:i:’z‘ (=,) = [=A, =,

R=ip) R (=)= A < —Ey, T =A;
R=im) [= AR (=) < T{=A, -Ey.

RiEOL) Rv‘:;j_ (Exy )3F|: A < Zxyo r ‘: A;
R=pr) ['{= A, R} (=,)FA = T=A =,

w,L



Condition for R.=;, Ri=r, R=1p, R=igri y&{u,v}, x=y. Condition for Ri=¢, R=:
X, y&E{u,v}.

Properties of elimination of pair of equals in renominations based on =elR:
=clR1) = ,R)TN(P),T|=A < R (®),T=.A;
=elRy) = T 7=, R)72(P),A < = T =, R(D),A;.
=el-Ry) = ,-R)7I(P).T[FA & = R (P),T=A;
=cl-Rg) = . "=, ~R)2(®),A < = T "|=, Rl (D),A.

EXy N

L,x
w,L,x w,L

Properties of substitution of equals induced by =R.r:

=Rur) = ,RTUP).T=A < = [ RITU(D),RT(P).T=4;
=Rm) =,,T 7=, Ry1I(P)LA = = T 7=, RTUP),RT(P),A.
=-Ri) =, -RITU®).T=A < = -RITH®), =R (©).T[= A
=-Rure) = I 7|=, ~RITN(P),A < = T 7= ~RT5(P), R (P),A.
Properties of =,, which guarantee the relation -|==
Cre) TI=A, =, Cr) TH= A, RV (=, ); in particular, T-|= A, RV (=,));
CE=L) =xys Exn r =|:~ Ey: Aa CE=R) r =|:~ =xys Exa Ey: A
Finally, we can obtain conditions which guarantee I' |=+ A :
Cre) =nEA; Cr.) RITTY (=, )EA; in particular, RV (=) EA;

Ce.p) =oE€T, ExET and EyEA,; Cer) =0EA, ExEA and EyEA.
4. Sequent calculi for L% and L%

Let us construct calculi of sequent type which formalize logical consequence relations for sets of
formulas for L2 and L.%. We will obtain the calculus C.27 for the relation “~|= in L.2", and calculi
c o R c o , CLQ=T, cor , C2R for the relations R=|=TF, P =1r, P =, P |=F, P ‘|=z. These caluculi extend
the calculi for “|=s, "|=r, “|=F, *|=1r, *|=7r in L.2 [12] and generalize the calculi for logical consequence
relations in L2 [5,11]. We treat sequents as finite sets of formulas signed (marked, indexed) by
symbols _ (7-formulas) and _; (F-formulas). Sequents are denoted _I'_A (in abbreviated form ZX),
where I' and A are the sets of 7-formulas and F-formulas respectively.

Sequent calculus is defined by basic sequent forms and closure conditions for sequents.

Closed sequents are axioms of the sequent calculus. The closedness of _I' A must guarantee
T'|=A.

Rules of sequent calculus are called sequent forms. They are syntactical analogues of the semantic
properties of the corresponding logical consequence relations. The derivation in sequent calculi has
the form of a tree, the vertices of which are sequents; such trees are called sequent trees. A sequent
tree is closed if every its leaf is a closed sequent. A sequent X is derivable if there exists a closed
sequent tree with the root 2, called a derivation of the sequent 2.

For a set of signed formulas £ = _.I"_A let us introduce sets of defined and undefined names (val-
variables and unv-variables): val(_.I_A) = {x&€V | Ex€Il'}; unv( I_A) = {xEV|ExEA}.

Also we specify a set of undistributed names for =: ud(Z) = nm(2)\ (val(Z) U unv(X)).

Closure conditions for a sequent _LI'JA correspond to conditions that guarantee a certain logical
consequence relation. Thus,we get the following closure conditions for a sequent | I'JA.

For the calculus C.2™: condition Cv CFv Cre=v C.. Vv, C.x V Ce=p v Cpeg -
For the calculus C.%™®: condition Cv CFv Cgg Vv Cr.V CrpV Cpag.

For the calculus C.%": condition Cv CFv CLV CggV Cr.V CrpV Cpg.
For the calculus C.%: condition C v CFv CR v CggV Cr.V Crp vV Cpr.
For the calculus C.%™: condition Cv CFv CLR v Cgg vV Cr.V Crp v Cpag .
For the calculus C.%™®: condition Cv CFv CggV Cr.V CrLV Cpg.



Basic sequent forms. Basic sequent forms for the calculi C2™* 2™ €27 C2F are the same,
the difference lies in closure conditions. The rules consist of basic forms for the calculus C 27" [12],

with forms for =,, added.

Basic sequent forms for the calculi C2® and C.27 consist of basic forms for the calculus

COR [12], with forms for =,,and =,, correspondingly added.
For the calculi C.2™" R, c o s C1Q=T, cer , their basic sequent forms can be split into the following
groups.
Auxiliary simplification forms, inherited from the calculi for L %:
S S _~®,3 L-®,3
\*R pp— ,‘R Ep— N T I e s——
_R(®),2 LR(®),2 _~R(D), Sk L ~R(®),2
R (®),X R (D),X —RI(D),X —RI(D),X
R1 # ! # -~RI # 4RI #
ST(®@),2 (@), LoRIT(DP),2 R>DY @),z
_RIT(D),E LR(D).E RN (D),= RN (D)=
‘7Rl )V, u( ) - lU WV, u( ) |7_|R U Vv, vLu( ) : -7 Vv, vLu( ) :
2a (D), S SR (‘P),2 Rz 71 (P),Z Rz 71 (P),Z
RTI ‘_Rigé(p) LBz RTI _‘RES%(}?) LBz
7ij_z(p)’ - Ez,3’ ij_z(p)’ . Ez3’
‘,"RTI \— i;j‘_y(p)a - EZ,Z; ,|_'RT1 _\ i;j‘_y(p)a - EZ,Z;
Rxlz(p)’f\EZ’z RxJ_z(p)9 \EZZ
R Ez, X RV A Ez, X
‘,RTZ |- 2 uJ_Z(p)a - z, : ,‘RT2 - — Z(p) - Z,
Rxlj_(p)’ \EZZ RXJ_J_(p)’ \EZZ
RV A Ez, X RV A Ez, X
‘,—'RTQ, - (), Lz, ,‘—-RTZ . T (p)s - £z,

RV " (P, Ez, 2

RV“ (p)s | Ez, s

Condltlon for the forms of the type R.U: y&Ev(P); condltlon for the forms of the types RT1 and

Forms of elimination of — and renomination of predicates-indicators, inherited from the calculus

R12: pEPs.
C OTFR.
_|Ez,2 ) ‘_EZ,E )
T -EL3 LBy
Ry 7% g
Re ——= ¢l
| R”“(E)Z
- Ey,2
‘7RLEV v,z
‘_R“)(EZ)Z

L RVI(Ez2),E
~RV (Ez), 5
EZ >
R” " (Ez),2’
Ey,Z
LRI (Ez),E

x,L,y

. _RUI(E2),2

- RE
~RI" (Ez), s

Z¢{\7,L7};

R

—\RLEV

Forms of equivalent transformations, inherited from the calculi for LY

FRfidfu(‘D)E

‘7Rl Z (pit,T
RI (R (@),
rp LD
- y,J_( ;,J_((D)),z
R R
Vi( ~®),3’
x- _%@),z |
R (~®),3
Rvu ) v Rv i NS
Ry LRI@ VRIS

_RI(@vW),S

R LRI (D)2
(R(RI(®)),Z
LR ll@)z

R(REL(@),E

R

R (®),2
_—-R“’( ®),s’
LRIT(@) v RIT(W),E

L RA(@vW),E




(R (@) VR (P)),E L=(RET(@) v R (W), 2

‘,—'RLV — 5 ,‘—-Riv —
_~RI(@VW),Z L~RI(@vW),Z
Decomposition forms, inherited from the calculi for L %:
L0,z S _03 W3 )
e — -- sV ; NV
SRR e T evws " ovws
L@, -W.3 0,3 W3
oV ——— R
(V)T (@ V)3

Forms of quantifier elimination, E-distribution and primary definition, inherited from the calculi
for L.2:

5 K@) Bz X g ooR@), B3
E R ! JEERE
REJ’X q) s E ,2 _‘REJZX (D s E ;Z
AR, £ w’l%zg( bR 4-3R, - {f ), Ez,Z
R (Ax @), 2 LR (Fxd),3
‘7_|3V - _'qu), - Ey’ - _'R; (q)), b . 7|3V 4 qu), - Ey, . R;(q)), > .
_~Ixd, _Ey, = ’ (@, Ey, =
~RIT (Axd),  ~RUT (D), Ey,Z RIT(Ix®), | RITE(®), | Ey,=
‘ ~3Rv - W,J_( ;)ﬁ - W,J_,y( ) |- &y ; ,‘HRN - u,J_( g,;) - w,J_,y( ) - LY, &
- _'RW:J_ (Elx(IJ), - Ey.2 - Rw:J_ (EleI)), - Ey,x
Ex,2 _Ex,X Ez, ¥
Ed %; Ev L ;’ given zEfu(Z).

Let us call forms | IR, —~3R,, 3, ;-3 — Ir-forms; forms _Iv, | -Iv, FRv, . ~IR.v — Jp-forms.
Conditions for |3, |~3: z&fi(Z, Ix®); conditions for | IR, |~3IR.: z&fu (T, R (IxP)); condition
for Ap-form: Ey does not belong to .

B, S, S,y >
Specific form of transitivity of =,, for the calculi L.%: Trs 22k =] s
-=x0 - Sz
Forms of — elimination for equality and renomination of equality:

= X = 2 R (=,),2

_ _Tws N - I R =

o= _) Z, 7= +Z: |7_‘R= Tyzg 7\_‘R=

|- - Sy - - Sxpo |- _|RW,J_ (=xy )9

|- R;i (Exy )’ b
- _'R‘;lj_ (EW )92

Auxiliary simplification forms — elimination of a pair of equals in renominations:

‘75 CIR kol R:;v(q))jz ; 7‘EelR - "2 R:; ((D),Z :
- E'W ok Rw'l'x ((D)’ 2 [- E-W >4 RWLi (q))’ 2
|-= el—- R kw2l ﬂ]iw;v((b)’z ; = el—- R - " ﬁR:; ‘(D)az )
- Exy Tk ﬂ W:L:x (q))’ 2 [~ EW 24 ﬂRWLi ((D): Z
Simplification forms — renominations of equality:
| RLEXV . > 5 ‘RlExx e T 2 .
R e R e
Sy = L2
R — Ri=g —
Rei(Ey )2 R )3
=2 =2
‘*RLE2 Vlg+; ,‘RLEQ Vﬂ‘+;
-Foltes (55):2 R (=)
R=2E i R=2E _‘_'EZ,E .
T LRI S R E)E



|- Ezv’2 - Ezv’2
R=p ————— B By ;
|- RW,J_,Z (Exy)’z —\RW,J_,Z (Exy)’z
_—Ey,3 mEy,X
FR.=g ‘;m—; -R= vla x ’
|- RW,,J_’,L (Exy)’z - RW:J-’,J- (EX}’)’Z

Conditions for | R.=y, R.=, . Ri=1g, Ri=1p: y&{u,v} and x = y.
Conditions for | R.=, |R.=¢: x,y&{u,v}.

Special forms of substitution of equals (condition: pEPs):

RYT(P) L RES(P).E RT(p)  RET(P).E

=Rr ok — =Ry oo —
- =0 - R%j_zx (p)sz - =0 o R;,ii (p),Z
= Rr - =0 - _'R‘Xvii (p)v, ;Z_' R;iz‘ (p)’ = ; = Rr - =0 o _'R»Kvifc (p)v’ ;; R;ii(p),z )
|- Exy > |- _|RVT!:J_:x (p)7 2 [- Exy >~ ﬂRW:J.:x (p)5 2

Note that forms of the type R, RI, RU, RT, =¢lR are auxiliary: they should be used every time the
corresponding situation occurs.
Basic sequent forms for the calculus C.%™ consist of the specified above forms except the

forms with negation of external renomination and the forms of the types —=E, =RE, —==, =R=, and
with addition of the following rules:

L0, 3 _®, 3
T T Se,
Basic sequent forms for the calculus C,2”"® consist of the basic forms for the calculus C 2" (i.e.

forms ‘,R, ,‘R, ‘,RLI, ,‘RLL |,RLU, ,‘RiU, ‘,RT 1, ,‘RT 1, ‘,RTZ, ,‘RTZ, \7R1E, 7\RLE, ‘,Rigv, 7\RLEV, ‘,RAR, ,‘RAR,
|,Rl—', ,‘Rl—', |,RLV, ,‘RLV, =7 7 1Y, Y, ‘,3, |jRi, ,‘HV, ,‘HRAV, Ed, EV), with addition of the forms
connected with predicates =,, .

Sy —=vz’ - Txzo 2
Specific form of transitivity of =,, for the calculus C ¢ Tr= 22 =] S

- a0 - Ty

Simplification forms — renominations of the weak equality:

_ \—=)cz’2 . _ —\=xz’2 .
T ) ’ T ) ’
\—RW,J_,Z(=XX)7Z —\RW.J_,Z(=XX)7Z
R = \—=xy72 . R = —\=X,V’2 .
TR AT T s
- W.J_(_xy)’ - W.J_(_xy)’
R_ |—=zsi'Z . R_ —\=ZS’Z .
PR — AT T iy N v
RV (= )2 SRV (= ), 2
[= "0, L,z \ T xy /o [, L,z,s \Txy /o
= 2 = 2
— |- "2y . _ -z
rR= ﬁs R= ﬁ
- W,J_,z(=xy)’ -1,z (=xy)7

Condition for | R.=, R=1: y&{u,v} andx = y; condition for | R.=, R=0: x,y€&{u,v}.
Auxiliary simplification forms — elimination of a pair of equals in renominations:

\—=e1R - =xy i R;i (q))jz : 7‘=e1R |- =xy k| R;i (q))z2 '
o Kol (P)2 = RET@)

Special forms of substitution of equals (condition: pEPs):
=Ry LTk R%:iii(pg;g Ry (P2
R’ (p)s 2

|- =xy’ - ', L,x

=Rr 7w R;;i:i(pv);j Rsiy ()2
R” ; (p)az

- o YLy

For each of the specified sequent calculi, properties of the corresponding logical consequence
relations for sets of formulas induce the main property of basic sequent forms:
Theorem 1.

1. Let ‘léi‘K be a basic sequent form. Then: a) AF K< T'|=A; b)T'|=A < A=K
==



A K X Z .
2. Let ="~ be a basic sequent form. Then: a) A=K 1a X|=Z < I'|=A; b) A=K or

[
X|=Z < T'|=A.

Construction of a sequent tree. The main action during the process of derivation (construction
of a sequent tree) is decomposition or simplification of a formula choosen from the sequent.

Let us describe all stages of the procedure for a given finite sequent 2, for the calculus C.%™®. For
the other calculi the process is similar.

We start from the root . On the initial stage primary distribution of names is performed: we
obtain all the possible distributions of names from ud(Z) to defined and undefined by applying Ed-
form (more details in [5, 12]).

Let us describe derivation of an unclosed sequent leaf n; this implies building a finite subtree with
the node n. We activate all non-primitive formulas in the sequent 1. A corresponding main form is
applied to each active formula. During the process, every time the situation arise, appropriate
auxiliary forms of the types R, R.I, R,.U, RT, =¢lR are used for simplifications.

Forms of the type RT are applied to primitive formulas and their negations. After that, all primitive
formulas in the sequent and their negations become Un-formulas, where Un is a set of all unv-
variables of formulas in sequents in the path from root to the current sequent.

Forms of the type =R.r (substitution of equals) are applied every time the following pair of formulas
appears: one of the type X=y, another — of the type either
CRYT(p), (RYT(P), | mR(p), or | =R;(p), note that at least one the pair should be new for the

sequent. Forms of the type Tr= are applied every time the pair of formulas |_=,, and |_=,. appears, and at
least one of them is new for the sequent.

During each stage, Ir-forms are applied before Jg-forms. With each application of 31, a new
(absent in the path from root to the current sequent) zEVr is taken. Each Jg-form should be used
repeatedly for each defined y of formulas in the path from X to the current sequent.

Resulting formula(s) become(s) passive after application of a main form and implicated
simplifications: at this stage main forms can not be used on them. The obtained sequent should be
checked for closedness after applying a form. If a sequent leaf Q2 is unclosed, it has to be checked
whether Q is a final sequent.

Unclosed sequent node Q is called final, if there is no applicable form to it or no new (differing from
formulas on the path p from X to €2) formula can be obtained using applicable forms. It signals that the
sequent tree has an unclosed path (from root to the current final sequent, all its nodes are unclosed
sequents): the derivation process ended negatively.

Thus, during construction of a sequent tree for a finite sequent, the following cases are possible:

1) the construction procedure is completed positively; we obtained a finite closed tree;

2) the construction procedure is completed negatively; we obtained a finite unclosed tree. Such
tree has at least one unclosed path, all nodes of which are unclosed sequents.

3) the construction procedure is not completed; we obtained an infinite unclosed tree. Konig's
lemma [2] states that such tree has at least one infinite path. All its nodes should be unclosed
sequents, otherwise this path would finish. Hence, there is an infinite unclosed path in the tree.

During the construction of a sequent tree for a given countable sequent X, the process also has its
stages and starts from the root Z. There is a finite set of available on the current stage formulas; forms
can be applied only to these formulas. More on the procedure can be found in [5, 11, 12].

For a sequent tree for a countable sequent the notion of a final node does not make sense, thus
only two outcomes are possible:

1) the construction procedure is completed positively; we obtained a finite closed tree;
2) the construction procedure is not completed; we obtained an infinite unclosed tree with an
infinite unclosed path: every formula of the sequent X will appear in this path and become available.

For all the introduced calculi the soundness theorem holds, with the same formulation and style of
proof. The calculi C&™* C2™ 27 c2F c9® C2™ correspond to the respective logical
consequence relations =7, “|=rz, =1, ©1=r, =0, 7

Theorem 2 (soundness). Let the sequent . I"_A be derivable in the calculus C" then T |= A.

=IR-



If | T_A is derivable in the calculus C”, then a finite closed tree was constructed for this sequent.
For any node of the tree | A K we have A |= K. For leaves it is implied from the notion of a closed
sequent; by Theorem 1, sequent forms preserve logical consequence relation bottom up. Hence, for
the root _.I"_JA we also have I |= A.

The counter-model existence theorems. The completeness of sequent calculi is proved on the
basis of theorems of the existence of a counter-model for the set of formulas of an unclosed path in
the sequent tree. In this case the method of Hintikka (model) sets is used. The proof of the counter-
model theorems below is similar to the proof of the corresponding theorems for PCNL [5, 11]. Let us
consider the counter-model existence theorem for the calculus C.2"..

Theorem 3. Let » be an unclosed path in the derivation tree constructed for [ I'"_JA, let / be the
set of all specified formulas of this path. Then there exist interpretations 4= (S, 14), B= (S, ) and
data 8€”S such that:

Hy) | ®EH = ET(D,) and [ PEH = SET(D,);
Hp) | ®EH = SEF (D) and | PEH => SEF (D).

We will call (4, ) and (B, 8) 7--counter-model and F*-counter-model for  I'"_A respectively.

Let us define a set Un= {yEnm(H) | EyEH} and call it a set of undefined names of the set . Let
us specify W=nm(H)\ Un. The primary definition gives the condition W= {yenm(H)|_EyEH}; we
will consider W as the set of defined names of the set H.

We continuously apply forms to sequents of the path g while we can: eventually, every non-
primitive formula of the path & (or its negation) will be decomposed or simplified.

All the sequents of the path @ are wunclosed, therefore the closure condition
CvVCFvCrnVCrVCgLVCrr does not hold. Therefore, for the set H the following correctness
conditions hold:

HC) there is no formula ® such that | ®EH and | PEH,

HCF) there is no formula R} (Ez) such that | R (Ez)EH;

HCxt.) there is no name x€V such that =, € H,

HCr.) there is no formula R} (=) such that (R} (=) EH;

HCk.p) there are no formulas =,,, Ex, Ey such that  =,,€H, [ Ex€EH, \Ey€E H;
HCgr) there are no formulas =,,, Ex, Ey such that . =,,€H, \ExEH, EyEH.

We can move bottom up from a lower to a higher node of the path & after applying a certain
sequent form, therefore the corresponding conditions for transition for H should hold, in particular:

HTr=) | =yE€Hand| =.€EH= | =.EH,
H=Rr) | = €H, R1I(pEH = = EH, RT(pEH, R (p)EH;

> |- “hw,Lx w,L,x > |- Thw, L,y
=, E€H, [ RITUPEH = | = €H, [ RYT(P)EH, | RITI(P)EH;
H-=Rr) = €H, -RT.(pEH =  =,EH, -R'(p)EH, -R ' (p)EH;
‘,E'WEHs - _'Ry;,ii(p)EH = - EXyEH, - _'R»K«,ii(P)EHa - _'R:T:,i;(p)EH

Let us call a set of signed formulas H for which the conditions above apply, an Ryr.-model set.
Let us obtain a counter-model using the Ryr-model set H.
Equality predicates induce on the set # an equivalence relation: x~y < | =,,EH.

Let §= VIVN be a quotient set on the set W corresponding to ~. We denote an equivalence class

with the representive v as (v). Let us & = [w—(v) | vEW]; such d is a surjection W £ S.
For predicates-indicators and equalities in the interpretations 4 and B we have:
— Ex € H gives xEW, hence Ex 4(8) = T and Ex 5 (8) = T = dET(Ex 4) and OEF(Ex p);
— Ex € H gives x&W, hence d(x)T, therefore Ex ,(8) = Ex 5(8) = F = d&T(Ex 4) and 0EF(Ex p);
—if _=,,EH, then x ~y, hence by construction d =, 4(8) = T and =,,5(0) = T = dEI(=,, 4) and
OEF (=28);
— if |=,,EH, then x~y is incorrect, hence by construction d =,,4(0) = F and =,,;(8) = T =
OEF (=, 4) and OET(=,, ).



Let us specify values of the predicates represented by predicate symbols and their negations and by
primitive Un-formulas and their negations on 0 in the interpretations 4 and B as follows:
— . pEH = 0ET(p,) and OEF (pp); L PEH = dET(p4) and dEF (pp);
— .~pEH =0ET(~p,) and OEF(~p5); ~pEH = dET(-p,) and OEF(~pp);
~ LR(p)EH =1 (DET(p,) and 11 (B) & F(p,), namely SET (R (p),) and SE F(RY[ (p),);
— LRII(P)EH =1 (O)ET(p,) and 11 (D) EF(py), namely SET(RYT(p),) and SE F(RTT(p)s);
—_~RI(p)EH =1L (D) ET(=p,) and 12 D) E F(=py),
namely dET(-R[(p),) and SEF(=R[(p),);
— . —~RU(P)EH =17 ()T (~p,) and 1 (D) EF(=py),
namely dET(-R(p),) and SEF (=R} (p),)-

For atomic formulas, primitive Un-formulas and their negations, the statements of the theorem hold
basing on the defined above values of the corresponding predicates. For clauses, induced by forms
Tr= and forms of the type =R.r, the statements of the theorem hold basing on the definitions of values
of equality predicates and values of basic predicates and their negations. Other clauses connected with
Ez and equality predicates are proved likewise.

The rest of clauses can be proved by induction on the formula structure according to the definition
of H.

The counter-model existence theorems for the calculi C.27, C.2F can be

formulated and proved in the same manner. Below, we will provide the theorems for the calculi c o
and C 2R,

C OTF C O IR C QIR

Theorem 4. Let ¢ be an unclosed path in the sequent tree constructed in C.%™ for T A, let H
be the set of all specified formulas of the path &. Then there exist interpretations A= (S, 1),
B= (S, 1) and data 8€"S such that:

H/') | ®EH = ®,(8)=T and ®EH = D4(8) = T;
H') | ®EH = ®p(d) = F and | PEH = Dp(d) =F.

The pairs (4,0) and (B,d) are called T "~-counter-model and F “--counter-model for oA
respectively.

In the formulations of the counter-model theorems, for the calculus C.% only the interpretation
A= (S,1,) and clause H;® remain, while for the calculus C.%" only the interpretation B= (S, /) and
clause H;° remain.

Theorem 5. Let @ be an unclosed path in the sequent tree constructed in C2F for . T_A, let H be
the set of all specified formulas of the path & . Then there exist an interpretation 4 = (S, /) and data
dE"S such that:

He) .OEH = ©4(0)=T and | ®EH = D,(d)=F.

The pair (4, ) is called /R=-counter-model for the sequent | A .

For the calculus C.27*, the formulation of the counter-model existence theorem matches with the
Theorem 5.

The completeness theorem. The theorems of the existence of a counter-model allow us to obtain
the corresponding completeness theorems with the same formulation for all of the introduced here
calculi.

Theorem 6 (completeness). Let I'|= A, then the sequent | I'_A 1is derivable in the calculus c".

Let us show the proof for the relation *=7+ and calculus C2™ (for more similar proofs see
[5, 12]).

Assume that T*{=7z A, but the sequent | T"A is not derivable. In this case the sequent tree for | "
/A is not closed, thus, an unclosed path & exists in this tree. Let / be the set of all signed formulas of
this path. By the Theorem 3, there exist a 7--counter-model (4, ) and an F--counter-model (B, 8) such
that:

- PEH = dET(P,) and | PEH = dET(V,); | PEH = SEF(P;) and | PEH = SEF(Dp).

For T--counter-model, by | I' /ACH for all ®EI’ we have 0ET(P,), for all YEA we have

OET(Y,4). Whence dET(T4) and OET(A,), therefore T(T'4) C T(A4) does not hold. This contradicts to



I 4=rA, so it contradicts to I ®|=7z A.

For F--counter-model, by I ACH for all ®EI' we have O&EF(Pj), for all YEA we have
OEF(¥5). Whence 0EF(I'p) and 0EF(Ap), therefore F(Az) C F(I'3) does not hold. This contradicts to
I s=rA, so it contradicts to ' *|=7z A.

5. Conclusion

We study new classes of software-oriented logical formalisms — pure first-order logics of partial
quasiary predicates with extended renominations and predicates of strong equality and of weak
equality, denoted respectively L% and L.2". For the considered logics, main properties of their
compositions are given, and their languages are described. We define various variants of logical
consequence relations and describe their properties, paying special attention to those connected with
equality predicates. For the introduced logical consequence relations we construct calculi of sequent
type. We specify basic sequent forms for the presented calculi and conditions for sequent closedness,
and describe the derivation procedure via a sequent tree. The counter-model existence theorems are
considered; an example illustrating a counter-model construction by an unclosed path in the sequent
tree is provided. For the studied calculi, the soundness and completeness theorems are proved; the
proof of the completeness theorems is based on a construction of the respective counter-models. In the
future we plan to investigate extending the logic L % with the composition of predicate complement.
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