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Abstract. In the first part, we extend our results from a previous paper on fac-
torization of residuated lattices to residuated lattices with hedges. In the second
part, we show how this result can be applied to the problem of factorization of
fuzzy concept lattices with hedges. Our approach is that instead of factorizing
the original concept lattice with hedges we construct a new data table with fuzzy
values of attributes in a factorized residuated lattice with hedges and show that
the induced concept lattice is isomorphic to the factor concept lattice.

1 Introduction

Formal concept analysis (FCA) is a popular method for analysis of object-attribute data
[11], [9]. Its aim is to process data in a tabular form (describing objects and their at-
tributes) and extract interesting clusters, called formal concepts, which correspond to
maximal rectangles in the processed data table. These formal concepts form a concept
lattice, which represents the main output of the method.

In the case of formal concept analysis of data with fuzzy values of attributes the
domain for data can consist of more than two elements (representing degrees to which
particular objects can have particular attributes). Since the number of formal concepts
can be large in this case, several methods of reducing the size of resulting concept lattice
have been proposed. In this paper, we consider two of them: factorization and hedges.

The idea behind factorization of fuzzy concept lattices is that instead of consider-
ing the original concept lattice, which can be very large, we accept not to distinguish
between formal concepts which are sufficiently similar. This can be done by choosing
a degree of similarity of formal concepts and factorizing the concept lattice by the tol-
erance relation induced by this degree. As the result, we obtain a smaller lattice, whose
size depends on the prescribed degree. This parametrized size reduction method has
been introduced in [1] and further improved in [3], see also [2].

In [8], the notion of fuzzy concept lattice with hedges was introduced (see also [4],
[5]). It can be viewed as another tool for reducing size of concept lattices. It introduces
two additional parameters, called (truth-stressing) hedges, which are unary functions
on the scale of truth degrees and can be seen as truth functions of connectives “very
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true”. Hedges can be used as parameters selecting “important attributes” and “important
objects”. Stronger hedges lead to smaller number of extracted concepts.

In [6], these two approaches (factorization and hedges) were combined and a method
of factorizing fuzzy concept lattices with hedges was introduced.

In [17], we dealt with residuated lattices, which are frequently used as structures of
truth values in fuzzy logic, and as such are also used in the above papers. We showed
(using results of [10] and [18]) that residuated lattices can be factorized by means of
a prescribed degree of similarity of truth values. We also stated a general idea of ap-
proximate size reduction of fuzzy systems by factorizing the underlying structure of
truth values (i.e., a residuated lattice) by a tolerance relation, induced by the user-
prescribed degree to which we allow different truth values to be non-distinguishable.
We also showed that this general idea is applicable to fuzzy concept lattices: factorized
fuzzy concept lattice is in fact isomorphic to another concept lattice, constructed from
a data table with values from factor residuated lattice.

In this paper, we first generalize our results from [17] to residuated lattices with
hedges. We show that any hedge on a residuated lattice induces a hedge on the factorized
residuated lattice. The only limitation is that the prescribed similarity degree must be a
fixpoint of the used hedge (similar condition appears also in [6]).

In the next part we show that factor fuzzy concept lattices with hedges can be again
described by means of factor residuated lattices with hedges. More precisely, we show
that each factor fuzzy concept lattice with hedges is isomorphic to a fuzzy concept lat-
tice with hedges built on a data table with values from the factorized residuated lattice.

This paper is organized as follows. In Section 2 we summarize basic known facts
on residuated lattices, fuzzy sets, factorization of residuated lattices and factorization of
concept lattices with hedges. In Section 3 we give our two main results on factorization
of residuated lattices with hedges and factorization of concept lattices with hedges.

2 Preliminaries

2.1 Residuated lattices and fuzzy sets

We use complete residuated lattices as structures of truth values. We recall only basic
facts here, for more detailed review, we refer the reader to [2], [12].

A complete residuated lattice is defined as an algebra L = 〈L,∧,∨,⊗,→,0,1〉 such
that 〈L,∧,∨,0,1〉 is a complete lattice with the least element 0 and the greatest element
1; 〈L,⊗,1〉 is a commutative monoid (i.e. ⊗ is commutative, associative, and a⊗ 1 =
1⊗a = a for each a ∈ L); ⊗ (product) and → (residuum) satisfy so-called adjointness
property: a⊗ b ≤ c iff a ≤ b → c for each a,b,c ∈ L. Elements of L are called truth
degrees. ⊗ and → are (truth functions of) “fuzzy conjunction” and “fuzzy implication”.

For each complete residuated lattice we consider a derived (truth function of) logical
connective↔ (“fuzzy equivalence”) defined by a↔ b = (a→ b)∧(b→ a).↔ is called
biresiduum and is used for measuring similarity of truth degrees.

A common choice of L is a structure with L = [0,1] (unit interval), ∧ and ∨ being
minimum and maximum, ⊗ being a left-continuous t-norm with the corresponding →.
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Three most important pairs of adjoint operations on the unit interval are:

Łukasiewicz:
a⊗b = max(a+b−1,0),

a → b = min(1−a+b,1),
(1)

Gödel:
a⊗b = min(a,b),

a → b =
{

1 if a ≤ b,
b otherwise,

(2)

Goguen (product):
a⊗b = a ·b,

a → b =
{

1 if a ≤ b,
b
a otherwise.

(3)

Complete residuated lattices on [0,1] given by (1), (2), and (3) are called standard
Łukasiewicz, Gödel, Goguen (product) algebras, respectively.

The class of complete residuated lattices include finite structures as well. For in-
stance, we can put Ln+1 = {a0 = 0,a1, . . . ,an = 1} ⊆ [0,1], where a0 < · · · < an are
equidistant and ⊗ and → are restrictions of the operations from (1). In this case, the
residuated lattice Ln+1 = 〈Ln+1,min,max,⊗,→,0,1〉 is called an equidistant Łukasie-
wicz chain.

A special case of a complete residuated lattice is the two-element Boolean algebra
〈{0,1},∧,∨,⊗,→,0,1〉, denoted by 2, which is the structure of truth degrees of the
classical logic. That is, the operations ∧,∨,⊗,→ of 2 are the truth functions (interpre-
tations) of the corresponding logical connectives of the classical logic.

A hedge (or truth stresser) on residuated lattice L is a unary operation ∗ satisfying
(i) 1∗ = 1, (ii) a∗ ≤ a, (iii) (a→ b)∗ ≤ a∗→ b∗, (iv) a∗∗ = a∗, for a,b ∈ L. A hedge ∗ is
a (truth function of) logical connective “very true” [13].

Among all hedges on any residuated lattice, the greatest one is given by a∗ = a and
is called (obviously) identity. The smallest hedge is called globalization and is given by
1∗ = 1 and a∗ = 0 for a < 1. In Fig. 1 there are depicted all possible hedges on L5.

Theorem 8 Let I be an L-relation between X and Y , !",#$ be
a Galois connection with hedges %X and %Y . Then

(i) !"I ,#I $ is a Galois connection with hedges %X and %Y ;

(ii) I!",#$ defined as in the proof of Lemma 7 is an L-relation
between X and Y and we have

(iii) !",#$= !"I!",#$ ,#I!",#$ $ and I = I!"I ,#I $.

Proof. By Theorem 3, Theorem 5, and Lemma 7 it suffices

to prove I = I!"I ,#I $. We have

I!"I ,#I $(x,y) = {1
!
x}"I (y) =

=
^

z&X
{1%X

!
x}(z)' I(z,y) = I(x,y).

!

2.4 Further topics

We now briefly comment on selected topics.

2.4.1 Structure of B (X%X ,Y %Y , I)

The structure of ordinary concept lattices is described by the

so-called main theorem of concept lattices [11]. An analogy

in fuzzy setting describing the structure of B (X%X ,Y %Y , I) is
provided in [7]. In [7], the main theorem for B (X%X ,Y %Y , I)
was derived by showing that B (X%X ,Y %Y , I) is isomorphic to
some ordinary concept lattice. Among other things, this “re-

duction” enables us to use algorithms for concept lattices for

the problem of computing B (X%X ,Y %Y , I). A direct proof of
the main theorem for B (X%X ,Y %Y , I) remains an open prob-
lem (an interesting one since it may suggest new insight).

2.4.2 Closure structures

Unlike the case of fuzzy Galois connections without hedges

(see [1]), the compositions of Galois connections with hedges

are not fuzzy closure operators. For instance, we have only

A%X ( A"# and B%Y ( B#", and not A ( A"# and B ( B#" in
general (see above). It remains an open problem to study map-

pings satisfying the properties of the composed mappings "#

and #". Note that in the ordinary case, i.e. L = 2, mappings
of the form "# and #" are exactly all the closure operators on X
and Y , respectively.

2.4.3 Nesting of concept lattices

The following fact is remarkable and worth of further inves-

tigation. If we take %X equal the identity on L, and take

two hedges %1 and %2 such that %1 is stronger than %2 (i.e.
a%1 ) a%2 for each a& L) then B (X%X ,Y %1 , I)(B (X%X ,Y %2 , I)
(we omit proof). However, for %X other than the identity,
B (X%X ,Y %1 , I)( B (X%X ,Y %2 , I) need not be the case.

glob. !L1 !L2 !L3

0

0.25

0.5

0.75

1

iden.

Figure 1: Truth stressers

small large far near

Mercury 1 0 0 1

Venus 0.75 0 0 1

Earth 0.75 0 0 0.75
Mars 1 0 0.5 0.75
Jupiter 0 1 0.75 0.5
Saturn 0 1 0.75 0.5
Uranus 0.25 0.5 1 0.25
Neptune 0.25 0.5 1 0

Pluto 1 0 1 0

Table 1: Data table with fuzzy attributes

2.4.4 Automatic generation of statements

In case of Galois connections with hedges, we often work with

assertions which are inequalities of the form A... ( A... (and

dually for B), where “. . .” stand for sequences of *, +, and %.
We designed a computer program to find proofs of these as-

sertions automatically. A database of 375 assertions (with the

proofs attached) can be found at

http://vychodil.inf.upol.cz/res/devel/aureas.

The general inference engine is still under construction and

will be available soon at the same Internet address.

3 EXAMPLES AND EXPERIMENTS

Consider a five-element !ukasiewicz chain L such that L =
{0,0.25,0.5,0.75,1}, , and' given by (6). For L, there are

five truth-stressing hedges satisfying (2)–(5). That is, except

for globalization and identity, there are three nontrivial hedges

which will be denoted by !1, !2, !3, see Fig. 1. The number

of truth-stressing hedges defined on a finite chain depends on

the chosen adjoint operations. For instance, for five-element

Gödel chain there are eight hedges satisfying (2)–(5).

80% gl. !1 !2 !3 id.

gl. 16 31 32 32 32

!1 85 120 121 121 180

!2 84 107 107 108 108

!3 299 337 337 338 501

id. 560 928 637 951 1512

55% gl. !1 !2 !3 id.

gl. 12 27 31 31 31

!1 53 89 92 93 150

!2 66 95 99 100 100

!3 146 186 190 191 410

id. 212 448 271 540 1148

30% gl. !1 !2 !3 id.

gl. 9 17 21 22 22

!1 26 48 52 53 78

!2 33 54 58 59 59

!3 48 72 77 77 181

id. 59 137 91 201 425

5% gl. !1 !2 !3 id.

gl. 4 7 7 8 8

!1 8 14 15 15 17

!2 9 15 16 16 16

!3 10 16 17 17 31

id. 11 21 18 32 52

Table 2: Average number of clusters

Fig. 1. All hedges on L5

Element a ∈ L is said to be a fixpoint of hedge ∗ if a∗ = a. For two fixpoints a1,a2
of ∗, the product a⊗b is also a fixpoint of ∗.

Recall that an L-set (or fuzzy set) A in universe X is a mapping A : X → L. For any
x ∈ X , A(x) is interpreted as the degree to which x belongs to A. For two such L-sets
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A1,A2, the degree of their similarity A1 ≈X A2 ∈ L is defined by

A1 ≈X A2 =
∧
x∈X

A1(x)↔ A2(x). (4)

2.2 Factorization of residuated lattices

We use factorization of residuated lattices by compatible tolerances as the main tool
in this paper. Regarding factorization of (complete) ordinary lattices we use results of
Czédli [10] and Wille [18].

Recall that tolerance on a set X is a relation ∼ which is reflexive and symmetric.
Each tolerance induces a covering of its underlying set, called the factor set. This set
consists of all maximal blocks of the tolerance, i.e., the maximal subsets whose any two
elements are in∼. In the case of tolerance∼ on the set X , the factor set is denoted X/∼.

Compatible tolerance relation on a complete lattice L is a tolerance which preserves
suprema and infima, i.e., a tolerance ∼ on L is compatible if from a j ∼ b j for any j ∈ J
follows

∨
j∈J a j ∼

∨
j∈J b j and

∧
j∈J a j ∼

∧
j∈J b j.

For a ∈ L we denote

a∼ =
∨
{b ∈ L | a ∼ b}, a∼ =

∧
{b ∈ L | a ∼ b}, (5)

[a]∼ = [a∼,(a∼)∼], [a]∼ = [(a∼)∼,a∼] (6)

([a1,a2] denotes the interval {b ∈ L | a1 ≤ b ≤ a2}).
Maximal blocks of ∼ are exactly sets [a]∼ and [a]∼, i.e., it holds L/∼= {[a]∼ | a ∈

L}= {[a]∼ | a ∈ L}.
Ordering on the set L/∼ is introduced using suprema of maximal blocks and can be

equivalently introduced using infima. For blocks B1,B2 ∈ L/∼ we set

B1 ≤ B2 iff
∨

B1 ≤
∨

B2. (7)

The set L/∼ together with this ordering is a complete lattice, which is denoted by L/∼.
Now suppose that L is a residuated lattice. The following results can be found in [2],

[3], where a more general approach is presented, namely sets of fixpoints of L-closure
operators are considered in place of residuated lattice L.

For e ∈ L we denote the e-cut of biresiduum in L by ∼L
e or simply ∼e. By definition

of e-cuts of fuzzy relations, for any a1,a2 ∈ L, a1 ∼e a2 if and only if a1 ↔ a2 ≥ e. ∼e
is a compatible tolerance on L.

We introduce the following simplified notations: ae = a∼e , ae = a∼e , [a]e = [a]∼e ,
[a]e = [a]∼e . The factor lattice L/∼e will be denoted by L/e.

It holds for any a ∈ L, ae = e⊗ a, ae = e → a. As a consequence, we obtain the
following equalities, which hold for any maximal block B ∈ L/∼e:

∨
B = e →

∧
B,∧

B = e⊗
∨

B.
In [17] we introduced a structure of residuated lattice on the factor set L/e as fol-

lows. For B1,B2 ∈ L/e we set

B1⊗B2 =
[∨

B1⊗
∨

B2

]
e
, (8)

B1 → B2 =
[∨

B1 →
∨

B2

]
e
. (9)
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Now the set L/e together with elements 0,1 ∈ L/e and operations ∧,∨ given by the
factor lattice structure and together with operations ⊗,→ introduced in (8) and (9) is a
complete residuated lattice, which is denoted by L/e. More formally, L/e is equal to
the tuple 〈L/e,∧,∨,⊗,→,0,1〉.

In the following lemma, we introduce some basic properties of factor residuated
lattices which will be needed later. For more systematic approach, the reader can refer
to [17].

Lemma 1. For any a1,a2 ∈ L, B1,B2 ∈ L/e it holds

[a1 → a2]e ≤ [a1]e → [a2]e, (10)
[a1 → (e → a2)]e = [a1]e → [e → a2]e, (11)∨

(B1 → B2) =
∨

B1 →
∨

B2. (12)

2.3 Fuzzy concept lattices with hedges

In this section, we recall some basic notions and notations and state some basic results
on fuzzy concept lattices with hedges and their factorization. We refer the reader to [2],
[6], [8] for details.

Let X , Y be nonempty sets, I : X ×Y → L an L-relation between X and Y . The
triple 〈X ,Y, I〉 is called a formal L-context, elements of X and Y are called objects and
attributes, respectively. 〈X ,Y, I〉 represents a data table which assigns to each x ∈ X and
y ∈ Y a truth degree I(x,y) ∈ L to which object x has the attribute y.

For a hedge ∗X on L and L-set A ∈ LX of objects we define an L-set A↑ ∈ LY of
attributes by

A↑(y) =
∧
x∈X

(A(x)∗X → I(x,y)) . (13)

Similarly, for any hedge ∗Y and L-set B of attributes we define an L-set B↓ of objects
by

B↓(x) =
∧
y∈Y

(B(y)∗Y → I(x,y)) . (14)

The following lemma summarizes basic properties of mappings ↑ and ↓ [4]:

Lemma 2. Mappings ↑ and ↓ defined by (13) and (14) satisfy the following properties:

1. A∗X ≤ A↑↓ and B∗Y ≤ B↓↑;
2. A1 ≤ A2 implies A↑2 ≤ A↑1, and B1 ≤ B2 implies B↓2 ≤ B↓1 (antitony);
3. A↑ = A∗X↑ and B↓ = B∗Y ↓;
4. A↑∗Y ≤ A↑↓↑ ≤ A∗X↑ and B↓∗X ≤ B↓↑↓ ≤ B∗Y ↓;
5. A↑↓ = A↑↓↑↓ and B↓↑ = B↓↑↓↑.

Next we set

B(X∗X ,Y ∗Y , I) = {〈A,B〉 ∈ LX ×LY | A↑ = B,B↓ = A}. (15)

We define a partial ordering on B(X ,Y, I) by

〈A1,B1〉 ≤ 〈A2,B2〉 iff A1 ≤ A2 (16)
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(or, equivalently, B2 ≤ B1). B(X∗X ,Y ∗Y , I) with this ordering is a complete lattice,
called an L-concept lattice induced by 〈X ,Y, I〉 and hedges ∗X , ∗Y .

Elements 〈A,B〉 of B(X∗X ,Y ∗Y , I) are called formal concepts, for each formal con-
cept 〈A,B〉, A is called its extent, B intent. Formal concepts are interpreted as con-
cepts/clusters hidden in the data table. Namely, the conditions A↑ = B and B↓ = A say
that B is the collection of all attributes shared by all objects (for which it is very true
that they are) from A, and A is the collection of all objects sharing all attributes (for
which it is very true that they are) from B.

The main idea of adding hedges to fuzzy concept lattices is that using hedges, one
can affect the size of concept lattices. Namely, if we choose both ∗X , ∗Y to be identities,
we obtain an ordinary fuzzy concept lattice. Other choices lead to smaller concept lat-
tices. For example, if both ∗X , ∗Y are globalizations then the generated concept lattice
consists of so called crisply generated formal concepts [7]. If ∗X and ∗Y are globaliza-
tion and identity (respectively) then B(X∗X ,Y ∗Y , I) is isomorphic to so-called one-sided
concept lattice [15].

Now we recall the parametrized concept lattice factorization method, as introduced
in [1], and then mention its generalization to fuzzy concept lattices with hedges.

As we mentioned in Introduction, factorization represents another attempt to reduce
the size of fuzzy concept lattice. In this method, user choses a degree e ∈ L to which
he/she considers two different concepts to be similar. Factorizing-out similar concepts
by a tolerance relation induced by e a smaller lattice is obtained. This lattice do not
preserve information on differences between similar concepts. Reader can refer [6], [8]
for details on factorization of concept lattices and its generalization to concept lattices
with hedges.

We introduce a similarity relation ≈ on the set B(X ,Y, I) of all formal concepts of
〈X ,Y, I〉 by

〈A1,B1〉 ≈ 〈A2,B2〉= A1 ≈X A2 (17)

(see (4)).
〈A1,B1〉 ≈ 〈A2,B2〉 is called the degree of similarity of formal concepts 〈A1,B1〉 and

〈A2,B2〉. ≈ is known to be a fuzzy equivalence on B(X ,Y, I).
Since ≈ is a fuzzy equivalence on B(X ,Y, I) then, for any user-chosen threshold

e ∈ L, the e-cut e≈ is a (crisp) tolerance relation (“being similar to degree at least e”)
on B(X ,Y, I). This tolerance is compatible with the lattice structure on B(X ,Y, I).

Maximal blocks of e≈ are exactly intervals [〈A,B〉]e≈ (or, equivalently, intervals
[〈A,B〉]e≈, see (6)), and the factor set B(X ,Y, I)/e≈ together with the ordering given
by (7) is a complete lattice.

This result can also be generalized to fuzzy concept lattices with hedges. First we
show some properties of the fuzzy equivalence ≈X (resp. ≈Y ) on LX (resp. LY ) with
connection to functions ↑ and ↓ [6]:

Lemma 3. For A1,A2 ∈ LX and B1,B2 ∈ LY we have (A1 ≈X A2)∗X ≤ A↑1 ≈Y A↑2 and
(B1 ≈Y B2)∗Y ≤ B↓1 ≈X B↓2.

For a concept lattice B(X∗X ,Y ∗Y , I), similarity of concepts is defined as above, as
well as its e-cut, used for factorization. The factor set B(X∗X ,Y ∗Y , I)/e≈ together with
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the ordering given by (7) is again a complete lattice. The structure of maximal blocks
of e≈ on B(X∗X ,Y ∗Y , I) is given by the following lemma.

Lemma 4. For 〈A,B〉 ∈B(X ,Y, I) we have

1. 〈A,B〉e≈ = 〈(e → A)↑↓,(e⊗B)↓↑〉,
2. 〈A,B〉e≈ = 〈(e⊗A)↑↓,(e → B)↓↑〉,
3. 〈A,B〉e≈ = ((〈A,B〉e≈)e≈)

e≈,
4. 〈A,B〉e≈ = ((〈A,B〉e≈)

e≈)e≈.

3 Results

3.1 Factorization of residuated lattices with hedges

The first main result of this paper concerns introducing a hedge on the factor residuated
lattice L/e induced by a hedge on the original residuated lattice L.

Suppose that ∗ is a hedge on residuated lattice L and e∈ L is its fixpoint, i.e., e∗ = e.
We define a new unary operation ∗e (or, simply, ∗ if e and underlying residuated lattice
are obvious) on L/e by setting for any B ∈ L/e,

B∗
e
=

[(∨
B
)∗]

e
. (18)

We have the following result for the new operation ∗e:

Theorem 1. If e∈ L is a fixpoint of the hedge ∗ then the operation ∗e on L/e is a hedge.

Proof. Let 1 ∈ L and 1 ∈ L/e be unite elements. We have 1 = [1]e and

1∗
e
= ([1]e)∗

e
= [1∗]e = 1,

which proves condition (i) for hedges.
Now let B ∈ L/e. Then

B∗
e
=

[(∨
B
)∗]

e
≤

[∨
B
]

e
= B,

which proves condition (ii).
To prove condition (iii) we use Lemma 1 and obtain for B1,B2 ∈ L/e,

(B1 → B2)∗
e
=

[(∨
(B1 → B2)

)∗]
e
=

[(∨
B1 →

∨
B2

)∗]
e
≤

≤
[(∨

B1

)∗
→

(∨
B2

)∗]
e
≤

[(∨
B1

)∗]
e
→

[(∨
B2

)∗]
e
=

= B∗
e

1 → B∗
e

2 .

Let B ∈ L/e. To prove the equality B∗
e
= B∗

e∗e
we show that infima of both sides

are equal. Denote
∨

B = a. We have
∧

B∗
e
= e⊗ a∗ and

∧
B∗

e∗e
= e⊗ (e → e⊗ a∗)∗.

Now, from condition (iii) for hedges and from the fact that e⊗a∗ is a fixpoint of ∗ (both
e and a∗ are fixpoints) we obtain∧

B∗
e∗e ≤ e⊗ (e∗ → (e⊗a∗)∗) = e⊗ (e → e⊗a∗) =

∧
B∗

e
.

The opposite inequality
∧

B∗
e ≤

∧
B∗

e∗e
follows from (e → e⊗ a∗)∗ ≤ e → e⊗ a∗ by

multiplying both sides by e. This proves the remaining condition (iv) for hedges.
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3.2 Factorization of fuzzy concept lattices with hedges

In this section, we present our second main result: the factorized L-concept lattice
B(X∗X ,Y ∗Y , I)/e≈ is isomorphic to an L/e-concept lattice, constructed from a formal
L/e-context, which is easily computable from the original formal L-context 〈X ,Y, I〉.

For any L-set A ∈ LX we shall use the symbols Ae, Ae, [A]e, [A]e as before, where e
is identified with the constant mapping x 7→ e. We have Ae,Ae ∈LX , [A]e, [A]e ∈ (LX )/e.

In what follows, we shall not distinguish between sets LX/e and (L/e)X and their
elements. For example, we can consider [A]e as an element of (L/e)X , having [A(x)]e =
[A]e(x) ∈ L/e, for any x ∈ X (see [17] for details).

For a formal context 〈X ,Y, I〉, the L-relation I is a mapping I : X ×Y → L. Using
results from [17], we define an L/e-relation [I]e : X ×Y → L/e by

[I]e(x,y) = [I(x,y)]e (19)

(like before, we do not distinguish between elements of (L/e)X×Y and LX×Y /e).
Let 〈X ,Y, I〉 be a formal context, ∗X , ∗Y hedges, e∈ L a fixed threshold. We consider

a new formal L/e-context 〈X ,Y, [I]e〉. Using results of previous section, we introduce
two thresholds ∗e

X , ∗e
Y on the factor residuated lattice L/e such that e is their common

fixpoint. Then we construct the concept lattice B(X∗e
X ,Y ∗e

Y , [I]e).
When the underlying residuated lattice and e are obvious, we also denote the thresh-

olds ∗e
X , ∗e

Y simply by ∗X , ∗Y . Since there will be no possibility of confusion, we also de-
note the formal-context-defining operators with respect to the formal context 〈X ,Y, [I]e〉
and hedges ∗e

X , ∗e
Y again by ↑, and ↓.

Lemma 5. For any Ā ∈ LX/e with A =
∨

Ā it holds Ā↑ = [A↑]e. For any B̄ ∈ LY /e with
B =

∨
B̄ it holds B̄↓ = [B↓]e.

Proof. From basic properties of blocks of compatible tolerances in residuated lattices
and from (11) we obtain

Ā↑(y) =
∧
x∈X

Ā∗
e
X (x)→ [I]e(x,y) =

=
∧
x∈X

Ā∗
e
X (x)→ [e → I(x,y)]e =

=
∧
x∈X

[A∗X (x)]e → [e → I(x,y)]e =

=
∧
x∈X

[A∗X (x)→ (e → I(x,y))]e =

=
∧
x∈X

[e → (A∗X (x)→ I(x,y))]e =

=
∧
x∈X

[A∗X (x)→ I(x,y)]e =

=

[ ∧
x∈X

(A∗X (x)→ I(x,y))

]e

=

= [A↑(y)]e.
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The second statement follows by duality.

Lemma 6. For any Ā ∈ LX/e, if A ∈ Ā then A↑ ∈ Ā↑. For any B̄ ∈ LY /e, if B ∈ B̄ then
B↓ ∈ B̄↓.

Proof. This is a simple consequence of Lemma 5. If A∈ Ā then A≤
∨

Ā and A≈X ∨
Ā≥

e. Hence A↑ ≥ (
∨

Ā)↑ (Lemma 2, part 2) and A↑ ≈Y (
∨

Ā)↑ ≥ e∗X = e (Lemma 3). Thus,
A↑ ∈ [(

∨
Ā)↑]e = Ā↑ (Lemma 5). The second statement can be proved similarly.

Lemma 7. For 〈Ā, B̄〉 ∈B(X∗X ,Y ∗Y , [I]e), (
∨

B̄)↓ is the least fixpoint of ↑↓ in Ā.

Proof. Denote B0 =
∨

B̄, A0 = B↓0. First we show that A0 is a fixpoint of ↑↓. The element
A↑0 is a fixpoint of ↓↑ (Lemma 2, part 5). We have B∗Y

0 ≤ A↑0 (Lemma 2, part 1) and
A↑0 ≤ B0 (Lemma 6, applied twice). Hence for fixpoint A↑↓0 of ↑↓ we obtain (using
Lemma 2, part 2), B↓0 ≤ A↑↓0 ≤ B∗Y ↓

0 . But from Lemma 2, part 3, we have B↓0 = B∗Y ↓
0 ,

which shows that A0 is a fixpoint of ↑↓.
Now from antitony of ↑ and ↓ (Lemma 2, part 2) we have for any fixpoint A ∈ Ā:

A ≥
∧

Ā, A↑ ≤ (
∧

Ā)↑ ≤ B0 (Lemma 6), which leads to A0 ≤ A↑↓ = A.

Lemma 8. For every 〈Ā, B̄〉 ∈ B(X∗X ,Y ∗Y , [I]e), the set F(〈Ā, B̄〉) of all 〈A,B〉 from
B(X∗X ,Y ∗Y , I) such that A ∈ Ā, is a maximal block of e≈ (i.e., F(〈Ā, B̄〉) belongs to
B(X∗X ,Y ∗Y , I)/e≈).

Proof. According to Lemma 7, A0 = (
∨

B̄)↓ is the least fixpoint of ↑↓ in Ā. From
Lemma 5 we have e→ A0 =

∨
Ā and (e→ A0)↑↓ = A1, where A1 is the greatest fixpoint

of ↑↓ in Ā. According to Lemma 6, A1 ∈ Ā.
It remains to be shown (Lemma 4) that A0 = (e⊗A1)↑↓ ∈ Ā. We have (

∨
Ā)∗X ≤

A1 ≤
∨

Ā (Lemma 2, part 1) and from Lemma 2, parts 2, 3, the intent B1 = A↑1 is equal
to (

∨
Ā)↑. Hence,

∨
B̄ = e → B1 (Lemma 5) and (e → B1)↓↑ is the greatest intent of

B(X∗X ,Y ∗Y , I) from B̄. According to Lemma 4, the corresponding extent is equal to A0.
Applying Lemma 6 now completes the proof.

Lemma 9. For any maximal block K = [〈A0,B0〉,〈A1,B1〉] ∈B(X∗X ,Y ∗Y , I)/e≈ there
is exactly one formal concept G(K) = 〈Ā, B̄〉 ∈ B(X∗X ,Y ∗Y , [I]e) such that

∧
Ā ≤ A0,

A1 ≤
∨

Ā. It holds Ā = [A0]e.

Proof. Since A0
e≈ A1 then there exists a maximal block A′ ∈ LX/e such that A0 ∈ A′,

A1 ∈ A′. From Lemma 6 we have A0 ∈ A′↑↓, A1 ∈ A′↑↓. This gives existence of at least
one 〈Ā, B̄〉 with desired properties.

Now suppose that 〈Ā, B̄〉 ∈ B(X∗X ,Y ∗Y , [I]e) is such that
∧

Ā ≤ A0, A1 ≤
∨

Ā. The
element (

∨
B̄)↓ is the least fixpoint of ↑↓ in Ā (Lemma 7). Hence, (

∨
B̄)↓ = A0 (K is a

maximal block). From Lemma 5 we have Ā = [A0]e which proves the uniqueness of Ā
as well as the desired equality.

Lemmas 8 and 9 give us mapping F : B(X∗X ,Y ∗Y , [I]e) → B(X∗X ,Y ∗Y , I)/e≈ and
mapping G : B(X∗X ,Y ∗Y , I)/e≈→B(X∗X ,Y ∗Y , [I]e) which are obviously mutually in-
verse. Using mapping F , we state our main result:
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Theorem 2. Mapping F is an isomorphism of lattices.

Proof. It remains to be shown that F and G are morphisms of ordered sets. For two
elements 〈Ā, B̄〉,〈C̄, D̄〉 ∈B(X∗X ,Y ∗Y , [I]e), denote F(〈Ā, B̄〉) = [〈A0,B0〉,〈A1,B1〉] and,
similarly, F(〈C̄, D̄〉) = [〈C0,D0〉,〈C1,D1〉] (intervals taken in B(X∗X ,Y ∗Y , I)).

If 〈Ā, B̄〉 ≤ 〈C̄, D̄〉 then
∨

Ā ≤
∨

C̄, from which and from Lemma 7 it follows B1 =
(
∨

Ā)↑ ≥ (
∨

C̄)↑ = D1. This means [〈A0,B0〉,〈A1,B1〉]≤ [〈C0,D0〉,〈C1,D1〉].
To prove the opposite we start with A0 ≤ C0. This and Lemma 5 give

∨
Ā = e →

A0 ≤ e →C0 =
∨

C̄, which finishes the proof.

4 Conclusion

The two main results of this paper can be interpreted as follows. If we are trying to
reduce the complexity of some concept lattice with hedges by factorization, then we are,
in fact, constructing another concept lattice with hedges, which is built over a data table
with values in some factorized residuated lattice. Thus, the problem of factorization of
concept lattice by similarity is replaced with the problem of factorization of the used
set of truth degrees (residuated lattice) which indicate the similarity levels.

This paper extends our previous results from [17], where we considered residuated
lattices and fuzzy concept lattices without hedges.

There is even more general approach (“Generalized concept lattice”, [16]), which
contains the notion of fuzzy concept lattice with hedges as a special case [14]. There
arises a question whether the method of factorization of concept lattices can be gen-
eralized to this case. This question is open; the main obstacle seems to be that in this
general framework there is no known natural notion of similarity of concepts.
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