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Preface

First, we want to thank our sponsor (CM)? — Center for Mathematical and
Computational Modelling for financial support and to host this event.

The aim of this symposium is to bring together young researchers from
various fields. Its interdisciplinary character is underlined by the support of
the University of Kaiserslautern, DFKI, Fraunhofer ITWM, IVW, and the
Rhineland-Palatinate research initiative. With more than 40 participants
and 14 submissions, the first YRS demonstrated the strength and interest
in such an event. In a relaxed atmosphere, young researchers were able to
discuss new ideas for cooperations and support.

These proceedings contain peer-reviewed and accepted contributions from
the domains materials characterization, production processes, economics,
and system-on-chip design (SOC). The close relationship to mathematics
and computer science, which is essential to engineers and natural scientists,
was always visible and will help to advance progress in relevant areas.

The top three contributions were awarded by the committee and the audi-
ence. The winners are: “Hardware Accelerators for Financial Mathemat-
ics — Methodology Results and Benchmarking” by Christian De Schryver,
Henning Marxen, and Daniel Schmidt (first place), “Mathematical Opti-
mization Based Channel Coding: Current Achievements and Future Chal-
lenges” by Michael Helmling, Stefan Scholl, and Akin Tanatmis (second
place), and “Zur Untersuchung von stahlfaserverstirkten Betonen auf Ba-
sis der 3D-Computer-Tomographie” by Frank Schuler and Katja Schladitz.

We thank the authors for their submissions and the program committee for
their hard work.
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Zuverlassige und Schnelle Erzeugung von
Zufallsnetzwerken fiir Evaluationszwecke

Darko Obradovi¢, Wolfgang Schlauch

AG Wissensbasierte Systeme, Fachbereich Informatik, TU Kaiserslautern
Kaiserslautern, Germany
darko.obradovic@dfki.uni-kl.de
wolfgang.schlauch@dfki.uni-kl.de

Abstract—Die Analyse von Netzwerken hat in der Soziologie
seit dem 20. Jahrhundert einen hohen Stellenwert, ist aber
auch fiir andere Disziplinen interessant. Zum Beispiel bei der
Untersuchung von neuronale Netzen oder DNA-Transkriptionen
in der Biologie. Fiir die Evaluation von Mustern gibt es verschie-
dene Methoden, wobei wir in dieser Arbeit den Fokus auf den
statistischen Vergleich des realen Netzwerks mit gleichartigen
Zufallsnetzwerken legen, da diese in besonderem Mafle obje-
tive Aussagen liefern kann. Fiir diese Methode existieren zwei
Verfahren mit verschiedenen Unzuléinglichkeiten, welche beide
nicht in allen Fillen zuverlissig machen. Fiir das Markov-Ketten
Monte-Carlo Verfahren versuchen wir, das offene Problem einer
effizienten, aber auch zuverléssigen Schrittzahl mit einem neuen
Ansatz anzugehen. Das Idee besteht darin, eine moglichst exakte
Berechnung dieser Schrittzahl fiir bestimmte KLassen von Netz-
werken iiber ein Modell der Markov-Kette zu erreichen. Sollte
uns das in unserer zukiinftigen Arbeit fundiert gelingen, wiire
dies der bisherigen empirischen Methode deutlich iiberlegen.

I. EINFUHRUNG

In diesem Papier beschiftigen wir uns mit der Analyse
von Netzwerkstrukturen, welche theoretisch stark in der Gra-
phentheorie der Mathematik verwurzelt ist, praktisch aber vor
allem durch die Untersuchung von sozialen Netzwerken vor-
angetrieben wird [1]. Trotz der Fokussierung dieser Disziplin
auf soziale Netzwerke, woher sie auch ihren Namen Soziale
Netzwerkanalyse (SNA) erhielt, lassen sich die Methoden auf
jede andere Disziplin iibertragen, welche ihre zu analysieren-
den Strukturen in Netzwerken représentieren kann. Folglich
zeigten sich auch schon erste Anwendungen der Biologie in
Neuronalen- oder Gen-Netzwerken.

A. Historie der Sozialen Netzwerkanalyse [2]

Ende der 1930er Jahre tauchte bei John Moreno erstmals
das Konzept des Soziogramms auf, mit dem er soziale Bezie-
hungen formalisierte, um sie danach methodisch zu untersu-
chen. Im Jahre 1954 wurde der Term ,,Soziales Netzwerk “von
J. A. Barnes als ein feststehender Ausdruck verwendet, um
sich wiederholende Strukturen in verschiedenen Gruppierun-
gen zu beschreiben, zum Beispiel in Stimmen, Familien oder
auch in sozialen Kategorien.

Seitdem ging es mit der Untersuchung von sozialen Netz-
werken langsam, aber stetig, weiter. Einerseits untersuchte
Harrison White mit seiner Studiengruppe an der Harvard Uni-
versity, Department of Social Relations, dieses Themengebiet
auf einer sozialen Ebene, wihrend Charles Tilly sich mit

sozialen Bewegungen und politischen Netzwerken beschaf-
tigte. Besondere Erwihnung verdient insbesondere Stanley
Milgram, der mit der These des Kleinen-Welt-Phdnomens die
Untersuchung der sozialen Netzwerke vorantrieb und durch
die These, dass in den USA jeder Mensch mit jedem anderen
tiber durchschnittlich sechs Verbindungen bekannt sei, grof3es
Interesse erweckte, auch wenn dieses Experiment methodisch
stark umstritten ist.

Durch Duncan J. Watts und Steven H. Strogatz wurde
das Kleine-Welt-Phanomen 1998 weiter untersucht [3]. Sie
brachten interessante neue Ergebnisse hervor im Bezug auf
bestimmte Effekte wie den Abstand zweier Knoten voneinan-
der. Sie nahmen in der realen Welt vorkommende Netze, zum
Beispiel den Graphen der Zusammenarbeit von Schauspielern,
und untersuchten sie, schlugen aber auch die genauere Unter-
suchung von anderen sozialen Netzwerken vor.

B. Evaluation von Netzwerkeigenschaften

Bei der Analyse von realen Netzwerken sind zwei grundle-
gende Methoden stark verbreitet.

Zum Einen die explorative Analyse, bei welcher der For-
scher eine graphische Darstellung des Netzwerks interaktiv
durchsieht, oder spezielle Layouts betrachtet, um auffillige
Muster oder Eigenschaften zu entdecken. Diese Entdeckungen
sind dann das Ergebnis der Analyse. Hierfiir existieren eine
Vielzahl von Tools wie bspw. GUESS.

Zum Anderen gibt es noch die Metriken-basierte Analy-
se, bei welcher Metriken auf dem Netzwerk (z.B. Dichte,
Durchmesser, ...) oder Metriken fiir einzelne Knoten (z.B.
Zentralitét, Clustering-Koeffizient, ...) im Durchschnitt oder
in ihrer Verteilung betrachtet werden. Hier konnen aber auch
Algorithmen zur Suche bestimmter quantifizierbarer Muster
zum Einsatz kommen (z.B. Clustering, Motive, ...).

Die explorative Methode ist bei vielen Forschern, die an-
wendungsorientiert arbeiten, sehr beliebt, da man mit Stan-
dardwerkzeugen sehr schnell und einfach zu Ergebnissen
kommen kann. Diesen Ergebnissen haftet jedoch stets ein
Anschein der Subjektivitit an, wo man in der Wissenschaft
doch aber stets um Objektivierungen bemiiht ist. Folglich ist
die Metriken-basierte Analyse nach allgemeiner Ansicht die
aussagekriftigere und stirkere Methode. Fiir viele Standard-
metriken gibt es heute auch schon michtige Werkzeuge wie
z.B. Pajek. Diese stoBen zwar an ihre Grenzen, wenn das



Repertoire der Standardmetriken zur Beantwortung der For-
schungsfragen nicht ausreicht, und erfordern dann weitreichen-
de Programmierfihigkeiten. Dennoch hat sich die Metriken-
basierte Methode heute fiir wissenschaftliche Untersuchungen
weitgehend durchgesetzt, auch in Kombination mit der explo-
rativen Methode.

Eine dritte, recht neue Methode ist die statistisch-
stochastische Analyse, welche die Metriken-basierte Analyse
erweitert. Die Objektivitit der Metriken-basierten Analyse
ist ndmlich an jener Stelle nicht mehr gegeben, an welcher
die numerischen Ergebnisse durch den Forscher interpretiert
werden. Problematisch sind hier Aussagen, welche die Beson-
derheit von Mustern, bzw. deren erwartetes Auftreten subjektiv
bewerten. Dies wurde in einem sehr bedeutenden Artikel
von Watts und Strogatz 1998 erstmals eindriicklich durch
die Untersuchung von Zufallsnetzwerken demonstriert [3]. In
diesem Licht erscheinen z.B. auch die ,,Six Degrees of Separa-
tion™ weit weniger spektakuldr als urspriinglich angenommen,
da das Gegenteil in einem nicht perfekt-reguliren Netzwerk
objektiv gesehen eine viel groflere Sensation gewesen wire.

Diese Beobachtung machten sich Forscher dann auch erst-
mals zu Nutze, um Interpretationen von Metriken zu objekti-
vieren. Hierfiir wird eine Anzahl vergleichbarer! Zufallsnetz-
werke generiert, und die gewiinschte Metrik fiir diese ermittelt.
Somit erhdlt man einen Anhaltspunkt, welchen Wert der
Metrik man statistisch in gleichartigen Netzwerken erwarten
kann.

So wies beispielsweise Alon 2007 nach, dass bestimmte
Motive in biologischen Netzen um die vielfache Standardab-
weichung ofter auftauchen, als im Durchschnitt von gleichar-
tigen Zufallsnetzwerken. Erst jetzt ist also die Aussage, dass
die gemessene Ausprigung einer Metrik ungewohnlich sei,
tatsichlich objektiv nachgewiesen.

C. Motivation

Die statistisch-stochastische metrik-basierte Untersuchungs-
methode fiir reale Netzwerke ist eine recht junge, aber sehr
vielversprechende Methode, wie die Riickmeldungen aus der
Forschergemeinschaft zeigen. So erregte damals die Arbeit von
Watts and Strogatz schon viel Aufmerksamkeit, die Ergebnisse
Alons aus der Praxis wurden ebefalls renommiert publiziert.
Und auch wir haben fiir Analysen der Blogosphire mit Hilfe
dieser Methode viel Anerkennung erhalten [4], weshalb wir
diese Methode intensiv weiterverfolgen mochten.

Als kritischer Punkt hat sich hierbei jedoch die Wahl
des Algorithmus zur Generierung dieser gleichartigen Zu-
fallsnetzwerke erwiesen. Die Gleichartigkeit wird zuallererst
natiirlich iiber die Anzahl an Knoten und Kanten definiert,
nach allgemeinem Konsens aber auch iiber die Knotengrade
der einzelnen Knoten, welche eine vorgegebene Knotengrad-
sequenz fiir das Netzwerk zur Folge hat. Nun gibt es zwei
Algorithmen zur Generierung eines Zufallsnetzwerkes mit ei-
ner solchen vorgeschriebenen Sequenz, welche in [5] erldutert
und verglichen werden. Zum Einen das Konfigurationsmodell

"mehr zur Vergleichbarkeit in den folgenden Abschnitten
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als direkt generierender Algorithmus, welcher sehr einfach,
und in der Praxis am weitesten verbreitet ist, jedoch die
ihm gestellte Aufgabe nur bis zu einem bestimmten Grad
erfiillt, und Zweifel an seiner Zuverlédssigkeit offen ldsst. Zum
Anderen gibt es den Markov-Ketten Monte-Carlo Algorithmus,
welcher deutlich aufwindiger ist, und sich in der Praxis noch
nicht etablieren konnte. Er erfiillt zwar die Anforderungen an
die Zufallsnetzwerke voll, hinterldsst beim Anwender aber,
wie viele andere Markov-Ketten-basierte Algorithmen auch,
die Frage nach der richtigen Schrittzahl, welche einerseits fiir
die Geschwindigkeit und andererseits fiir die Uniformitit des
Verfahrens, und somit auch fiir seine stochastische Aussage-
kraft von entscheidender Bedeutung ist.

Eine lineare Grofenordnung dieser Schrittzahl, welche fiir
die Praktikabilitit des Verfahrens von entscheidender Bedeu-
tung ist, wird bisher nur vermutet, und fiir den Vorfaktor
gibt es nur indirekte empirische Untersuchungen. Tatsdchlich
bewiesen wurde bisher nur eine quadratische Groenordnung
abhingig von der zu generierenden Kantenzahl. Diese Si-
tuation fiihrt bei uns, und moglicherweise auch bei anderen
Forschern, noch zu einer Zuriickhaltung vor der Anwendung.

In diesem Papier prisentieren wir unsere Idee und erste
Experimente, um die Schrittzahl in Einzelfillen exakt zu
bestimmen. Indem wir dies fiir verschieden grofle Netzwerke
einer bestimmten, sehr weit verbreiteten Klasse von Kno-
tengradsequenzen, den sogenannten skalenfreien Netzen [6]
ermitteln, erhoffen wir uns, allgemeine und verléssliche Riick-
schliisse auf die notwendige Schrittzahl fiir die Uniformitét in
dieser Klasse zu ermitteln.

II. ZUFALLSNETZWERKE

In diesem Kapitel gehen wir im Detail auf die bereits
erwihnte statistisch-stochastische Untersuchungsmethode fiir
Netzwerke ein, und beschreiben die daraus resultierenden
Anforderungen an entsprechende Generierungsverfahren fiir
Zufallsnetzwerke. Danach werden die bekannten Verfahren
erldutert, kritisch betrachtet und verglichen.

A. Die Statistisch-Stochastische Methode im Detail

In diesem Abschnitt wollen wir genauer auf die in Kapi-
tel I-B beschriebene statistisch-stochastische metrik-basierte
Untersuchungsmethode fiir reale Netzwerke eingehen. Aus-
gangspunkt sind hierbei zum Einen das reale Netzwerk als
Gegenstand der Untersuchung, und zum Anderen die vom
Forscher ausgewihlte Metrik, iiber welche er Aussagen treffen
mochte.

Neben der Berechnung der Metriken auf dem realen Netz-
werk, wird diese auch mit ihren erwarteten Auspriagungen bei
gleichartigen Zufallsnetzwerken verglichen. Diese Gleichartig-
keit definiert sich iiber die Anzahl der Knoten und Kanten, und
zusitzlich auch iiber die Knotengradsequenz des Netzwerkes.
D.h. dass zu jedem Knoten des realen Netzwerkes im Zufalls-
netzwerk ein Pendant mit exakt der gleichen Zahl an ein- und
ausgehenden Kanten existiert.

Verfiigt man gedanklich iiber eine Urne, welche alle mog-
lichen Netzwerke enthilt, die in GroSe und Gradsequenz



dem realen Netzwerk entsprechen, so kann man nun eine
hinreichend grofe Anzahl s dieser Netzwerke mit jeweils
gleicher Wahrscheinlichkeit ziehen, und erhdlt somit eine
reprisentative Teilmenge. Ublich sind hier alles zwischen 30
und 1000 Ziehungen. Fiir jedes gezogene Netzwerk wird nun
die Metrik berechnet, und fiir die Menge insgesamt kann man
nun die deskriptive statistische Verteilung der Ausprigung
ermitteln. Dies resultiert in einem Durchschnittswert mit einer
Standardabweichung.

Fiir das reale Netzwerk kann man nun den absoluten Ab-
stand der Metrik zum statistischen Mittel der Zufallsnetzwerke
berechnen, und gibt diesen geteilt durch die Standardabwei-
chung als z-Wert an. Hat die Metrik auf dem realen Netz-
werk ein z < 1 so ist die Eigenschaft im Rahmen des zu
Erwartenden, weist sie allerdings ein z > 3 auf, so kann
man davon ausgehen, eine Besonderheit des realen Netzwerks
im Vergleich zu gleichartigen Zufallsnetzwerken entdeckt zu
haben. Die Interpretation der Bedeutung dieser Besonderheit
ist nun natiirlich wieder subjektiv, stiitzt sich mittlerweile
aber auf schon zwei objektivierte Aussagen. Im Normalfall
wird damit eine vorher entsprechend aufgestellte Hypothese
iiberpriift.

B. Anforderungen an die Verfahren

Ein konkretes Netzwerk, welches eine gegebene Knoten-
gradsequenz realisiert, nennt man eine Konfiguration dieser
Sequenz. Nun iibersteigt schon bei kleinen Sequenzen die
Anzahl der Konfigurationen aufgrund der kombinatorischen
Explosion alle Speichermoglichkeiten [7], weshalb eine ent-
sprechende Urne durch ein uniformes Generierungsverfahren
fir diese Konfigurationen simuliert werden muss; uniform
insofern, dass jede mogliche Konfiguration exakt die gleiche
Wahrscheinlichkeit haben muss, durch ein solches Verfahren
generiert zu werden.

Aufgrund der Beschaffenheit fast aller realer Netzwerke
kommen noch folgende Einschrinkungen an die Menge der
Konfigurationen hinzu. Erstens soll die Gesamtmenge aller
Konfigurationen nur einfache Graphen enthalten, d.h. sie sol-
len weder parallele Kanten noch Kanten zwischen ein und
demselben Knoten, welche wir hier Selbst-Kanten nennen,
enthalten. Zweitens sind oftmals auch nur zusammenhingende
Graphen gewiinscht, also Graphen ohne vollstindig isolier-
te Subgraphen. Diese Anforderungen sollen die statistisch-
stochastischen Werte auf Grundlage der real iiberhaupt nur
in Frage kommenden Netzwerke ermitteln.

C. Das Konfigurationsmodell

Das Konfigurationsmodell ist ein sehr einfaches, direkt
generierendes Verfahren (siehe [8] Abschnitt [V.B.1). Die Idee
besteht darin, alle Knoten zu Beginn mit der entsprechenden
Anzahl an Kantenstummeln zu versehen, und danach iterativ
jeweils zwei zufillig ausgewéhlte Stummel mittels einer Kante
miteinander zu verbinden. Dies funktioniert in linearer Zeit,
generiert aber zum Einen auch nicht-einfache Graphen, und
kann auch die Verbundenheit des Netzwerkes nicht garantie-
ren.
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Fig. 1. giiltiger Kantentausch

Um dennoch einfache Graphen zu erhalten, werden in der
Praxis parallele Kanten und Selbst-Kanten einfach geloscht,
was aber sowohl die Anzahl der Kanten als auch die Gradse-
quenz des damit generierten Netzwerkes verfilscht. Dies wird
in der Praxis bei groBen Netzwerken gerne als vernachldssig-
bar dargestellt. Zwar mag dies oftmals stimmen, dennoch gibt
es Erkenntnisse, welche Probleme bei der Uniformitit des Ver-
fahrens nachweisen [5]. Insgesmat sind wir der Meinung, dass
das Verfahren unter strengsten wissenschaftlichen Kriterien als
nicht zuverlissig betrachtet werden muss.

Die Verbundenheit der Graphen kann in keinster Weise
garantiert werden, aber auch der Versuch, alle nicht verbunde-
nen generierten Graphen zu verwerfen ist fiir fast alle real
vorkommenden Gradsequenzen hoffnungslos, wie fundierte
Abschitzungen tiber den Anteil nicht verbundener Graphen fiir
gegebene Sequenzen zeigen [9]. Bendtigt man in der Praxis
dennoch diese Einschrinkung, so ist es iiblich, nur den gréften
zusammenhingenden Teilgraphen des Netzwerkes zu nehmen.
Eine solche giant component, welche nahe an die vorgegebene
GroBe des Netzwerkes herankommt, wird es zwar meistens mit
hoher Wahrscheinlichkeit geben [10], das Resultat verliert aber
noch weiter an Zuverldssigkeit.

Von Uniformitidt kann man bei diesem Verfahren kaum
noch sprechen, da die generierten Netzwerke gar nicht in der
vorgegebenen Menge der Konfigurationen liegen. Hier werden
stattdessen die statistischen Werte bestimmter Metriken als
Vergleich herangezogen, die Uniformitit also rein empirisch
betrachtet.

D. Der MCMC-Algorithmus

Der Markov-Ketten Monte-Carlo Algorithmus ist ebenfalls
ein Verfahren fiir die Generierung entsprechender Konfigu-
rationen. Die Idee ist hierbei, aus einer Startkonfiguration
heraus solange zwei zufillig ausgewdihlte Kanten miteinan-
der zu vertauschen, bis jede Konfiguration mit der gleichen
Wahrscheinlichkeit erreicht wird.

Als Startkonfiguration fiir das Verfahren nimmt man ent-
weder das reale Netzwerk, oder, falls nur eine Gradsequenz
gegeben ist, generiert man eine Konfiguration mit dem Havel-
Hakimi-Algorithmus [11]. Beim Tausch zweier zufillig aus-
gewidhlter Kanten gibt es giiltige und ungiiltige Folgekon-
figurationen. Ungiiltig ist ein Kantentausch dann, wenn die
Folgekonfiguration kein einfacher Graph mehr wire, dies ldsst
sich jedoch sehr leicht anhand der ausgewihlten Kanten vorab
iiberpriifen, wie in den Abbildungen 1 und 2 zu sehen ist.
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Fig. 2. ungiiltiger Kantentausch wegen Schleife

Aufgrund theoretischer Gegebenheiten konvergiert dieses
Verfahren bei einer Schrittzahl ¢ von erfolgreichen oder
versuchten Kantentauschen gegen unendlich zu einer perfekt
uniformen Generierung aller Konfigurationen. Doch genau bei
der Bestimmung dieser Schrittzahl ¢ liegt das Problem dieses
Verfahrens, wie bei vielen anderen Markov-Ketten-Verfahren
auch. Nachgewiesen ist, dass eine Schrittzahl in der Gro-
Benordnung von O(m?) fiir die Uniformitit ausreichend ist,
jedoch gibt es keine verlédssliche Aussage iiber den Vorfaktor.
Empirische Tests legen gar eine lineare Gro3enordnung nahe,
und schlagen einen Vorfaktor f, von 100 dazu vor [5], [12],
also insgesamt eine Schrittzahl von ¢ = 100-m. Wir werden in
Kapitel III genauer auf diese Problematik und Uberlegungen
zu moglichen Auswegen eingehen.

Vorab wollen wir noch kurz auf die Generierung von aus-
schlieBlich verbundenen Graphen eingehen, welche mit dem
MCMC-Algorithmus unter Wahrung der Uniformitdt moglich
ist, was das Verfahren deswegen auch so attraktiv macht.
Nehmen wir an, die Schrittzahl liege tatsdchlich in O(m).
Man kann nun nach jedem Kantentausch iiberpriifen, ob die
Nachfolgekonfiguration ein verbundener Graph ist oder nicht.
Dies kann mittels einer einfachen Tiefensuche in m Schritten
entschieden werden. Davon abhingig gilt der Kantentausch
dann entweder als giiltig, oder aber man geht wieder zur ur-
spriinglichen Konfiguration zuriick und versucht erneut einen
Kantentausch, ohne den vorangegangenen mitzuzédhlen. Dies
fithrt insgesamt zu einer Laufzeit des Verfahrens in O(m?).
Viger und Latapy haben diese Methode weiterentwickelt, und
nachweislich eine Erhéhung um nur O(log m) fiir die Ver-
bundenheitspriifung erreicht, so dass ihr optimierter MCMC-
Algorithmus verbundene Netzwerke mit einer Laufzeit in
O(m - log m) generiert.

Bestiinde nun Gewissheit tiber die fiir die Uniformitit tat-
sdchlich notwendige Schrittzahl, so wiirde dieser Algorithmus
zuverldssig und schnell die gewiinschten verbundenen Netz-
werke generieren. Tatsdchlich wird dieser Algorithmus aber
bis heute in keinem der Standardwerkzeuge und -bibliotheken
angeboten. Stattdessen findet man stets eine Implementierung
des Konfigurationsmpdells vor, trotz der oben beschriebenen
Unzulinglichkeiten. Im niichsten Kapitel werden wir unsere
Ideen fiir eine bessere Bestimmung der Schrittzahl vorstel-
len, um so einen Beitrag fiir die Etablierung der MCMC-
Algorithmen zu leisten.

III. DIE SCHRITTZAHL DES MCMC-ALGORITHMUS

In diesem Kapitel stellen wir den Stand der Wissenschft
beziiglich der Bestimmung der Schrittzahl fiir den MCMC-
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Fig. 3. Empirische Schitzung des Vorfaktors fy aus [5]

Algorithmus vor, so dass dieser moglichst uniforme Ergebnisse
liefert, aber nicht iibermiBig viel Zeit braucht. Wir hinter-
fragen diesen kritisch und zeigen anhand einiger Beispiele
Unzulinglichkeiten und mogliche Losungswege hierfiir auf.

A. Bisherige Festlegung

Dass die Schrittzahl ¢ fiir den MCMC-Algorithmus linear
von der Anzahl der Kanten m abhéngt ist bisher wie gesagt
nur eine Vermutung. Um unter dieser Voraussetzung den pas-
senden Vorfaktor f; zu ermitteln, wurde in vorangegangenen
Arbeiten [5], [12] stets eine indirekte empirische Methode ver-
wendet. Das Prinzip beruht darauf, sich eine Startkonfiguration
mit einer sehr ungewohnlich ausgepriagten Metrik zu nehmen,
davon ausgehend wiederholt Kantentausche durchzufiihren,
und zu messen, ab welcher Schrittzahl die Metrik sich beim
erwarteten Durchschnittswert einpendelt. Hieraus wird dann
eine ausreichende Unifomitét des Verfahrens geschlussfolgert.

Abbildung 3 aus [5] zeigt eine solche Bestimmung anhand
des Transkriptionsnetzwerkes des E.Coli-Bakteriums. Als Me-
trik wurde die gefundene Anzahl des Motivs ,,Feed-Forward
Loop* gewihlt. Man sieht recht gut, dass der Erwartungsswert
gleichartiger Zufallsnetzwerke in diesem Beispiel schon mit
fq = 1 erreicht wird, dennoch ist es die Schlussfolgerung der
Autoren, im allgemeinen Fall lieber f, = 100 zu wihlen.

Das Problem dieser Art der Bestimmung sind die Aus-
wahl der Metrik und einer dazugehorigen auBergewohnlichen
Startkonfiguration. Nun haben schon Watts und Strogatz 1998
gezeigt, dass verschiedene Metriken verschieden schnell auf
Kantentausche reagieren [3], eine unter allen Umstinden
Htragste* Metrik ist jedoch nicht bekannt. Dennoch erscheint es
fragwiirdig, eine besonders dynamische Metrik wie den Durch-
messer eines Netzwerkes fiir solch einen Test heranzuziehen,
wie in Vorarbeiten geschehen [12].

Das andere Problem betrifft die Startkonfiguration. Hat das
Transkriptionsnetzwerk zwar mit 42 Motiven einen z-Wert von
ca. 10 bei der Abweichung von der erwarteten Motivanzahl,



so lassen sich bei der gegebenen Sequenz dennoch auch leicht
Konfigurationen mit iiber 100 Motiven realisieren, was das
Konvergieren aus einer solchen Konfiguration heraus weiter
verlangsamen wiirde. Auch die GroBen der Netzwerke bleiben
unzureichend beriicksichtigt, da diese Art der Bestimmung
sehr zeitaufwindig ist. Das kommunizierte Ergebnis ist hier
immer, dass ,.fiir eine Vielzahl verschiedener Netzwerke und
verschiedener Metriken sich f; = 100 immer als ausreichend
grof} herausgestellt hat™.

Wir sind mit diesem Ergebnis beziiglich der Zuverlissigkeit
des Verfahrens nicht zufrieden, und die Zuriickhaltung bei
der Akzeptanz dieses Verfahrens scheint dies zu bestitigen.
Wir stellen in den folgenden Abschnitten unseren alternative
Ansatz fiir die Bestimmung der Schrittzahl ¢ vor.

B. Die Markov-Kette

Zu Beginn unserer Uberlegungen beschiftigen wir uns mit
der dem MCMC-Algorithmus zu Grunde liegenden Markov-
Kette. Jede mogliche Konfiguration einer Gradsequenz ist
ein Knoten der Markov-Kette, den wir zur besseren Unter-
scheidung Konfigurationsknoten nennen werden. Jeder giiltige
Kantentausch fiihrt zu einem anderen Konfigurationsknoten,
und die Umkehroperation auch immer wieder zuriick, so dass
immer bidirektionale Verbindungen zwischen zwei Konfigu-
rationsknoten bestehen. Alle ungiiltigen Kantentausche zihlen
ebenfalls als Schritt des Algorithmus, da sie aber zu keiner
neuen Konfiguration fithren, werden sie deshalb in einer
Selbst-Kante mit entsprechender Gewichtung zusammenge-
fasst.

Es gibt insgesamt ungeordnete Kantenpaare, so dass
jeder Konfigurationsknoten diesen Wert als Ein- und Aus-
gangsgrad besitzt. Da auch die Verbundenheit der Markov-
Kette bewiesen ist, fithrt dies theoretisch zu einer perfek-
ten Uniformitit. Entscheidend hierfiir ist in der Praxis aber
die notwendige Schrittzahl, bis zum sogenannten Mixing der
Markov-Kette.

m2+m

C. Exakte Berechnung im Einzelfall

Fiir gegebene Gradsequenzen und sehr kleine Netzwerke
lasst sich die Markov-Kette mit normaler Hardware noch
vollstindig erzeugen. Verfiigt man iiber diese Markov-Kette,
so kann man die fiir deren Mixing notwendige Schrittzahl
mit einer Variante des einfachen ungeddmpften PageRank-
Algorithmus [13] exakt berechnen. Hierfiir wird initial nicht
jedem Knoten der Wert 1 gegeben, sondern der Startkonfi-
gurationsknoten erhilt den Wert m, und alle anderen Konfi-
gurationsknoten den Wert 0. Nun werden soviele Iterationen
q des ungedampften PageRank-Algorithmus durchgefiihrt, bis
der Wert aller Knoten 1 + ¢ betriigt.

Die Werte entsprechen der Wahrscheinlichkeit geteilt durch
m, nach dem jeweiligen Schritt des MCMC-Algorithmus bei
dieser Konfiguration zu sein. Der Wert § gibt die maximal
auftretende bzw. tolerierte Abweichung einer Konfiguration
von der geforderten Wahrscheinlichkeit an.

Wir untersuchen dies fiir vier Gradsequenzen mit 12 Kanten.
Zum Einen die des zur Messung der Uniformitit in [5]
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TABLE I
EXAKT BERECHNETE SCHRITTZAHLEN

Netzwerk q fq + 4
negativ korreliert 61 ~5  0.009
positiv korreliert 89 ~7  0.02

zufillig 78 ~7 015
Toy-Netzwerk 21 ~2 0

benutzten ,toy network®, welches iiber eine sehr spezielle,
fir die Realitdt untypische Sequenz verfiigt, aber nur 91
Konfigurationen erlaubt. Zum anderen haben wir uns, unserem
Interesse an real vorkommenden Sequenzen folgend, eine
kleine heterogene Powerlaw-Verteilung (siche [8] Abschnitt
III.C.1) mit 12 Kanten generiert, wie sie in einem skalenfreien
Netzwerk vorkommen wiirde. Wir haben o = 1,7 gewihlt
und damit die Knotengrade (3,2,2,1,1,1,1,1) fiir 8 Knoten
erhalten. Um eine Gradsequenz fiir einen gerichteten Graphen
mit Ein- und Ausgangsgraden zu erhalten, haben wir diese
einmal positiv, einmal negativ, und einmal nicht korreliert, also
zufillig, auf die acht Knoten verteilt.

Diese vier Sequenzen haben wir mit dem Havel-Hakimi-
Algorithmus in einem Netzwerk realisiert, von diesen Kon-
figurationen aus jeweils den Zustandsraum der Markov-Kette
durch Verfolgung aller jeweils moglichen 66 Kantenpaare voll-
standig generiert und als Netzwerk gespeichert. Die Markov-
Kette des Toy-Netzwerks verfiigt wie bekannt tiber 91 Kon-
figurationsknoten, die Markov-Ketten der drei skalenfreien
Netzwerke tiber 90.000 bis 120.000 Konfigurationsknoten.

Tabelle I listet die errechneten Schrittzahlen ¢ fiir die vier
Beispielnetzwerke auf. Abbruchbedingung war hier, dass sich
die Werte nicht mehr @ndern, was bei der 32-Bit-Darstellung
schon vor Erreichen der Gleichverteilung eintreten kann. Der
d-Wert gibt hierzu die maximale Abweichung eines Konfigu-
rationsknotens vom Wert 1 an. Unter Annahme einer von m
linear abhingigen Schrittzahl des MCMC-Algorithmus wiirde
der entsprechend angegebene Vorfaktor f, gelten.

In allen Fillen liegt f, weit unter 100, aber auch hoher als
1, wie es in Abbildung 3 moglicherweise suggeriert wurde.
Dies sind aber Einzelfallbetrachtungen, aus denen man noch
keine Verallgemeinerungen folgern kann.

D. Wege zur Verallgemeinerung

Die exakte Berechnung der Schrittweite ist schon bei klei-
nen Werten von m aufgrund der exponentiell steigenden
Anzahl an Konfigurationen unpraktikabel. Um mit dieser
Methode dennoch verallgemeinerbare Aussagen, zumindest
fiir bestimmte Klassen von Netzwerken, wie z.B. die ska-
lenfreien Netze, treffen zu konnen, ist noch ein weiterer
Schritt notwendig. Mit einem Verstindnis fiir die Struktur der
zugrundeliegenden Markov-Ketten liee sich die Schrittzahl
fiir das Mixing dieser Ketten iiber das modifizierte PageRank-
Verfahren direkt abschitzen und simulieren, anstatt sie indirekt
iiber das beschriebene empirische Verfahren zu bestimmen.

Hierbei indentifizieren wir 3 wichtige Punkte, welche fiir die
Geschwindigkeit des Kovergieren des PageRank-Verfahrens



von entscheidender Bedeutung sind.

1) die Anzahl der externen Verbindungen eines Konfigura-
tionsknotens, d.h. die Anzahl der Nachbarkonfiguratio-
nen und deren Verhiltnis zum Gewicht der Selbst-Kante

2) den Clustering-Koeffizienten der Markov-Kette

3) den Durchmesser der Markov-Kette

Wiren diese drei Ausprigungen abhingig von der zu
Grunde liegenden Gradsequenz abschitzbar, so liee sich
fiir eine Klasse von Gradsequenzen ein Modell der Markov-
Kette aufstellen, und anhand von Simulationen auf verschieden
groflen Instanzen dieses Modells die notwendige Schrittzahl
abschitzen oder gar ohne Simulation direkt berechnen.

Aus unseren bisherigen Erkenntnissen konnen wir bereits
erste Hypothesen aufstellen, deren genauere Untersuchung
unsere zukiinftige Arbeit sein wird.

Die Topologie der in Abschnitt ITI-C untersuchten Markov-
Ketten der skalenfreien Netze bilden ein mehrdimensionales
relativ regelmifiges Gitter, welches entlang der Dimensionen
rundum verbunden ist, dhnlich wie die Oberfliche einer Kugel
in zweidimensionaler Sicht. Dies ist offensichlich im allgemei-
nen Fall so, bedarf jedoch noch eines Nachweises. Definiert
wird diese regelmifige Struktur durch die oben genannten 3
Eigenschaften.

Beispielsweise zeigt Abbildung 4 die Verteilung der ex-
ternen Verbindungen der Konfigurationsknoten der Markov-
Kette der nicht-korrelierten skalenfreien Gradsequenz, welche
eine nur geringe Schwankung um den Wert 32 aufweist.
Die Anzahl ungiiltiger Kantentausche liee sich allgemein
gut aus der Sequenz abschitzen, da Kantenpaare, welche
nur 3 Knoten involvieren, nie getauscht werden konnen.
Der theoretisch maximal mogliche Durchmesser von m — 1
scheint von den skalenfreien Netzen voll ausgereizt zu werden,
unsere Beispielsequenzen hatten hier alle den Wert 10. Der
Clustering-Koeffizient ist mit ca. 0,1 vergleichsweise hoch,
was durch den hohen Durchmesser bedingt ist, da benachbarte
Konfigurationen viele Nachbarn gemeinsam haben.

Diese beiden Metriken lassen sich, die gewisse Regelmafig-
keit vorausgesetzt, durch Stichproben-Generierunge einzelner
Konfigurationen und deren Nachbarschaft ermitteln und statis-
tisch abschitzen. Dies wire in vertretbarer Zeit berechenbar,
und wiirde ebenfalls eine Abschitzung erlauben, und somit
eine empirische Ermittlung der notwendigen Schrittzahl auf
dem Modell erlauben.

IV. ZUSAMMENFASSUNG

In diesem Papier haben wir den Stand der Wissenschaft
beziiglich der Evaluationsmethoden von konkreten realen
Netzwerken zusammengefasst, und die unserer Meinung nach
vorzuziehende Methode, der Evaluation mittels gleichartiger
Zufallsnetzwerke kritisch analysiert. Die aufgezeigten Proble-
me bei der Zuverléssigkeit der gingigen Methoden wurden be-
wertet, und fiir das unserer Meinung nach iiberlegene MCMC-
Verfahren haben wir einen Ansatz vorgestellt, mit welchem
das letzte offene Problem, der zu wihlenden Schrittzahl ¢
zumindest fiir bestimmte Klassen von Netzwerken deutlich
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Fig. 4. Gradverteilung in der Markov-Kette des nicht-korrelierten skalen-
freien Gradsequenz

reduziert werden konnte. Wir werden versuchen, die dafiir not-
wendigen Kenngroflen in Zukunft in ausgiebigen Simulationen
abschitzen zu konnen, und damit eine fiir jede Netzwerkgrofle
dieser Klasse sichere und vor allem effiziente Wahl von ¢
ermoglichen zu konnen.
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Abstract— Channel coding and mathematical optimization—
two omnipresent branches of science which heavily influence
our everyday life, which is certainly unimaginable without the
epochal achievements of each of the two disciplines since they
affect nearly every communication system as well as every
transportation, manufacturing, and organization process. The
following report is dedicated to some of the achievements of a
research project decisively influenced by a cooperative interplay
of these two disciplines.

I. CHANNEL CODING

Channel coding is an important technique for the correction
of transmission errors that is used in nearly every commu-
nication system today. It is used in mobile phones as well
as in satellite communication, navigation systems, storage
devices like hard disks, CDs and also in internet or broadcast
applications. Let us first review what channel coding is and
why we need it. To understand the problems channel coding
solves, we will have a look at the old days. As an example
we take a communication system without channel coding that
becomes more and more obsolete: analog TV.

Television broadcasting is a form of one way communi-
cation. On the one hand we have a transmitter, which is
usually placed on top of a mountain and transmits radio waves
with high power to reach an area as big as possible. On the
other hand we have the receivers, ordinary TV sets, in our
households, that pick up the radio waves.

If the connection between transmitting antenna and receiv-
ing antenna is of good quality, we a see clear picture and
hear a comfortable sound. But what happens if the quality of
the connection is not so good? Let us assume our receiver
is placed far away from the transmitter, behind a mountain,
in the cellar or simply in bad weather, so that the reception
quality drops. Then the picture is distorted or, even worse, the
whole picture bounces up and down. Also the sound might be
clicking and crackling, disturbing the viewers enjoyment. The
TV signal is noisy or distorted.

Figure 1 shows such a situation where we have two TV
watchers, A and B. Whereas A is close to the transmitter and
receives a clear picture, B is not in such a good position. He
has worse receiving conditions due to serveral obstacles.

The goal of new digital TV broadcasting systems is to make
picture and sound more resistant to distortion and noise. In
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Fig. 1.

TV transmitter and two receivers

Fig. 2. TV pictures from A and B

contrast to the presented analog system, there are additional
possibilities for techniques to improve the link from the
transmitter to the TV set at home. One of them is channel
coding. Channel coding is a technique to detect and correct
occuring errors. But how is that possible?

Whenever a signal is transmitted in modern digital commu-
nication systems, the data is transmitted in form of bits or bit-
streams, respectively. To allow error correction on the receiver
side, we have to make some preprocessing before transmission,
called encoding. To encode the data, the bitstream is first cut
into small blocks. At the end of every block some extra bits,
called parity bits, are added as shown in Figure 3. The k data
bits together with the r parity bits form a vector of n bits
which is called codeword the c.

codeword (n bits

m
0010 [1111]00] ...

A

k data r parity
bits bits

Fig. 3. A bitstream is being encoded

During encoding the additional parity bits are calculated



from the data bits. The “way” we calculate the parity bits
is called channel code and determines the performance of the
channel coding system. Since data is processed block by block,
the channel codes described here are called linear block codes.
A linear block code is defined by a binary r x n matrix H,
so that every bitvector c that fullfills

H-c=0 (1

(where the calculation takes place modulo 2) is a codeword. H
is called parity-check matrix. By C = {c € {0,1}": H-c=
0 mod 2} we denote the set of all codewords [1]. Finding a
good channel code with its matrix H is non-trivial and subject
to research since decades.

After encoding the data it is sent to the receiver. During
transmission some bits may be distorted and change their
values.

The actual correction of corrupted data takes place in the
receiver by a device called channel decoder, that tries to
“repair” the incoming blocks. For this purpose the decoder
uses the previously added parity bits. In many cases this
technique works well and many errors can be successfully
corrected.

transmitter

errors occur receiver
| ki ‘
| |
— encode \—> decode [——
data data + corrected
parity

Fig. 4. Encoding, transmission, and decoding of data

However there is a probability that the decoder cannot
correct an erroneous block. This remaining error probability
is called frame error rate (FER) and is dependent on the
signal-to-noise ratio (SNR), which is the signal power divided
by the noise power at the receiver. The FER is an indicator
for the quality of the channel coding system. It is measured
with Monte-Carlo simulation on a computer and visualized
with a special chart, shown in Figure 5. This type of chart
has a typical shape. For weak signals, that is, low SNR,
the FER is very high (close to 1) and drops with increasing
signal strength. In Figure 5 there are two curves, the blue
one represents a system without channel coding, the red one
corresponds to the same system with channel coding. One
can easily see that the channel coding provides significantly
less errors. The lower a curve lies in the performance chart,
the better the coding system works. In fact there are many
parameters that influence the performance of channel coding,
but the performance chart allows for a good comparison.

In practical applications different error probabilities are
necessary. For audio signals, like in a mobile, a minimal
error probability 0.01 is required, otherwise crackling or
interruptions make a call uncomfortable. For communications
through optical fiber error rates of less than 10~'2 may be
necessary for flawless operation.
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Using channel coding we can handle more weak signals
without any loss of quality or provide much more reliable data
for a given signal strength. This advantage can be translated
into equipment cost reduction, for example smaller antennas,
cheaper electronics or smaller batteries.

We now have seen which processing steps in channel coding
are necessary, namely encoding and decoding. The decoder is
much more complex than the encoder and is the main part of
a channel coding system. So now we will have a closer look
at the decoding process.

In channel coding the data is processed in blocks of n
bits consisting of k data bits and » = n — k parity bits.
Because the parity bits are calculated from the data bits, they
are fully dependent on the data bits. Therefore there are only
2% possible codewords, although there are 2" possible bit
combinations. When a erroneous codeword is received, the
channel decoder checks which one of the 2% valid codewords
is most similar to the received block. This process is called
maximum likelihood (ML) decoding and is the optimal way of
decoding [1]. However, because all 2F codewords need to be
tested, this procedure is applicable only for small values of k.
With increasing k the complexity grows exponentially. Since,
in practice, we deal with pretty large blocks (for example
k = 100 or k = 10000), the ML decoding procedure of
going through all 2'%° or even 2!0000 codewords is simply
not possible to calculate in an imaginable amount of time.

To overcome this problem engineers often use heuristics or
suboptimal algorithms for the decoding procedure. These al-
gorithms are very often capable of finding the correct solution,
but with much less complexity. In some cases, however, the
suboptimal algorithms decide for a wrong solution. This leads
to a small degradation in performance, which one has to accept
if the problem should be feasible.

Only if the complexity is low enough, the decoding al-
gorithm can be implemented on a chip for use in practical
applications. For many of modern codes, algorithms with
a good tradeoff between performance and complexity are
known. Moreover, for many used channel codes only the



performance with suboptimal decoding algorithms is known—
not the one of optimal ML decoding.

From a mathematicans point of view there exist other
means of solving the ML decoding problem than comparing
all 2% codewords to the received one. The decoding can be
formulated as follows.

Assume that at the receiver a vector ¢ was received. It will
check all possible sent codewords ¢ out of C and decide for
the codeword c¢* which was most likely sent. Thus, the ML
codeword c* is the codeword which maximizes the so called
conditional probability p(C received|c sent):

¢’ = argmax . p(€ received|c sent) 2)

This problem is an optimization problem. In the following,
we will present how decoding can be done with methods of
integer optimization.

II. OPTIMIZATION METHODS FOR ML DECODING

Mathematical optimization is the task of finding an optimal
solution for and the optimal value of an objective function
under the condition that some constraints are satisfied. Ob-
jective function and side constraints typically model some
real-world scenario, where the variables of the function are
the abstraction of parameters like the per-day work time of
different machines or the path on which a truck drives from
location A to location B. Depending on the task, “optimal”
may be either minimal (if the objective function represents
some sort of cost or time) or maximal (e.g., if the function
value stands for the profit gained). The constraints are used to
model limitations of resources, working time, money, etc., or
to avoid solutions that would be mathematically correct, but
do not make sense in the real world—for example, a machine
cannot work —2 hours per day, and one cannot build 1.72
facilities.

Linear programming is the best-studied discipline of mathe-
matical optimization and it deals with optimization of a linear
objective function which is constrained by linear (in)equalities.
The domain of the variables is R™ for some n € N and a linear
program (LP) is then defined as

n
min (or max) wz = Zwl -
i=1
Ax <b
zeR"

such that

where w € R™ is the cost (benefit) vector, A the m x n
constraint matrix, b € R™ the right hand side vector of
the constraints, and the variables are real-valued. Linear pro-
gramming has become famous since George Dantzig in 1947
proposed an algorithm to solve LPs as the above one, called the
Simplex algorithm. Despite the fact that the Simplex algorithm
was later proven to have exponential worst-case complexity,
it is still the algorithm most used in practice. For the far
most problem instances, the Simplex method is very fast, and
outperforms polynomial-time algorithms that were developed
in the 1980’s. Since its invention, linear programming has
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become a standard tool in business for a wide range of
applications such as planning, scheduling, routing or facility
location.

Yet, this is not the end of the story—for many applications,
linear programs lack some important capabilities, such as the
restriction to integral or binary decision variables.

From this requests, the field of integer linear programming
evolved. An integer program (IP) is defined in the same way
as a linear program, but additionally requires that some (or
all) of the variables take values in Z" instead of R™. The
increased power obtained by this extension vastly enlarges the
number of practical problems that can be modelled by IPs—
at the cost, however, of efficiency, since it was shown that
the general integer program is NP-hard to solve. Nevertheless,
since this way of modelling is so powerful, a lot of research
has been done to find and improve algorithms that tackle
integer programs and make them solvable at least for moderate
problem sizes or specific well-understood classes of programs.

How can integer linear programming techniques be used to
decode binary linear codes and to add some surplus to the
state-of-the-art knowledge in channel coding?

Jon Feldman was one of the first researchers who addressed
this question intensively. To this end, he reformulated the ML
problem (2) and interpreted it as an integer programming
problem: Under the assumption of a memoryless channel,
i.e. the error distributions are independent for subsequent bits,
it can be calculated as

c* = argmax.cc (Hp(éici)>
i=1
B . p(&i|0)
e e ( 2 (mann)) '
1, ((PLE)
w=n(5a) (3)

i:c;=1

is called the log likelihood ratio (LLR) of the i-th input bit.
It only depends on the parameters of the channel, which are
assumed to be known, and the signal ¢ that was received.
So, y; is known to the decoder. From the above calculation it
follows that ¢* = argmingcc (37, ¥iCi).

ML decoding can be achieved by minimizing this linear
objective function over all codewords c that satisfy (1); in
other words,

The quotient

min Zyici

i=1
H-c=0mod 2
ce {0,1}"

such that

Due to the modulo constraints, this is not exactly an integer
programming model of the ML decoding problem. However,
there exist several integer programming re-formulations of this
optimization problem. For example, Jon Feldman introduced
a formulation in which the number of both variables and
constraints grows exponentially in the number of ones per



row [2]. Among others, this exponential growth led us to
the development and investigation of the following improved
integer programming model with less constraints and variables
by the introduction of artificial variables z € Z™ (one for each
row of H)

min Zyici

i=1
H-c—22=0
ce{0,1}" zeZ™

(€]
such that

The j-th row of the constraint system reads » .., H; ; -
ci — 2z; = 0. Since z; is required to be integral, this
equation ensures that an even number of entries of c; is set
to 1. So, indeed this is a simple, general, and sparse integer
programming problem for the ML decoding problem [3]. For
any given code specified by a parity check matrix H, the
solution to this problem is the maximum likelihood codeword.

It should be emphasized that this problem is difficult to
solve (it is NP-hard in general). Therefore, the integrality
requirements on the variables ¢ and z are dropped in order
to get the so-called LP-relaxation of this IP which can be
considered an approximation of the original problem.

Our IP formulation proved to be beneficial in several ways.

First, in [4], we solved this IP formulation by a commercial
all-purpose solver and compared its results with those of five
other IP formulations existing in the literature. To sum it up,
our formulation had the fewest number of variables as well as
constraints and the solution time was the least.

Second, this formulation allows for an efficient procedure
to approximately solve this problem (this is important if
commercial solvers are not efficient enough or cannot be
used due to some constraints). In [3], a separation algorithm
was proposed utilizing the structural properties of this IP
formulation. This algorithm works as follows: First, the LP
solution is computed and checked for integrality. If it is
integral, it is obviously also the optimal IP solution and the al-
gorithm terminates. Otherwise, the IP-formulation is improved
by adding additional linear constraints ATc < Ao, (A, A\g) € A
where A C R™"! is a set depending on some polyhedral
properties of the code (which shall not be specified due to
intended brevity of this article). However, these constraints
ensure that if the LP obtained by adding this constraint is
solved, then the previous LP solution is infeasible and the
new LP solution is closer to the IP solution. Applying this
idea iteratively yields an algorithm which approximates the IP
solution. Consequently, the LP to be solved repeatedly is of
the form

n
min E Y;Ci
i=1

suchthat H-c—2z=0
Mce<x (M) €A
0<c¢ <1, i=1,...,n.
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Fig. 6. A convolutional encoder with 3 memory registers.

The constraints ATc < A, (A, Ao) € A, are derived from the
current LP solution based on some combinatorial reasoning
and the indicator variables z allow for a very fast generation of
these constraints. Moreover, these constraints can be classified
with respect to optimization theory: although they are derived
in a combinatorial manner, they correspond to what is known
as Gomory cuts. Additionally, it turned out that the formulation
(4) offers another possibility which leads to an algorithm with
enhanced performance: The representation of the code in terms
of a parity check matrix H is not unique. In our separation
algorithm, alternative parity check matrices of the code are
generated during the execution as soon as the current one does
not allow for further improvement of the solution.

To sum it up, this formulation enabled the development of
an algorithm which

o is applicable to any binary linear block code in contrast
to existing heuristics which are tailored to one specific
type of code,

« yields a better error-correcting performance than other
algorithms, and

« employs properties of binary linear codes to improve the
algorithmic treatment.

Besides this general purpose formulation, we have also in-
vented and investigated specialized approaches for an impor-
tant subclass of codes, as described below.

III. LINEAR PROGRAMMING FOR TRELLIS-BASED CODES

A class of codes that have gained tremendeous interest since
their invention in 1993 are the so-called turbo codes. A turbo
code is built by the parallel concatenation of two convolutional
codes that are separated by an interleaver. Convolutional codes
have an inherent graph structure by their trellis representation
which faciliates the processes both of encoding and decod-
ing. This structure is partly inherited by the more complex
turbo codes, which allowed us to invent a powerful integer
programming formulation, as well as several approximation
algorithms, for this special set of codes.

The encoder of a convolutional code is built by a number
of delay shift registers (D) and several XOR (binary addi-
tion) gates, as shown in Figure 6. The registers comprise
the memory of the encoder, and the (binary) content of the
registers define its state. Thus, an encoder with k registers has
2% possible states. By the XOR gates, the current state of the
encoder, together with the current input bit, determines both
the two current output bits at Out 1 and Out 2 and new state
for the next step. This process can be visualized by the trellis
graph of the code, where each vertex represents a state at a



Fig. 7. Excerpt from a trellis graph with 4 states.
Out 1
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Fig. 8. Turbo encoder with two convolutional encoders C,, Cp and
interleaver 7.

specific step, and there are two types of arcs for zero and one
inputs, respectively, that model the transition of one state to
another (see Figure 7 for a trellis with 4 states). One usually
assumes that initially all registers contain a zero, therefore at
the first step there is only one possible state. Arcs representing
a zero input bit are drawn in a dashed style, where solid arcs
correspond to a one at the input.

In a trellis, a codeword corresponds to a path from the initial
state to the left to the end state at the right (which is not
visible in the figure). It is possible to assign a cost attribute
to each arc, based on the LLR values from (3), in a way that
the ML codeword can be found by computing the path of
minimum cost—a task for which very fast algorithms exist.
Therefore, for a simple convolutional code, ML decoding can
be accomplished efficiently.

The encoder of a turbo code uses two convolutional en-
coders. The first one processes the input bits as described
above. A copy of the input is sent into the second encoder after
passing an interleaver m. The interleaver permutes the bits in a
pseudo-random way before they enter the second encoder. This
way, the input (and thus also the output) is different for both
decoders. By this additional complexity, the theoretical error-
correcting performance of a turbo code is vastly increased
compared to single convolutional encoding, as vital research
over the past decades has revealed. The downside of this is
that also the decoding complexity, the effort to compute the
ML codeword for a given received signal, increases. Speaking
in terms of trellis graphs, a turbo code can be modelled by
two trellises which are synchronized by the constraint that in
a given step, the path in the first trellis must use the same type
of arc (zero or one) as the corresponding step in the second
trellis which is determined by the interleaver function. The
ML codeword is now represented by two paths (one for each
trellis) of minimum cost that match this additional constraints
defined by the interleaver. Unfortunatelly, it turns out that this
problem is much harder than the single, unconstrained min-
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cost path in the case of a convolutional code. However, we
can formulate the synchronized trellises as an integer linear
program, where the interleaver constraints are of the form

Z g = Z Lq- (5)

a€sy aESg7(1i)

Here, Sil are the one-arcs in the first trellis for step ¢, and
Sy, () are the one-arcs in the second trellis for the step to which
the interleaver maps 1.

We have run numerical simulations, showing that this for-
mulation leads to greatly reduced computation time compared
to the generic one given in (4). This is because only a rather
small part of the problem definition, namely the interleaver
constraints (5), separate the problem from the easy problem
of unconstrained shortest path computation. Lagrangian relax-
ation can be used in such a situation of several “complicating
constraints”. We have adapted this technique to the case of
turbo codes [5]. The idea of Lagrangian relaxation is to remove
those constraints, but penalize their violation in the objective
function. In the context of turbo coding, this means that we
allow the two paths to use different types of arcs in the steps
that are interconnected by the interleaver, but each of this
violations increases the total cost of the path—the constraint
given in (5) leads to the term

i Z Tg — Z Zq

a€Si aeS;r‘(li)

in the objective function which becomes larger the more the
two sums differ.

A central result of Lagrangian relaxation is that, for an
appropriate choice of penalty factors 7, the optimal paths with
respect to the Lagrangian relaxation will converge to the LP
relaxation of the problem, where all additional constraints are
satisfied. However, in general no integral solution is obtained.

One of our approaches to finding integral solutions is based
on the following idea: Given the shortest path on one of
the trellises, it is rather unlikely that the corresponding path
on the other trellis (determined by the interleaver) is also
the shortest path for that trellis. However, the optimal global
solution corresponds to the k-th shortest path on one of the
trellises, and under certain assumtions k will be relatively
small k. We have adapted an efficient algorithm to compute
the k shortest paths on a graph to the trellis scenario, and
showed that, for low noise and not too large trellises, this can
be an efficient approach—especially in conjunction with the
modified objective function by the Lagrangian relaxation.

IV. RESULTS, IMPACT, & OUTLOOK

Remember that in practical communication systems the use
of an optimal decoder is very often not feasible, because
of its large complexity. So when implementing decoders on
a chip suboptimal algorithms are used. They are much less
complex than the optimal decoder, but also perform worse.
The algorithms are often iterative heuristics, that usually run
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Fig. 9. Comparison of suboptimal and optimal decoding

a fixed number of iterations or abort earlier according to
some stopping criterion. For example the decoding of LDPC
codes in practical applications is usually done with a special
iterative algorithm called belief-propagation, that is also used
in artificial intelligence [6].

Finding decoding algorithms with a good tradeoff between
hardware complexity and communications performance is an
important research area for hardware designers. To judge an
algorithm’s performance it can be compared to the optimal
decoding. This comparison also helps to estimate if further
research on new algorithms is promising or not. However the
problem is that for most linear block codes used in practice
the optimal decoding performance is unknown.

Our aim is to provide ML simulation results for practical
channel codes with larger blocklengths. Furthermore with
mathematical techniques we like to get further insight in
channel codes and their decoding procedure.

In chapter I we presented the optimal decoding problem
as integer optimization problem. With help of the presented
techniques we built an optimal decoder, that is able to perform
ML decoding efficiently for larger block lengths. With this
decoder we measured the optimal performance of some short
channel codes used in the recent communication standard
WiMAX [7], which were previously unknown.

Figure 9 shows a LDPC code taken from WiMAX with
a block lengths of 96 bits. The suboptimal performance as
it may be implemented on a chip is shown. Additionally a
second curve is shown, which was simulated with the use
of our integer optimization decoder and shows the optimal
performance.

One can see that there is a gap of about 1 db between the
algorithm used in hardware and what is theoretically achiev-
able. This gap is quite large, if you consider that sometimes
a few tenths of a db are a good sales argument.

The work on ML decoding as an optimization problem
did not only lead to a better understanding of the decoding
performance of the suboptimal algorithms and new simulation
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results. The study of different formulations also led to a new
stopping criterion for a iterative decoding algorithm. Stopping
criterions abort the iterative process early, if sufficient itera-
tions were made. Here we used a cost function to indicate,
when the iterations can be stopped. This leads to a faster
computation and a more power efficient decoding algorithm
in hardware.

The study of linear block codes gives rise to a lot of
new types of mathematical problems and structures that have
not been considered before, as well as interesting links to
different mathematical fields (like integer programming, graph
and network theory, finite algebra, matroid theory). If we use
integer programming for ML decoding, we are in the situation
that, for a given code, we solve the same program over and
over again, where only the cost vector varies. So far, only
little attention has been given to this special case, which might
allow for more efficient ways to solve the problem by re-using
information that was collected in previous problem instances.
As another example, by studying certain types of cyclic codes
we encountered a new type of network flow problem, where
the supply or demand of vertices is variable and thus a part
of the problem itself, but restricted to be a multiple of 2.
Also, the application of coding theory might arouse interest in
constraints of the form Az = b (mod ¢) in integer programs,
which have not yet been studied extensively.

The recently developed 3-dimensional turbo codes, which
are an extension of turbo codes that use a third convolutional
encoder in conjunction with a second interleaver, show that
the development of good Lagrangian relaxation techniques for
trellis-like graphs remains an important task for the area of
convolutional coding.
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Abstract— A bivariate population balance model (the base of
LLECMOD program) for the dynamic simulation of liqu id
extraction columns is extended to simulate pulsednd sieve
extraction columns. The model is programmed using isual
digital FORTRAN and then integrated into the LLECMOD
program. In addition pulsed and sieve tray columns.LECMOD
simulates stirred two types of agitated columns (RD & Kiihni).
As a case studyl. LECMOD is used to simulate the steady state
performance of a pulsed extraction column. Two cheioal test
systems recommended by the EFCE are used in the sifation.
Model predictions are successfully validated agaihsteady state
and dynamic experimental data, where good agreementvith the
experimental data are achieved.

I.  INTRODUCTION

the column have to be considered in order to descri
conveniently the behaviour of the column. The dispé
phase in the case of liquid-liquid extraction umbes
changes and loses its identity continuously asitbes break
and coalesce. Accordingly, detailed modelling odiscrete
level is needed using the population balance eguads a
mathematical framework. The multivariate non-edpilim
population balance models have emerged as an igéfeobl
for the study of the complex coupled hydrodynanaicd mass
transfer in liquid-liquid extraction columns.

The simulation of modern industrial chemical preessis
becoming extremely important as an economical todhe
integration of steady state and dynamic design el ag the
simulation of the existing plants. The developmesft

Liquid-liquid  extraction is an important separatioomputational tools to model industrial processess h

processes encountered in many chemical processtiiehu
[2]. Different types of liquid-liquid columns areniuse
nowadays, which can be classified into two mairegaties:
agitated (RDC & Kiihni) and pulsed (packed & sievate)
columns. The latter are frequently used in liquigkid
extraction operations due to their high throughphigh
separation efficiency and insensitivity towards teonmination
of the interface. These columns have found widdiegipns
in nuclear fuel reprocessing and chemical industhey have
a clear advantage over other mechanical contactdrsn
processing corrosive or radioactive solutions. @heence of
moving mechanical parts in such columns obviatesrised
for frequent repair and servicing. The internalscfpng, sieve
plates) reduces axial mixing; increases drop coales and
breakage rates resulting in increased mass traresies, and
affect the mean residence time of the dispersedephahe
performance of these columns is markedly dependerthe
mechanical pulsation of the continuous phase. iBhisresult
of an increase in shear forces and consequenttiedic size
of dispersed droplets so that the interfacial aaed, hence the
mass transfer rate, is increased [3].

To shed more light on the extraction behaviour ihsed
(packed & sieve plate) columns, the hydrodynamias mass
transfer characteristics must be well understoad. @esent
knowledge of the design and performance of extwacti
columns is still far from satisfactory. The reas®@mainly due
to the complex interactions of the hydrodynamicd amass
transfer [4]. It is obvious that the changes in¢haracteristics
(holdup, Sauter diameter, etc.) of the drop pomratlong
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increased in the last decades. However; to the bleshe
authors’ knowledge, there are no comprehensive non-
equilibrium population balance models to describe i
sufficient detail the behaviour of extraction cohsn One of
the recent approaches in modelling liquid-liquidtragtion
columns is by adequately describing the compleabielur of
the dispersed phase using the population balargpestiens
(PBE). However, even the numerical solution of tbsulting
system of PBEs is still not efficiently developearicularly
when coupled hydrodynamics and mass transfer tékee p
simultaneously.

The main objective of this work is to develop a miothat
is capable of describing the dynamic and steadye sta
behaviour of pulsed (packed & sieve plate) extoactiolumns.
The models of both columns are integrated into ekisting
program: LLECMOD [1], which can also simulate agitated
extraction columns (RDC & Kithni.LECMOD can simulate
the steady state and dynamic behaviour of extnac@umns
taking into account the effect of dispersed phasst {light or
heavy phase is dispersed) and the direction of rrassfer
(from continuous to dispersed phase and vice verSa)
scale-up and simulation of agitated and pulsedaetitm
columns based on population balance modelling cam loe
carried out successfully [1, 5].

Il. MATHEMATICAL MODELLING

The modelling of extraction columns still demands
improvement. Simulating liquid-liquid extractionlamns is a



challenging task due to the discrete characteh@fdispersed A. multivariate non-equilibrium population balance nebd

droplets, which are highly coupled to the massspart of (SppBE) for describing the coupled hydrodynamios arass
solutes between the two existing phases. Modellinguch transfer in liquid extraction columns in a one &daomain

extremely important and complex transport phenominacan pe written as:

resolved by using a multivariate population balaegaation.
The population of droplets is modelled by a multiate
number concentration function, which takes into caet
droplet size and solute concentrations. Understanddf
dynamic behaviour of liquid-liquid extraction colasican be
notably used in the design of process control egsabr the
start-up and shutdown procedures [6-9]. The attenipt
model this dynamic behaviour are not well estaklish
because of the discrete nature of the dispersesepfdis is
due to the complex nature of the macroscopic déggephase
interactions as well as the microscopic interphasass
transfer occurring in the continuously turbulerwl field.
These macroscopic interactions such as droplekageaand
coalescence coupled to the interphase mass traesidt in a
distributed population of droplets. This populatiois
distributed not only in the spatial domain of thentacting
equipment, but also randomly distributed with resge the
droplet state (properties) such as size, concémraind age.
Several attempts have been done to propose theerpr
mathematical model for liquid-liquid extraction aains [10].
An empirical model for predicting the hydrodynamiics a

pulsed sieve plate column was proposed by Kumar !

Hartland [11]. A stagewise model for the transibahaviour
of a sieve-plate extraction column taking into ag@othe
back flow and assuming constant hold-up, was deeeldy
Blass and Zimmerman [10]. Reference [6] evaluated
differential model in a Kuhni column. Hufnagl et 4l2]
modelled a packed column using differential contacidel
without axial mixing. Flow models such as the dispmn or
backmixing model; describe the non-ideal flow, whe&me
parameter accounts for all deviations from the liggag flow
behaviour [13]. These models are too simple to rilesche
real hydrodynamics, where one of the liquid phages
normally dispersed as droplets in the second coaotis phase
[14]. Therefore, the influences of droplet movemeirbplet
interaction (breakage and coalescence),
(agitation, pulsation) and mass transfer cannotdscribed
satisfactorily. Weinstein et al. [7] evaluated ttiiéferential
model for a Kihni column. An improved dynamic comnés
model considering the influence of drop size disttion was
developed by Xiaojin et al. [9]. Several populatibalance
models have been proposed by various authors. &t dpratt
[15] developed a population balance model for @gulisieve-
plate extraction taking into account experimentdiyermined
values for drop breakage and coalescence. Casamiatta
Vogelpohl [16] proposed a population balance mofiel
which a good review is found in [17]. Al Khani et §18]
have applied this model for dynamic and steadyest
simulations of a pulsed sieve-plate extraction wcwoiu

energy tin

%, @) b, W 2238[%’”” @)
ot 0z ~ 9
o Oh.@W| qQrfr
2 D”T + —Cj(d,cy;t)é(z —-z,)+ Y{l//}

. (D)

In this equation the components of the veqter[d ¢,z {
are those for the droplet internal coordinates niéier and
solute concentration), the external coordinateufowml height),

z, and the timet, where the velocity along the concentration

coordinate ¢) is ¢, The source ternY.d{ represents the net

number of droplets produced by breakage and caaiescper
unit volume and unit time in the coordinates rapge+ &].
The left hand side is the continuity operator inthbdhe
external and internal coordinates, while the fpatt on the
right hand side is the droplets axial dispersioarabterized
by the dispersion coefficienD,, which might be dependent
the energy dissipation and the droplet risinigpaity [24].
The second term on the right hand side is theatatehich the
droplets entering the LLEC with volumetric flow eaQ, i,
t is perpendicular to the column cross-sectianeh A, at

a locationz, with an inlet number density‘;“ , and is treated

as a point source in space. The dispersed phaseityely,
rélative to the walls of the column is determinadérms of
the relative (slip) velocity with respect to thentiauous phase
and the continuous phase velocity, with respect to the walls
of the column [22, 23].

The solute concentration in the continuous phagejs
predicted using a component solute balance ondhénuous
phase [22, 23]:

i
ot oz ~ 77 v 0z
ijnC;" (2)

6z~ z,) j; fo (A, ()0d0c,

Note that the volume fraction of the continuous sgha,,
satisfies the physical constraim®, + @, =1, wherey denotes
the droplet phase. The left hand side of Eq.(2vels as the
first term on the right hand side have the samerpméetations
as those given in Eq.(1); however, with respectctir@inuous
phase. The last term appearing in Eq.(2) is thel t@ite of
solute transferred from the continuous to the dsge phase,
where the liquid droplets are treated as point cesir Note
that Eq.(1) is coupled to the solute balance inabetinuous

hase given by Eq.(2) through the convective aedstiurce
rms.

A

C

Recently much works have been done in the populatio

balance modelling for extraction columns [1, 17-23).
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B. Model parameters E. The terminal droplet velocity

The SDPBE is general for any type of extractioruoui. The terminal droplet velocity used in the simulatits
However, what makes the equation specific is therial given by[27]:
geometry of the column as reflected by the required

correlations for hydrodynamics and mass transfer, = YosdeVsph @)
Experimental correlations are used for the estionatf the (vj;fd€ + vj;z)l/ 6

turbulent energy dissipation and the slip velositief the | this velocity modela the adjustable parametecan be
moving droplets along with interaction frequenci@s$ fiyteq to the experimental datas, is the spherical droplet
breakage and coalescence [1, 22, 23]. Velocity, Voo ge is @ smooth transition from oscillating to

i Lot deformed droplets [27].
C. Breakage probability and daughter droplet distriiout
g9e p Y g P For the description of the drop motion in the stnoed

For pulsed packed extraction colurtite daughter droplet ackina. the correlation for the slowing factor diewed b
distribution is assumed to follow the beta disttiba #, which garthe?éG] is applied: ¢ op y

is given byBahmanyar and Slat¢25]. In Eq.(3) below is

the average number of daughter drops per breakege. e k, = 0.077r) 38 g 03667 01690188 (7 Tof )0‘08 9)
] Pk Pk
v=2+034((d"/d,, ) - 1)1'% (3) Wheremp, Tapk T, o, Tarare dimensionless numbéas).

' VYR s e F. Mass —transfer

Bud]d)=3v(v- 1)(1_ (d/d) ) (d /d ) ®) " The mass transfer fluxes in tha ECMOD program are

Here, dgqp is the stable droplet diameter, where droplef&iculated based on the two-film theory, whereitiuvidual
having diameter less thafy., are not expected to break. Thdnass transfer coefficients are defined separately the
data for the stable drop diameters for pulsed mhekel sieve Continuous K) and the dispersedkj phases. The mass
trays columns under different operating conditiéorsthe two transfer model used here in this simulation is takem the
standard EFCE test systems (water-acetone-toluehevater- WOrk of Henschkg27].
acetone-butyl acetate) are giver{26]. The droplet breakage
frequency and the daughter droplet distribution ameelated
based on single droplet experiments. The dropleakage
frequency used in the simulation is given[B§]:

G. Numerical solution

The mathematical model, which consists of integadigl
differential and algebraic equations is solved gsian
¢, optimized and efficienthumerical algorithms developed in
P, (d) _ CleQ [(d dsmb) / (dwo dsmb)] 5) [20-22]. These are utilized successfully for the simulati

af c, coupled hydrodynamics and mass transfer for gerienat-
¢, + [(d - dsmb) / (dloo - dstab) liquid extraction columns.

Where z is a dimensionless number taking into account

the influence of the pulsation intensity on the aiamge l1l. LLECMOD PROGRAM

probability and is given bj26]: The complete mathematical model described above is
. 9 1/3 programmed using Visual Digital FORTRAN. To facili

Taf = a'f'(pc /“c'Ap'g) ©)  ihe data input and output, a graphical user interfas

This breakage frequency describes the breakagealed designed. The graphical interface of tHeECMOD program
and sieve tray compartment with only one set ofstamt contains the main input window and sub-windows for
parameters for a liquid/liquid-system. The constaf parameters and correlations input. The basic featdirthis
appearing in Eq.(5) for pulsed (packed & sieveg)lablumns program[1] is to provide an easy tool for the simulation of
are listed if26]. To predict the breakage probability in pulsedoupled hydrodynamics and mass transfer in ligigjdid
columns with Eq.(5), the characteristic drop diaret;oc& extraction columns based on the population balapgeoach
dstap have to be experimentally determined for eachgtids for both transient and steady states conditionsutyin an
intensity. Data of the characteristic drop diamdterpulsed interactive windows input dialog. Note tHatECMOD is not

columns investigated here are listed26]. restricted to a certain type of liquid-liquid exttisn column

. since it is built in the most general form thabals the user to

D. Droplet coalescence probability input the various droplet interaction functions. €Sk
In this work droplet coalescence probability fopalsed functions include droplet terminal velocity (takinonto
extraction column is given H@7]: account the swarm effect) and the slowing factoe dao

C (Apg)w At ol/3 column geometry, the breakage frequency and d{;\ughte
P, (d) = cd (7) droplet distribution, the coalescence frequency tied axial
& p, d'? dispersion coefficients. UsingLECMOD simulations can

The parametet; was fitted to experimental data for twd’oW be carried out successfully for different types
standard EFCE test systems, for t-&is 2500, and for b-a- €xtraction columns including agitated (RDC & Kuhmind

W & lis 1500[27], Hamaker constant divalues used in the Pulsed (sieve plate & packed) columns. The design o
simulation are listed in table | &.11 LLECMOD is flexible in such a way that allows the user to
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define droplet terminal velocity, energy dissipaticaxial

between the simulation and experiment is excellentboth

dispersion, breakage and coalescence frequencigsttan test systems.

other internal geometrical details of the columnheT
correlation parameters that are obtained based iogles
droplet and droplet swarm experiments, are consdlén a
modularized structure for the simulation program.

A. Coalescence parameter optimization package

As a new feature dfLECMOD, the program is reinforced
by a parameter estimation package for the droplakescence
models, which enables the user to fit the column
hydrodynamics (droplet size distribution, holdupd amean
droplet diameter) to the available experimental adat
Prediction of the mass transfer profiles is themfqyeed
based on correlations obtained only from single plito
experiments. Simulation results are compared watta drom
pilot plant columns, such as agitated and pulsedpuised
columns. Different case studies showing columns’
performance are presented using only optimizedesgcahce
parameters. Additional results will be publishedseparate
publications.

IV. RESULTS AND DISCUSSION

In this section a sample problem is consideredlustiate
the basic features of theLECMOD and the coalescence
parameters estimation package. For this purpopéotaplant
laboratory scale pulsed (packed & sieve plate) ook are
considered whose dimensions are: column heiyht4.4 m
inlet of the dispersed phasg = 0.85 m inlet of the
continuous phasg = 3.8 m, column diameted = 0.08 m The
two EFCE test systems toluene-acetone-water (t-amg
butyl acetate-acetone-water (b-a-w) are used wipbgsical
properties are available onlir{gttp//dechema.de/extraktinn
To completely specify the model, the inlet feeditted to a
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Fig. 1 Simulated mean droplet diameter along thenso height compared to
the experimental datg26]. Upper panel the test system is (b—a-w) and the
lower panel is (t-a-w) in packed column.

Fig.(2) depicts the variation of the mean droplitnteter

normal distribution with mean equals 3& mmand standard along the height of the pulsed sieve plate colunmd a
deviation of0.5 mm The direction of mass transfer is from theompared to the experimental data for both chensigsems.

continuous to the dispersed phase. All
conditions for the packed column are listed Tableand for
sieve plate column in Table (II).

the opegatiA

TABLE |
OPERATING CONDITIONS PACKED COLUMN
Test Qc Qd Cyin Cyin af He
System | lit/h | lith % % cm/sec Nm
ta-w | 61.3| 745 0.6 5.89 2 10e-10
b-a-w | 62.0| 72.0{ 0.0 5.21 2 | 10e-10
TABLE Il
OPERATING CONDITIONS SIEVE PLATE COLUMN
Test Qc Qd Cyin Cyin af He
system| lit/h | lit/h % % cm/sec Nm
b-a-w | 62.0| 72.0 0.0 5.46 1 10e-1{0
t-a-w | 61.3| 74.5 0.15 552 1 10e-12

Fig.(1) shows the variation of the mean dropletnditer
along the height pulsed packed column and compiarede
experimental data for both chemical systems. Theeagent
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fairly good agreement between the experimentadl an
simulated profiles is achieved for both systems.
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Fig. 2 Simulated mean droplet diameter along tHenoo height compared to 14
the experimental datg26]. Upper panel the test system is (b—a-w) and the
lower panel is (t-a-w) in sieve plate column. 127
A comparison between the simulated holdup profillesg 10f
the height of the pulsed packed column and the raxpatal
data[26] is shown in Fig.(3). Again, an excellent agreement s 8
achieved for both test systems. s gl |
25 al |
20 rr ° ) 2} )
15 % 1 2 3 4 5

< Column Height (m)

& 10 Fig. 4 Simulated holdup profiles along the colune_!ight compared to the
experimental datg26]. Upper panel the test system is (b—a-w) and thvero
panel is (t-a-w) in sieve plate column.

5 O Exp.oll . . .
_S|Xr?1 M Fig.(5) shows the simulated and experimental solute
X ; ) ; s
0 ‘ ‘ ‘ ‘ concentration profiles as function of column heigitboth
0 1 2 3 4 5 phases. The agreement between the simulation guetiment
Column Height (m) is very good for both test systems.
16 : As a conclusion, the very good agreement between th
ul X Q | simulated profiles and the experimental data appgain
0 3] Figs.(1-5) for different columns and chemical systeshows
12¢ 1 that LLECMOD capability of predicting the actuakady
100 | state _performance of pulsed (packed and sieve )plate
= extraction columns.
s 8 1
=3
6 1 6
4 1 5l
2l O Exp.ol| =
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0 ; : : ‘ 5
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Fig. 3 Simulated holdup profiles along the colungight compared to the § ol i
experimental datf26]. Upper panel the test system is (t-a-w) and tineeto 8 O Exp.Cx
panel is (t-a-w) in packed column. ¢ Exp.Cy
, ] o ] 1r = Sim. Cx||
Fig.(4) depicts the variation of the holdup prcfikdong the ¢ / ===Sim.Cy
height of pulsed sieve plate column compared to the g 3 5 3 4

experimental data for both chemical systems. Afagood
agreement between the experimental and simulatfdesris
achieved for both systems.
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Fig. 5 Simulated solute concentration profiles othbphases along the [12]
column height compared to the experimental {28 Upper panel the test
system is (b -a-w) and the lower panel is (t-amwpacked column.

Moreover, the dynamic behaviour of liquid extraotiof;
columns can be predicted using LLECMOD. This isassary

to improve the knowledge of the dynamic behaviodr o
extraction columns under the effect of differergtdibances. 14]
Knowing how a system responds to disturbances is a
prerequisite for controller design and optimizatimncolumn
start up and shut down procedures. Further detedigerch is [19]
underway to validate LECMOD against available dynamic

experimental data. [16]

V. CONCLUSIONS

The LLECMOD non-equilibrium bivariate population
balance model is found capable of simulating nepesyof [1g]
extraction columns; namely, pulsed and un-pulseaxkedh and
sieve tray columns in addition to the agitated ools (Kuhni

(17]

& RDC types). The rapid steady state hydrodynaroatamn [19]
behaviour can be efficiently predicted by only atijng few

parameters in the droplet coalescence model. Théx®
parameters can then be used to predict the verwy silass
transfer process independently. In doing this, thadel is

validated successfully against the available expental data. [21)
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Zusammenfassung— Computational Fluid Dynamic (CFD) Si-
mulationen wurden gekoppelt mit dem One-Group Populati-
onsbilanzenmodell durchgefiihrt, um die Tropfengréfie in einer
Kiihni Miniplant Extraktionskolonne zu bestimmen. Zur Stro-
mungssimulation wurde aufgrund der geringeren Rechenzeit auf
das Euler-Euler Modell zuriickgegriffen, welches die Tropfen
als interpenetrierende Phase behandelt. Die Tropfeninteraktion,
wie Tropfenkoaleszenz und Tropfenteilung werden durch das
Modell von Prince und Blanch [1] und von Martinez-Bazan et
al. [2] beschrieben. Eine verbesserte Visualisierungstechnik wird
angewendet, um mehrere Daten in einem Bild kombiniert zu
visualisieren. Dies bildet die Basis fiir Visualisierungserweiterun-
gen, wie z.B. der Visualisierung der Tropfenteilung.

I. KOOPERATION

Die hier vorgestellten Ergebnisse stammen aus der Koope-
ration Multiphysics, Modelling and feature based Visualiza-
tion mit Schwerpunkt Tropfenpopulationsdynamik. Die Ko-
operation besteht aus Forschern der AG Technomathematik
sowie des ITWM, des Lehrstuhls fiir Thermische Verfah-
renstechnik sowie der AG Computergrafik und HCI Gruppe
der TU Kaiserslautern. Jede Gruppe, wie in Abb. 1 gezeigt,
trigt zur Kooperation bei. Der Bereich der Mathematik ist
auf die Modellentwicklung (Finite Pointset Method, FPM)
sowie Modellbeurteilung spezialisiert. Die Verfahrenstechnik
beschiftigt sich mit der Modellierung von Apparaten, u.a.
geriihrten Extraktionskolonnen, mit kommerziellen und Open-
Source Software. Ebenso liefert diese experimentelle Daten
zur Validierung. Die Ergebnisse der Simulationen dienen zur
verbesserten Auslegung der Kolonnen und zur gegenseitigen
Validierung der mathematischen Modelle sowie deren Pa-
rameter. Die erzeugten Simulationsdaten sind hauptsichlich
Ensight formatierte Bindrdaten. Die AG Computergrafik und
HCI beschiftigt sich daher mit der Entwicklung verbesserter
bzw. angepasster Visualisierungstools, die es ermdglichen, u.a.
mehrere Parameter gleichzeitig sichtbar zu machen und den
Auswerteprozess somit betrachtlich vereinfachen.

II. MOTIVATION

Die Auslegung und Modellierung von fliissig-fliissig Extrak-
tionskolonnen basiert noch immer auf vereinfachten Modellen,
die nur teilweise die realen Geschehnisse wie Tropfenko-
aleszenz und Tropfenteilung in der Kolonne abbilden. Das
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Abb. 1. Kooperation zwischen den Instituten

einfachste verwendete Modell ist das Stufenmodell, welches
auf einer idealisierten Propfenstromung basiert. Dieses Modell
beriicksichtigt eine Anderung des Zustands in Stromungsrich-
tung, jedoch keine radiale Anderung senkrecht zu dieser. Bei
Abweichungen von der idealen Propfenstromung wird daher
auf das Backmixing oder Dispersionsmodell zuriickgegriffen,
welche die Abweichungen in radialer Richtung iiber einen
einzelnen Parameter beriicksichtigen. Kombiniert mit Trop-
fenpopulationsbilanzmodellen (TPBM) wird Koaleszenz und
Teilung der Tropfen mit in Betracht gezogen und es ergibt
sich eine gute Modellierungsbasis der Kolonne. Allerdings
muss man hierbei auf Korrelationen zuriickgreifen, die iiber
grofle Datenpools zeitaufwindig verifiziert wurden. In den
letzten Jahrzenten ergab sich durch die steigende Rechen-
leistung eine detailliertere, geometrieunabhédngige Auflosung
des Stromungsproblems, meist auf Basis der Navier-Stokes-
Gleichungen oder Euler-Gleichungen, die heute als Compu-
tational Fluid Dynamics (CFD) bezeichnet wird. So wurden
auch in den letzten Jahren verstirkt in der Verfahrenstechnik
fluiddynamische Simulationen von Extraktionskolonnen vom
Typ Rotating Disc Contactor (RDC) sowie vom Typ Kiihni,
dargestellt in Abb. 2, durchgefiihrt. Die Simulation der RDC
Kolonne kann dabei aufgrund der Rotationsymmetrie zwei-
dimensional dargestellt werden, wéihrend eine Simulation der
Kiihni Kolonne dreidimensional bzw. dreidimensional rotati-
onssymmetrisch erfolgen muss.

Einphasige Simulationen einer RDC Kolonne stammen u.a.



(a) RDC Kolonne (b) Kiihni Miniplant Kolon-

ne

Abb. 2. Unterschiedliche Extraktionskolonnengeometrien

von Modes und Bart [3], wobei Rieger [4] die Zweiphasen-
stromung in einer RDC Kolonne simulierte. Haderer et al. [5]
verwendete ein Euler-Euler Modell zur Simulation der Zwei-
phasenstromung in RDC Kolonnen. Kolb [6] untersuchte die
Stromung in Kiihni Kolonnen und validierte seine Ergebnisse
mit einer Lasermesstechnik, der Particle Image Velocimetry.
Wang und Mao [7] simulierten die Zweiphasenstromung in
einem Kiihni Miniplant Kompartment unter Verwendung pe-
riodischer Randbedingungen in axialer Richtung. Vikhansky
und Kraft [8] verwendeten Euler-Lagrange Modell zur Si-
mulierung der Zweiphasenstromung in einer RDC Kolonne
gekoppelt mit der Monte-Carlo Methode zur Beriicksichtigung
von Koaleszenz und Zerfall. Drumm et al. [9] untersuchte
die Zweiphasenstromung auf Basis des Euler-Euler Modells
und koppelte dieses mit stochastischen Populationsmodellen.
CFD Untersuchungen an Extraktionskolonnen vom Typ Kiithni
gekoppelt mit Populationsbilanzen sind in der Literatur neu
und erfordern eine Anpassung der bestehenden Zerfalls- sowie
Koaleszenzmodelle an experimentelle Ergebnisse. Eine effek-
tive Datenauswertung ist dabei fiir den Anwender wichtig, wo-
bei zur schnellen und benutzerfreundlichen Datenauswertung
existieren jedoch keine entsprechende Tools. Kommerzielle
Post-Processing Programme konnen jeweils eine fluide Fi-
genschaft darstellen, z.B. Phasenanteil, Geschwindigkeit oder
Tropfengrofle. Um aussagekriftige Informationen zu erhalten,
benotigt es einer Uberlagerung der Informationen z.B. der
TropfengroBe und des Phasenanteils. Ebenso konnen Tropfen,
die aufgrund des zu bendtigenden hohen Rechenaufwands
nicht aufgelost dargestellt werden, sondern nur als Datenpunkt
in jeder einzelnen numerischen Zelle, nicht wirklichkeitsge-
treu visualisiert werden. Zudem kann der zeitliche Verlauf
der Tropfen nur durch Stromlinien dargestellt werden, wobei
diese aufgrund der angenommen Randbedingung an allen
Winden und Einbauten enden und eine Darstellung nahezu
unmoglich machen. In dieser Arbeit werden die vorange-
gangenen Arbeiten zum Thema Populationsbilanzen von den
2D-Modellen (RDC-Kolonne) auf einen 3D-Anwendungsfall
(Kiihni-Kolonne) transferiert. Ein besonderes Augenmerk wird
hierbei auf eine verbesserte Auswertemoglichkeit gelegt.

28

(a) Gitter eines Kompart-
ments

(b) Riihrerzone mit Riihrerbléttern

Abb. 3.

Erstelltes Gitter

III. METHODE

Die hier beschriebenen Methoden gliedern sich in drei
Teile. Der erste Teil beschiftigt sich mit der numerischen
Simulation. Der zweite Teil befasst sich mit den Populati-
onsbilanzen und deren Implementierung. Der dritte Teil zeigt
die Vorgehensweise bei der verbesserten Datenauswertung und
Visualisierung der Simulationsergebnisse auf.

A. Methode der Simulation

Der Kiihni Miniplant Extraktor hat einen Nenndurchmesser
von 32 mm und einer Kompartmenthéhe von 28 mm und
Strombrecher in Form von flachen Blechen sind in einem Win-
kel von 120° zueinander angeordnet. Ein Sechsblattriihrer ist
in der Mitte jedes Kompartments mit der Welle verbunden. In
dieser Arbeit wurden sieben Kompartments fiir die Simulation
als Gitter mit dem Pre-Prozessor Gambit generiert. Fiir die
CFD-Simulation mit dem kommerziellen CFD Tool FLUENT
wurde das Gitter in zwei Regionen geteilt, eine statische und
eine drehende Region, die den Riihrer umgibt. Am Boden
und am Kopf des Gitters wurde zusétzlich eine Zone fiir
den Einlauf und den Auslauf definiert. Die Randbedingung
am Boden wurde als Geschwindigkeitseinlass definiert, wobei
der Auslass durch einen Austrittsdruck definiert wird. Als nu-
merischer Rahmen wurde das Euler-Euler Modell verwendet,
welches die beiden Phasen als interpenetrierende Kontinua be-
handelt. Ein Populationsbilanzmodell wurde mit der CFD {iiber
benutzerdefinierte Funktionen (“user defined functions*, UDF)
gekoppelt, um Koaleszenz- sowie Zerfallsereignisse zu bertick-
sichtigen. Das verwendete fliissig-fliissig-System besteht aus
Wasser und n-Butylacetat, wobei die organische Phase in Form
von Tropfen am Boden und die kontinuierliche Phase (Wasser)
am Kopf in die Kolonne fliet, wodurch eine Gegenstromung
der beiden Phasen entsteht. Das fiir die Simulation erstellte
Gitter besteht aus iiber 500 000 Zellen, welches als Ausschnitt
in Abbildung 3 dargestellt ist.

Die Kolonnenwand sowie die Riihrer, Welle und Strombre-
cher sind als no-slip Randbedingung definiert, d.h. dass die
Geschwindigkeit der Fluide an der Wand gleich Null ist. Der
first-order implicit solver wurde fiir die Zeitdiskretisierung
verwendet, wihrend fiir die Diskretisierung im Raum das
first order upwind scheme verwendet wurde. Die Druck-
Geschwindigkeitskopplung erfolgt iiber die Verwendung des
Simple Algorithmus. Standard Relaxationsfaktoren wurden fiir



die Simulation verwendet. Im Folgenden werden die mathe-
matischen Modelle des Zweiphasenmodells zusammengefasst.

1) Zweiphasenmodell: Das verwendete Zweiphasenmodell
ist das Euler-Euler Modell, bei dem die jeweilige Phase ¢ durch
den Volumenanteil o; beschrieben wird. Die Kontinuitétsglei-
chung fiir die kontinuierliche Phase c ist durch

d (cupe)
ot

gegeben. In dieser Gleichung ist der Phasenanteil durch a.,
die Dichte der kontinuierlichen Phase durch p. und die Ge-
schwindigkei der Phase durch u; gekennzeichnet. Die Erhal-
tungsgleichung wird durch Gleichung 2 beschrieben.

+ V- (aepetz) =0 9]

0
= (pitii;) + V (pusisa) = —a; Vp

ot ©))

+VT + aipig + Fas

Hierbei ist der Druck durch p und der Stresstensor der Phase
¢ durch 7; gekennzeichnet. Zusitzlich zu diesen Gleichungen
muss fiir die Zweiphasenstromung die Erhaltung des Phasen-
anteils gewihrleistet sein:

3

Die Phaseninteraktion wurde durch den Widerstandsterm be-
riicksichtigt. Die Widerstandskraft wird durch Gleichung 4
beschrieben:

a.+ag=1.

_ 3pccteagCa| W g — W e| (ugi — ugi)
4dy ’

wobei Cy iiber das Modell von Schiller-Naumann [10] berech-
net wird.

Fai “

B. Populationsbilanzgleichung

Die Populationsbilanzgleichung wird generell in Termen der
Anzahlkonzentration N ausgedriickt :

% [pdN (‘/7 t)] + Ve - [updN (‘/’ t)]

+V; - [GpaN (V. 1)] = paS (Vi 1),

(&)

wobei V' das Tropfenvolumen und S(V,t) der Quellterm
zur Beriicksichtigung von Teilung und Koaleszenz durch die
Interaktion der Tropfen ist. Der Wachstumsterm G wird bei
Massentransferberechnungen benétigt und wird hier vernach-
lassigt. Der Quellterm besteht aus vier Termen, jeweils zwei
fiir den Zerfall von Tropfen und zwei fiir die Koaleszenz der
Tropfen. Die zwei Terme beriicksichtigen jeweils die Entste-
hung neuer Tropfen mit einer bestimmten Grofle und die damit
einhergehende Ausloschung von Tropfen einer bestimmten

GroBe.

S(Vit) = B9 (V,t) = D (V. t)
B B ©)
+BB(V,t) — DB (V1)

Die Zerfalls- und Koaleszenzkernel sind Funktionen der
TropfengroBe, systemtypische Parameter wie Viskositdt und
Oberflichenspannung sowie der turbulenten Energie. Die One
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Primary One Secondary Particle Methode (OPOSPM), ent-
wickelt von Attarakih et al. [11], ist ist ein Speziallfall der
Sectional Quadrature Method of Moments (SQMOM), wobei
hier nur ein priméres und ein sekundires Partikel verwendet
wird. Die primidren Partikel stellen hierbei die die Klassen
dar, wobei bei der OPOSP Methode die Tropfenverteilung
durch eine TropfengroBe in jeder Zelle ausgedriickt wird. Die
sekundéren Partikel konnen als Lagrange fluide Partikel ver-
standen werden, die Informationen tiber die Tropfenpopulation
transportieren. Daher wird die Populationsverteilung durch
ein einzelnes Partikel représentiert, welches eine Kugelform
besitzt und deren Position (Grofle) durch den mittleren Mas-
sendurchmesser gegeben ist:

dso = 3 ye%i _ 3 ms
)
6Nd mo

wobei die totale Anzahl N und die Volumenkonzentration
g dem nullten Moment (mg) und dem dritten Moment (m3)
der Distribution entsprechen. In der Literatur wird hiufig der
Sauter Durchmesser verwendet. Aufgrund des nicht vorhande-
nen zweiten Moments in der CFD erscheint die Verwendung
des d3p zielfithrender fiir die Simulation. Durch die Verwen-
dung des nullten Moments, d.h. der Anzahl der Tropfen ist
das Modell mathematisch konsistent. Das dritte Moment wird
fiir die Zweiwegekopplung auf Eins normiert und fiihrt zu:

/1
dso = {/ —
mo

Da das dritte Moment der Kontinuitétsgleichung der disper-
sen Phase entspricht (welche im CFD Solver vorhanden ist),
muss nur das nullte Moment durch eine UDF beschrieben wer-
den. Die Quellterme fiir Zerfall und Koaleszenz werden von
jeder Zelle vom CFD Solver zuriickgegeben. Der Quellterm
fiir die Tropfenzerfall g(dso) Koaleszenz a(dsg, dso) ist wie
folgt definiert:

)

®)

1
S = (nq(dso) — 1) Ng — §a(d307d30)N§, (&)

wobei ng die Anzahl der Tochtertropfen, N, die Anzahl der
Partikel ist. Mehr Details iiber die Kopplung von CFD in Zu-
sammenhang mit dem OPOSPM Modell und dem verwendeten
Zweiphasenmodell sind in [9] gegeben. Die Koaleszenzrate
a(dsg,dsp) setzt sich aus der Koaleszenzeffizienz \(d, d) und
der Kollisionsrate h(d,d) zusammen und wird durch das
Modell von Prince und Blanch [1] beschrieben:

5/6 ,1/2_1/3
A(dso0, dso) = exp (_ (dso/4))>°pc' "€ In (h0>> (10)

41/2 he

h(d307 d30) - 00897T(d30 —+ d30)261/3(d§(/)3 + dgés)l/Q (11)

Hierbei ist € die Energiedissipation, o die Grenzflichenspan-
nung und hg die Filmdicke und h. die kritische Filmdicke,
wobei das Verhiltniss der Filmdicken nach Drumm et al. [12]
auf 10* gesetzt wurde.

Zur Beschreibung des Tropfenzerfalls wird das Modell
Martinez-Bazan et al. [2] verwendet:



K+/Bo(ed)?/3 —12(a/(pd))
dso

K ist eine Konstante, die vom urspriinglichen Wert von
0.25 auf einen Wert von 1 gesetzt wurde, um die anpassbaren
Parameter zu reduzieren (Drumm et al. [12]).

Die KenngroBe [y wurde in vorangegangenen Arbeiten
angepasst.

Die Anzahl der Tochtertropfen wurde mit Hilfe einer Hoch-
geschwindigkeitskamera durch Einzeltropfenversuche in der
Miniplant Kiihni Kolonne (s. Abb. 4) bestimmt. Einzeltropfen
wurden iiber eine Zweistoffdiise erzeugt, womit die Ablosezeit
des Tropfens von der Kapillare sowie die Tropfengrofle durch
ein um die Kapillare stromendes Fluid beeinflusst werden
kann. Der Abstand zwischen den erzeugten Tropfen wurde
so grof} gewihlt, dass sich immer nur ein Tropfen im Kom-
partment befand. Die entstehenden Tropfen bei einem Zer-
fallsprozess wurden anschlieBend iiber die Videoaufnahmen
ausgewertet.

9(d30) =

12)

Kamera

Lichtquelle

Abb. 4. Tropfenzerfallsbestimmung

C. Visualisierung

Durch die Verwendung von modernen Visualisierungstools
wird es dem Anwender bzw. dem Forscher ermoglicht, die Si-
mulation besser zu analysieren. In einem ersten Schritt wurde
dazu die Geometrie auf Basis der Simulationsdaten visualisiert
und ist bereits in der Einleitung dargestellt. Dabei wurde
auf eine moglichst detailgetreue Darstellung der metallenen
Riihrer und des Glasschusses wert gelegt (vgl. Abb. 4).

Die TropfengréBe und damit auch die Anzahl der Tropfen
stellt eine kritische Grofle in der Kolonne dar. Da diese
durch das benutzte Modell als Mittelwerte im Gitter be-
rechnet werden, reprisentieren diese eine Wahrscheinlichkeit.
Die Schwierigkeit bei der Visualisierung der Tropfen in der
Kolonne ist die Bestimmung der Tropfenposition und der
Tropfengrofe. Stochastische Modellierung ist daher einer der
moglichen Wege, um die Position der visualisierten Partikel
zu bestimmen. Fiir jeden Zeitschritt kann eine Anzahl von
N Tropfen mit einem Durchmesser von d in einer Zelle
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durch eine homogene Verteilungsfunktion fiir die Tropfenmitte
[Pz, Py, p-] dargestellt werden:

wenn T zelimin. S X S T Zellmax.

1
p(l‘) TZellmax. —TZellmin. '
0 ansonsten.

Adiquate Formeln gelten fiir die Komponenten p,,p.. Die
Anzahl der Tropfen N kann durch folgende Gleichung be-
schrieben werden:

§ N x Vjeder Tropfen = Q¢ X VZellenvolumen,

wobei o den Phasenanteil der dispersen Phase darstellt und
durch die Simulationsdaten zur Verfiigung gestellt wird.

Neben der Tropfenvisualisierung soll durch eine Kombi-
nation der CFD mit der Tropfenvisualisierung die Verfol-
gung einzelner Tropfen sowie durch Erweiterungen die Vi-
sualisierung des Tropfenzerfalls und der Tropfenkoaleszenz
ermoglicht werden. Hierzu erfolgte in einem ersten Schritt die
Visualisierung des Vektorfeldes in der Auswertesoftware und
um diese um Partikelbahnen zu erweitern. Die Partikelbahnen
zeigen den Weg der Tropfen durch die Kolonne iiber die Zeit.
Der Start einer solchen Partikelbahn wird durch den Einlass
der Kolonne definiert und endet am Auslass einer Kolonne
bzw. durch einen Zerfall des Tropfen. Die mathematische
Beschreibung der Tropfen erfolgt durch:

d
%ﬁ(x7y7 Z) = ﬁ(p7 t)

Plto) = po
Die Partikelbahnen der Tropfen konnen fiir eine kontinuier-
liche Visualisierung der Tropfenverteilung verwendet werden.
Uberschneidungen zweier Bahnen konnen als Indikator einer
Tropfenkoaleszenz verwedendet werden.

IV. ERGEBNISSE UND DISKUSSION

In vorangegangenen Forschungsarbeiten wurde der Zerfalls-
kernel aus dem Modell an die Ergebnisse von Steinmetz et al.
[13] angepasst. Die Tochtertropfenanzahl ergab sich aus den
Einzeltropfenexperimenten. Es wurden im Mittel 4 Tochter-
tropfen festgestellt. Durch die Kopplung von CFD mit PBM
wurde eine Aussage iiber die Tropfengrofle ermoglicht. Die
simulierte Tropfengrofie mit dem gekoppelten CFD-PBM Tool
ist in Abb. 5 fiir die gesamte Kolonne sowie vergrofert fiir ein
einzelnes Kompartment dargestellt. Die Tropfen koaleszieren
unterhalb der Statoren und werden durch den Energieeintrag
des Riihrers zerteilt. Die Tropfengrofe im Bereich des Riihrers
bei 2,6 mm und sinkt aufgrund der steigenden Turbulenz auf
2,4 mm direkt an der Riihrerspitze ab. Durch Koaleszenz steigt
die TropfengroBe auf 3,1 mm unterhalb der Statoren wieder
an.

Durch eine erweiterte Visualisierung wird eine Kombination
des Tropfendurchmessers mit dem Phasenanteil erzielt, womit
Aussagen iiber die Tropfenverteilung im dreidimensionalen
Raum durch eine einzelne Abbildung, die den real sichtbaren
Verhiltnissen entspricht, getroffen werden konnen. Dies ist
ist Abb. 6 dargestellt. Die Tropfen treten durch den unteren
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Abb. 5. TropfengroBenverteilung dargestellt als Schnitt durch die Kolonne

Statorring in das Kompartment ein. Im unteren Bereich des
Kompartments sind die Tropfen auf die Mitte des Kompart-
ments hin konzentriert, wihrend sie im oberen Teil durch die
Riihrerwirkung verteilt werden. Das Vektorfeld ist in Abb. 7
gezeigt, wobei zur Ubersichtlichtkeit die Anzahl der Vektoren
reduziert wurde.

Die Visualisierung bietet die Moglichkeit der Filterung von
Daten, z.B. extrem grofler bzw. kleiner Tropfen und wird durch
die Visualisierung der Zerfallswahrscheinlichkeit sowie der
Koaleszenzwahrscheinlichkeit ergéinzt.

Tropfendurchmesser / m

0.00100 0.00132 0.00164 0.00195 0.00227 0.00259 0.00291 0.00322

Abb. 6. Darstellung der Tropfen sowie der Tropfengroienverteilung

V. ZUSAMMENFASSUNG

Die Simulationen der sich im Gegenstrom befindlichen
Zweiphasenstromung fiir die Miniplant Extraktionskolonne
vom Typ Kiihni wurde mit dem CFD solver (FLUENT) ge-
koppelt mit Populationsbilanzmodellen durchgefiihrt. Hierfiir
wurde ein Eingruppenmodell, das One Primary One Secondary
Particle Modell, fiir die Zweiwegekopplung verwendet. Zur
Beriicksichtigung von Koaleszenz und Zerfall der Tropfen
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Geschwindigkeit / m/s

0.0513 00907 0.130 0.169 0209 0248 0287 0327

Abb. 7. Vektorfeld der kontinuierlichen Phase im Kompartment

wurde ein kombiniertes Modell, bestehend aus dem Zerfalls-
kernel von Martinez-Bazan [2] und dem Koaleszenzkernel von
Prince und Blanch [1] verwendet. Durch gemittelte Daten auf
Basis stochastischer Modelle erfolgte eine Visualisierung der
Tropfen, womit erstmals zwei Parameter, der Phasenanteil und
die TropfengroBe kombiniert in einer Abbildung dargestellt
werden konnen.

VI. AUSBLICK

Das bestechende CFD Modell wird durch weitere
Koaleszenz- und  Teilungskernel  erweitert  werden,
um  eine  umfangreiche Basis  fiir  verschiedene

Stoffeigenschaften sicherzustellen. Eine Implementierung von
Massentransfer wird zunichst anhand des zweidimensional
rotationssymmetrischen Modells der RDC Kolonne erfolgen
und mit Literaturdaten sowie eigenen Messungen validiert
werden. Eine Ubertragung der Ergebnisse auf unterschiedliche
KolonnengréBen sowie ist in naher Zukunft geplant.
Die Visualisierung wird durch die Moglichkeit zur
Erstellung von Animationen bewegter Tropfen erweitert
werden. 3D Partikelbahnen konnen durch eine Standard-
Integrationsmethode eingebunden werden. Die Implemen-
tierung von Tropfenkollisionen und Tropfenteilungen in die
Visualisierungsumgebung erfordern zusitzliche Modellierung
sowie Implementierungen. Topologische Analysen der
transienten TropfengroBenverteilung sind dazu mit dem
Morse-Smale Komplex sowie mit Reeb Graphs geplant.
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Abstract— To simulate the behavior of thin dielectric elastomer
structures a finite solid shell element formulation is presented.
Dielectric elastomers belong to the group of electroactive
polymers and their use as actuators is caused by the efficient
coupling between electrical energy input and mechanical energy
output. Also the large elongation strain of 120-380% of the
dielectric elastomer actuators and their light weight are
advantages that make the material very attractive. Regarding the
electro-mechanical coupling a constitutive model is expounded.
For the definition of an electric stress tensor and a total stress
tensor the electrical body force and couple are considered in the
balance of linear momentum and angular momentum,
respectively. The governing constitutive equations are derived
and incorporated in a solid shell element formulation based on a
Hu-Washizu mixed variational principle considering six fields:
displacements, electric potential, strains, electric field,
mechanical stresses, and dielectric displacements. This
formulation allows large deformations and accounts for physical
nonlinearities to capture the main characteristics of dielectric
elastomers.

I. INTRODUCTION

In recent years dielectric elastomers (DE) have become
popular for the wusage in actuators. The efficient
transformation of electrical energy in mechanical energy and

the ability to maintain large strains makes them very attractive.

A Constitutive model, which describes the specific material
behavior, is introduced by Dorfmann and Ogden [1],
Steigmann [2] and the references therein. The numerical
treatment in the context of the finite element method is
presented by Vu et al. [3], who provide a brick element
formulation, which incorporates the nonlinear constitutive
model. In the present work a shell finite element formulation
for DE is presented. It is motivated by the fact that the most
DE devices are thin structures, which have a very high length
to thickness ratio. The electromechanical coupling is
considered in the body force and the couple density, see e.g.
Eringen and Maugin [4] or Miller et al. [5]. The angular
momentum equation is fulfilled by assuming a Maxwell stress
tensor. The linear momentum equation is approximately
fulfilled by the finite element method. A mixed solid shell
element formulation is introduced. It incorporates specific
interpolations for the displacements, strains, stresses as well as
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for the electric potential, electric field and dielectric
displacements. As nodal degrees of freedom three
displacements and the electric potential are assumed. The
mixed formulation allows for a consistent finite element
approximation to avoid electromechanical locking effects. The
element formulation is able to simulate large deformations.
Some numerical examples show the applicability of the
proposed solid shell element.

Il. KINEMATICS

Let @ be a deformation that point maps X of the reference
configuration B to X of the current configuration B, at time t,
see Figure 1. The deformation gradient F is declared as the
tangent to @ and given by

x|

F=2 (1)

With this definition for the deformation gradient the right
Cauchy-Green deformation tensor C reads,

C=F"F. )
Followed by the Green-Lagrange strain tensor E defined as

E=-(C-1). 3)

Fig. 1 Reference and current configuration with position vectors X and %

To describe the shell formulation convective coordinates &¢
are introduced, where &'and &2 are the in-plane coordinates
and &3 is the coordinate in thickness direction. The covariant



tangent vectors are obtained in the reference and current
X

configuration as Eiza—gi, yizj—; respectively. The

contravariant basis vectors are defined in a standard manner
by G;- G/ = §/and g; - g/ = &/, where &/ is the Kronecker-
delta. With this convective description the deformation
gradient also reads F = §; ® G'.

A potential ¢ is used to describe the electric field E. With
@ satisfying the Laplace’s equation E reads

7 _ 6_<p —.
E= 6fi GL : (4)
Applying the pull-back operation the physical electric field
@ = EF'is observed. The displacement vector % is defined
by
Uu=x-X. (5)
Boundary conditions for ¥ and ¢ are given on d,B and
d, B, respectively.

I1l. FORCE AND COUPLE DENSITY

To get a macroscopic representation of force and couple
density a close look on the microscopic level is presented.
Therefore the physical model will start with a particle P* of
the current configuration B, to deduce electric force in the
presence of electromagnetic matter and in absence of a
magnetic field.

Fig. 2 Physical model for the microscopic description; left: the current
configuration B, with a particle P* right: the zoomed inner structure of the
particle.

Relative to the mass center C* eccentric by ?"“ not to be
confused with the convective coordinates &' are the point
charges g** and the point masses m**, as shown in Figure 2.
In an electric field a force is acting on each point charge g**
called Lorentz force and it is defined by g**é. The
gravitation field @ is acting on each point mass producing the
Newton force given by m** @. Summing over a leads to the
resultant force on the particle:

bk = Y, mkrd+ qgkee.

(6)
The position of a point within the particle P¥ can be

described by #<* = ®* + &< Assuming the gravitation to
be constant it follows: @(x**) = d@(x*). This assumption and
expanding the external field in a Taylor series
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@) = (@) + [V, ® €] - &% + --- by neglecting higher
order terms results in

b = (Z,m ) @+ (8 q*) €+ [V @ €] - (Zo q*E*) .
(7
After defining the resultant mass m* = ¥, m** charge
g = ¥, q**, and polarization p¥ = ¥, g**&*® of the particle
P¥ and performing a simple space averaging p,dv = Y, m*,

o.dv = Y, qF, Pdv = Y, p* leads to the macroscopic body
force density

b=pta+gt?+ﬁ-[7x®3]=pta+7, (8)

where f combines the electric contribution to the body
force density. Deriving the corresponding couple density with
the same arguments the resultant couple of the particle P*
with respect to the mass center C* reads

= T8 xmd + 5 8 x g€ ©)

Here it is assumed that the mass dipole moment
Y, &k mka =@ . With the resultant polarization B* =

Yo qk“?"“ and a space averaging it follows the macroscopic
couple density

= Pxé. (10)

IV.BALANCE LAWS AND STRESS TENSOR

The balance laws incorporating the electric force, couple,
and power densities are summarized. After that the global
integral forms and the local field equations are presented. The
Cauchy stress tensor and an electric stress tensor are

introduced. Conservation of mass %fB pJdV =0, with

J = detF is assumed. Localization of the material description
results in p = Jp,. In quasi static processes the integral form
of the balance of linear momentum is given as
0= gtbdv+¢g&2da, (11)
where b is the body force density (8) and  the traction
vector on dB,. With the Cauchy stress tensor & the traction is
determined by a linear map of the normal vector £ = o7,
according to Cauchy’s stress theorem. Considering
conservation of mass, applying the divergence theorem and
the localization theorem, the field equation along with the
jump condition are observed as
V. -o+ b=0

inB, , (12)

|

o-n= on d,B; . (13)

With % as a prescribed traction on the boundary d,B;. The
boundaries with a given traction and a given displacement
satisfy dB, = d,B; U 9, B; and @ = d,B; N 0, B;. The global
form of the balance of angular momentum reads

0= [, xb+edv+ [, Exida, (14)



where ¢ is the couple density (10). Using the integral
theorem, considering conservation of mass and the linear
momentum balance along with the localization theorem
results in the field equation

1Xo6+¢=0 in B, . (15)

For dielectric materials the conservation of charge in
integral form with the surface charge density ¢, on d,B; reads

0= th o, dv + faBt ¢ da. (16)

The dielectric displacement vector is denoted by d and
determined by Gauss’ law d-m =g, . Applying the
divergence theorem results in the field equation along with the
jump condition

V,-d—o =0

—

d =7t

inB,, (17)

on d,B; . (18)

Here, ¢, is a prescribed surface charge. For the total
boundaries with a given electric potential and a given surface
charge it holds 0B; = d,B; U dqB; and @ = 9,B, N d,B, .
With the constitutive equations in matter the dielectric
displacements are given as d = €,6 + p, where ¢, is the
permittivity in vacuum and the polarization depends on the
considered material. An electric stress tensor is introduced as

T=CQP+eE@E—;68 €1, (19)

such that 7, -t =f and 1 x T =¢. It is remarked that
€e®e— %eoé’ - € 1 is also known as Maxwell stress tensor.

With (15) it follows that the total stress tensor @ + T has to be
symmetric. The remaining field equations and boundary
conditions are

V, - (6+7)+pd=0 in B, , (20)
A=t on d,B; , (1)
V,-d—o,=0 inB, , (22)
d-1=g, on 9,B, . (23)

Considering the 2™ Piola-Kirchhoff stress tensor § = JF~ o F
and T = JF~1zF, the pull-back of the dielectric displacement
D =]F‘13 and the transformation of the densities by J leads
to the material description

Vi [FS+T)]+pd=0 inB, (24)
FS-N=T on dsB , (25)
Vy-D—p=0 inB, (26)
D-N=¢ ond,B . (27)

Where T is the traction with respect to the reference
configuration.
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V. CONSTITUTIVE EQUATIONS
Introducing the energy function
W=y —-xe(EQE):C - Je[(EQE):cYc?,
(28)

where  is a function of C to fulfill material objectivity,
here an Ogden-type material is chosen, and the susceptibility
of the material is denoted by yx, the total stress and the
dielectric displacements are derived as

v
s+T=22, (29)
p=_9%
b=-2 (30)

V1. WEAK FORMULATION

In this section a mixed variational formulation is introduced.
Let the set {6% € [H'(B)]? I| 6% = 0 on 9, B} be the space of
admissible displacement variations and {6<p e[H(B)] I
dp = 0on aq,B} be the space of admissible electric potential
variations. Further let {68+ 6T € [L,(B)]°} , {6E €
[L2(B)]°} the spaces of admissible variations of the total
stresses and strains and {D € [L,(B)]*}, {6E € [L,(B)]?}
the spaces of admissible variations of the dielectric
displacement and the electric field. Since the variations are
arbitrary the field equations (24)-(27), the constitutive
equations (29), (20), and the kinetic field equations (3), (4) are
rewritten as

Jy Wy  [F(S+T)] + pd)-6x%dV =0, (1)
Jy (7x-D—0)dpdV =0, (32)
fy (Z—f—(s+T)>:5EdV:o, (33)
[, (%+D)-sEdav =0, (34)
I, (E—%(C—l)):(65+6T)dV=O, (35)
Jy (E+Vyp)-6DdV =0. (36)

Applying integration by part, using the divergence theorem and
considering the boundary conditions the weak formulation
reads

om = |, §(5FTF+FT5F); (S+T)+Vydp-D—
8% -dp — 6 dV — [, 6% - T + 55 dA +
Jy (55+5T):§ (FTF—1)+ 6D - Vyp dV +

v — 0¥ - =
fB (SEE'F(SEE—)E:(SE(S-FT)'F(SED—
(6§ +6T):E+6D-EdV =0, (37)



with 6F = Vy ® 6%, OE = % (8F'F + FT6F) , and §E =

VII. FINITE ELEMENT APPROXIMATION
In this section a solid shell element is introduced. The finite
element approximation is constructed in the sense that the
whole domain is divided in element domains with B =
U™ B,, where nelem is the total number of elements. The

geometry, displacements, and electric potential are
approxmated as XP=Y8 NX,, ut=Y8, N, , and
=Y8 Ny, with the same interpolation functions

Nz=§ (1+EENA+EE)A+EE), —1<& <+1 at

nodes I = 1,2,3, ...,8. The vectors 7(’, and u; contain the nodal
coordinates and displacements, respectively. Arranging N; in

the matl’iX N = [Nl,Nz,N3,N4,N5,N6,N7,N8] Wlth
N, = diag[N,,N;,N;,N,] , the \virtual quantities are
interpolated as
- sul -
vt = i] = Név, , (38)
5.

where ¥} = [v], ¥}, ¥} -, vg|is the vector of nodal
degrees  of  freedom Ul =[u;, U, 1u; ¢l

Accordingly, 67, is the vector of the virtual values.

The gradient fields are defined with respect to the curvilinear
coordinates &', The constitutive equations (29) and (30) will
be given with respect to a local orthonormal coordinate system
7;. This necessitates a transformation of the strains and the

electric field. Introducing the transformation matrix
(]11)2 (]12)2 (]13)2 aJ11J12 aJ 1113 aJ o)1 ]
(]21)2 (]22)2 (]23)2 aJ21)22 aJ21) 2 af22) 23 |
Q _| (]31)2 (]32)2 (]33)2 af31)32 af31)33 af32)33 |
Ib]11]21 b]12]22 b]13]23 ]11]22 +]12]21 ]11]23 +l13]z1 112123 +l13]22| !
b]11]31 b]12]32 b]13]33 ]11]32 +]12]31 ]11]33 +l‘l313‘l 112133 +l13]32
b]21131 b]22]32 b]23]33 111]32 +122131 121]33 +]23l31 122133 +]23]32
(39)
where Qg = Q defined with a=1, b =2 and J; = G Ty
— G3%G —
and 7, = T, = ==, 3 = ¥, X7, . The Jacobian
”G I’ [63xG4]|

matrix is denoted by J = 3i ® ;. For the sake of a compact
notation the contravariant components of the virtual strain
tensor and the virtual electric field vector are arranged in a
generalized vector

6?1 '§1

89:- 9.

093 9s

651 'gz + §1 :

89,-9:+91-

69295+ 92
_ow
6{1
a&p
6{2
66<p
983

The approximation on element level of the virtual gradient
field 6&; reads

(40)
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58, = BSV, , (41)

. B} 0
with B=[B;, B,, B;, -+, Bg] and B, = @
0 B

The matrix B} is defined with some ANS interpolations in [6]
and reads

Nl,g’ly’fT
—nT
Nie297
T A+ e+ f“fz)Nz ©g
lelgz +N,{zg1
2 =) (Ngh + Nfgs ) +5 1+ ) (Vg8 + Noeg?')
2 -y (NzAfzﬁ'aq + NIA;3§'24 ) +3 (1+¢h) (NlcfzygT + le392 )
(42)
where N, i denotes the partial derivative of the shape function
with respect to the curvilinear coordinates. The matrix BY at
the node I is determined as
B} =] [Nign Npg (43)

The physical stresses and dielectric displacements are derived
from the potential function and are arranged in the vector

CA AL ) ow1T - .

95 05, o’ | o% ] . Here, &; are independently
assumed quantities for strain and electric field components and
are approximated with the following interpolations, see Klinkel
and Wagner [7]:

€ = M a' + M%a*,

=Qs!

Nl,f3] .

(44)

ME

N 0
H 1 _ E 2 _ ot 30
with Ma—[o Nﬁ], Mz = M- ] € R3°, and

@? € R1°. The matrices N and N are given as

8 828 0 0 0 & 0 0 0 0 0 0

0 0 & &¢& 0 0 & 0 0 0 0 0

B 1, 0 0 0 0 0 0 0 & & ¢g 0 0
Ne =@ 0O 0 0 0 & 0 0 0 0 0 o0 Of°

0 0 0 0O 0 0 0 0 0 0 & 0

Ll o o 0o o o000 0 o o &l
(45)

1 0 0 & & g2 0 0 0 0 0 0
Nz=Jilo 1. 0o o 0o o0 & & ¢&& o0 o o0 |.
001 0 O 0 0 0 0 & & gig?
(46)

Quantities, which are evaluated at the element center are
denoted with the index 0 and 1 is a 6 X 6 identity matrix. The
transformation matrix Q is obtained by (39) considering
a = 2and b = 1. The matrices Mg and M are defined as

[gl 0 0 ¢%¢ 0 0 0 0 0 0]
| & 0 0 &0 0 0 0 oi
_ det)y. 0 0 & 0 0 &g ggoaee 00
Mg =" @) |0 00 o o o o 0o & o’
00 0 0 0 0 0 0 &
lo 00 0 0 0 0 o o ol
(47)



0 0 0
ﬂzdet_lolo—i[o 0 0]. (48)

E det] 63 6163 5263
The approximation of the independent field o is defined as
= Mﬁf;, (49)

. _[Ns O - 30
WIthMﬁ—[O Nﬁ]andBeR.

Here the matrix Ny is equivalent to N of (45), where instead
of (QY)T the transformation matrix (Q2)T is used. The
interpolation Ny is identical to Nz.

The weak formulation of (37) will be approximated on
element level as following:

st = f, 6€1G% — 5TT - [“Qp] av,

d4, + [, s 2, dv,

il 11

=T
e [

—’T a‘l’ 6->T—>h

+ [, 5% seh'2dV,,  (50)

with 9% = [6X] 5¢,] and @ contains the components of S,

T, and D accordingly to the vector notation. The weak form is
solved iteratively by employing Newton-Raphson’s method.
This requires the linearization

Dsmt] = f, ASELGE AV, + [, 6ETAG: v,
+J,, 08T X Ngh - 521" AG) — 651 AL dV,
o, A_’hT6£G (51)

Considering the above interpolations (50) and (51) one obtains
the following matrices:

4y = [, (i) m av,, (52)
Ce = [, (ML)™Mj dV, (53)
L= [, B"Mydv,, (54)
K.=[, GdV,, (33)
where G is the matrix of [7] and vectors
= [, MLT (53 -%) av, (56)
b, = [ Mg"Ge —E) AV, , (57)
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mt f BT dVe : (5 8)

et = [, NTB AV, + [, NTi da, , (59)
withi=1,2and j = 1,2. In Eq. (59) the body and surface
loads are determined by BT = [paT, o] and ¥ = [%T ?]'
Having in mind that (50) is solved iteratively the following

approximation on element level is obtained

[ +D[6n] - (AU, Ag, AF, AP}

6ve]
a;|

6ﬁeJ

( fint — fgxt] [Ke 0 0 L [Aveh
dl 0 A A¥ - el Ad}
a |o || 4@z |-

Lzl

e

c

a | 20 A2 o

\ 5, | Ll 0

-7 0
Taking into account that the finite element interpolations for
the fields @ and € are discontinuous across the element
boundaries a condensation on element level yields the element

stiffness matrix and the right hand side vector

(60)

Kro=K,+L,C;'A,C;TLT (61)
fo.=fot —fint 4+ 1,¢;1A4,C;"b, — L,C;'d, (62)
with A, = A1 — A22(A1)142'  and @, =dl—

A2 (AY)'aZ . After assembly over all elements K, =
unelempg . AV = UmeemAB, and F = Ureemf, one
obtains
KAV=F, (63)
with the unknown incremental nodal displacements and the

electric potential. The update of the internal degrees of
freedom reads

AGL = C;TLTAD, + €7D, (64)
NG2 = —(AZ) V@2 - (4271 AR NG, (65)
AB, = C;*A,AQL + C;'d, (66)

VIII. NUMERICAL EXAMPLES

Embedding the solid shell element formulation in a
modified version of the program FEAP demonstrates the
capturing of the characteristics of the DE material behavior.
The ability of the shell element is shown in the following
examples.

A. Eigenvalue Problem

To analyze the locking modes of the solid shell element an
eigenvalue problem is solved. In this first example a cube
form DE material with an edge length of 2cm X 2cm X
2cm is examined. The cube is zero-stress supported. The data
for the Ogden-type material are according to [8] a; = 1.293,



a, = 2325, a3 = 2.561 , u, =0.00592MPa , u, =
0.0582MPa, pu; = —0.0161MPa and A = 2.49256777MPa..
The relative permittivity is givenas e, = (1+ ) = 4.

In Table 1 it is shown that there is only eigenvalue number
18 much greater than zero. This eigenvalue accounts for the
volumetric locking mode which arises by incompressible
materials like DE. At this point no other locking modes are
observed. The result is also the same when taking an irregular
non-cube element.

TABLE |
EIGENVALUES OF A DIELECTRIC ELASTOMER CUBE
No. Eigenvalue No. Eigenvalue
1 0.11E-02 10 0.50E-01
2 0.31E-02 11 0.62E-01
3 0.72E-02 12 0.75E-01
4 0.11E-01 13 0.85E-01
5 0.18E-01 14 0.87E-01
6 0.20E-01 15 0.97E-01
7 0.21E-01 16 0.10E+00
8 0.27E-01 17 0.10E+00
9 0.34E-01 18 0.57E+01

B. Bending Actuator

The second example is presented to demonstrate the valid
reflection of the electro-mechanical coupling phenomenon of
DEs. Therefore a square plate with the dimension of
100mm X 100mm is investigated. It is clamped on one side
and consists of two layers with the thickness of 0.5mm each,
see Figure 3. The dataset of the material is the same as given
in the first example.

Fig. 3 Dimensions of the bending actuator

To get a bending answer of the thin structure either the
upper or lower layer is loaded by an electric field applied in
thickness direction of the structure. Due to the electro-
mechanical coupling the loaded layer responds with an in-
plane extension. Because of the eccentricity the bending effect
of the whole structure occurs. Figure 4 shows several
deformed configurations.

d8ibibsosnsssss §

Fig. 4 Bending actuator - several deformed configurations
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In the simulation the surface charge is increased from 0V to
7.35 x 10° V and decreases back to OV again. Then the other
layer is loaded in the same way. The tip deflection versus the
applied voltage is shown in Figure 5.

3000 4000 5000 6000 7000

Tip deflection [mm]

-80

Load ¢ [V]

Fig. 5 Tip deflection versus voltage relations

IX. SUMMARY AND OUTLOOK

The presented element formulation is based on a mixed
variational approach. It results in an independent interpolation
of the displacement, electric potential, strains, electric field,
stresses and dielectric displacements. The element possesses
only four nodal degrees of freedom, displacements and the
electric potential. It allows a consistent approximation of the
electromechanical coupled problem. The governing field
equations and boundary conditions are presented. The
formulation accounts for geometric and material nonlinear
behavior. Further tasks will be to embed the material
formulation into an improved stabilized element formulation.
For more accurate simulations other material models for the
mechanical part should be discussed.
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A Software Language Approach to
Derivative Contracts in Finance
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Abstract— Financial derivatives are an important tool of to-
day’s finance sector. Despite their often negative public perception
after the crisis of 2008, they are a tool originally developed to
reduce risks in trading real goods. Understanding and evaluating
derivatives is an important problem in practice. We present a
declarative language of derivative contracts which is independent
of pricing models. We also present a denotational semantics,
enabling a calculus of contracts. The given denotational semantics
enables also the application of abstract interpretation and static
analysis techniques developed in the programming language
community.

I. INTRODUCTION

Financial derivatives are an important tool of today’s finance
sector. Despite their often negative public perception after the
crisis of 2008, they are a tool — originally — developed to
reduce risks in trading real goods such as wheat or copper. But
at the same time financial derivatives introduce possibilities
to speculate over the value of something without owning the
actual something. Both uses lead eventually to their important
role in banking and investment. Naturally, financial derivatives
are a well studied topic in economics and mathematics, e.g.
[1], [2]. Both mathematics and economics often use extensive
software systems to analyze financial derivatives. Therefore,
the apparent lack of intensive research in informatics seems
surprising, notable exceptions are: [3], [4], [5], [6], [7].

But the interest to investigate financial contracts from a
language perspective seems to be growing. In 2010 the U.S.
Securities and Exchange Commission published a “concept
release” with a request for comments, which included a
proposal to require the publication of Python programs which
represent the contract of Asset Backed Securities, a special
kind of financial derivative contracts.

But what are financial derivatives? At first they are con-
tracts, i.e. legal documents defining rights and obligations
of two or more parties. Second, they are derived, i.e. the
rights and obligations defined by the contract depend on
some external variables. We call these external variables:
Observables. They differ from values defined in a contract
by their ability to change over time. E.g. possible observables
are the temperature at Kaiserslautern or the course of some
shares at some stock exchange. This notion of observables
was already used in [3].

Henceforth, financial derivative contracts are contracts
which are based upon observables describing rights and obli-
gations in terms of payed money from one party to another.

We will further restrict this notion to contracts between two
parties. One of them is the holder, he becomes the holder
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by acquiring the derivative contract. The other party remains
anonymous as we will always analyze contracts from the view
point of the holder.

The last restriction we place on the notion of derivatives, is
that the contracts under consideration may grant the right to
choose between alternatives only to the holder of the contract.

The contributions of this article are:

1) An overview of work done in informatics, especially
from a software language point of view, on financial
derivatives.

2) A formal definition of a language — based on [3]
— which is capable of expressing financial derivatives
themselves and not some derived notion.

3) A denotational semantics of this language, which en-
ables to a notion of equality of derivative contracts,
which strives to model the ideal of a contract and not
its syntactic representation.

Section II covers the sparse related work in informatics.
Section III defines our language of derivative contracts, which
is an extension of the language of [3]. Section IV presents
our denotational semantics of contracts and an equality notion
of contracts. In Section V we will discuss shortly possible
applications of and future work on our language and semantics.

II. RELATED WORK

The earliest attempt at defining a software language for
financial products, as far as we know, is a joint academic
and industrial project resulting in the definition and imple-
mentation of RISLA. It is based on the insight, “that a product
can be characterized by describing its cash flows.” [4, p. 2].
Its purpose was to simplify the integration of new financial
products into the existing business software systems of banks.
Therefore, the project developed a compiler from RISLA to
CoBOL, which generated the necessary routines to integrate a
financial product into the existing software infrastructure. The
focus on integrating financial products into business software
systems lead to a language design containing information
about the expected user interface in the business software
system. RISLA was not used to analyze the contract or perform
pricing! on it. From the very sparse publicized documentation
of it, it is not clear whether choices of the holder of a derivative
are expressible or not.

IPricing is a mathematical analysis which defines a notion of a fair price,
see e.g. [2] for some recent results on pricing options.



In 2000, Peyton-Jones and Eber [3] presented a domain-
specific language to declare derivatives in Haskell. Their
language was implemented as combinator library in Haskell.
They sketched a valuation semantics of derivatives and gave
some hints on their implementation of a generic pricing
mechanism. The valuation semantics of [3] is tied to the
pricing or valuation approach of [1].

In [5] Mogensen introduces a language for cashflow reengi-
neering, which was adopted by a non-disclosed “major Danish
bank®. The author presents a language, which is similar to
data flow languages in programming, and a linear type system,
which ensures that every amount of cash is spent only once.

Andersen, et al. present in [6] a language for compositional
specification of contracts. That work is also based on [3]. Their
focus is on specifying the exchange of resources between any
number of involved parties. While our work represents every
resource by its monetary value. Additionally, they give de-
notational and operational semantics for that language, which
allows e.g. to decide whether a trace of steps in the real world
conforms to a specified contract or not. In comparison to our
language, this language is broader as it allows not only to
specify derivative contracts, but general contracts, e.g. as they
occur when you buy goods in store which provides the right
to return the good under certain circumstances.

In [7] Reitz and Nogel present their work in the COMDECO
project. That includes an XML based language for derivative
contracts. They argue for the use of active documents instead
of other approaches to develop applications, which perform
pricing of derivatives.

III. A LANGUAGE OF DERIVATIVE CONTRACTS

A. Design Goals

The language for contracts we are going to present has been
designed to enable standard mathematical analysis, like option
valuation, on contracts written in that language. But at the
same time, we did not want to include any assumptions which
are introduced by a certain approach of analysis. The language
should also allow to resolve any ambiguities about contracts,
such might occur e.g. in a text document describing a contract,
but must not be possible in this language.

Such a formally defined language should also be amenable
to a mathematical treatment of contracts. Such a treatment
should include a notion of equality of contracts, that corre-
sponds to our intuition about contracts in real life. Neverthe-
less, it has to be a mathematical equality, i.e. enabling the
substitution of equals and the formulation of mathematical
laws on derivative contracts.

Last but not least, a language of contracts should be
composable and support abstraction, i.e. support the naming of
recurring patterns of contracts. The goal to support composi-
tion and abstraction is compatible with the design, we present
later in this section, but we will not discuss it in this paper.
Instead we will focus on the goals mentioned before.
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B. Examples

Before we come to the language definition of derivative con-
tracts, we will have a look at several examples of derivatives
specified in it.

1) Zero Coupon Discount Bond: A zero coupon discount
bond is a contract granting the holder the right to receive an
amount of money k at a specified time ¢ in the future. This
example has been taken from [3]. This is not a derivative
contract as it does not depend on external unknown variables.

When (At t) (Scale (Const k) One)

The meaning of this contract is the following. At time ¢, the
holder acquires the contract Scale (Const k) One). Which is
a contract granting the right to immediately receive k units of
money. For a more detailed description of the keywords, see
Section III-C.

2) European Put Option: A european put option is a
derivative contract granting the holder the right but not the
obligation to sell one item of e.g. a share of Siemens at a
previously fixed price, here 100, at a predefined time, in this
example 5.

When (At 5)
(Or
(Scale (Lift2 (—) (Unknown ”Siemens”) (Const 100)))
Zero)

3) Barriers: The previous derivative contains the possibility
to achieve very high pay-offs when the value of a Siemens
share drops to almost zero. Therefore, it is common to include,
barriers into derivatives. E.g. a derivative contract could state,
when the value of one Siemens share gets below 50, the
complete option is void. This is easily expressed with Until:

Until (Comp < (Unknown “’Siemens”) (Const 50))
(When (At 5)
(Or
(Scale (Lift2 (—) (Unknown “’Siemens”) (Const 100)))
Zero))

4) History dependent observables: So called asian variants
of options use the mean of price of a share to determine the
payoff. In order to construct an observable expression which
represents the average of some observable, we have to add the
values of observable at different times. In order to allow this,
our language contains the constructor Reduce.

Lift2 /
(Reduce + (Between (5,10)) (Unknown ”Siemens”))
(Const 5)

The observable above computes the average price of one
Siemens share between time 5 and 10. Reduce collects all
values of the third argument at times at which the second
argument evaluates to true. These values are summed — the
first argument. The initial value is the left neutral element of
the given operation. The operation here is addition, therefore
it is zero in this example.

These history dependent observables are not expressible in
the language in [3].
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Fig. 1. Syntax of observables

C. Syntax Definition and Language Description

Our language for derivatives is based on the language in [3].
Their language is given as a set of Haskell functions with type
signatures. 2> The language itself remains very similar with the
exception of some simplifications and one addition, which we
will discuss later in this section.

As usual N denotes the natural numbers including 0, Z
denotes the positive and negative integers, R denotes the real
numbers and B denotes the set of boolean values. We use
YV = ZURUDZB as the values of observables. Every time ¢ is
element of . And S denotes the set of names of unknown
observables. These names are strings. We use the following
convention for variable names: t € N, k,v € V, and n € S.

Fig. 1 contains the syntax definition of observable expres-
sions in a style which is common in the programming language
community. The single elements of the definitions are either
mathematical statements m € {...} or are algebraic data type
declaration. In the following, o denotes, depending on the
context, the set of all observable expressions, or one concrete
expression.

o Unknown n is an observable representing an external
variable varying over time. In this work we will restrict
the language to unknown observables with R as value
domain.

o Const k is an observable of value k € V for all times.

o Time is an observable with domain N. Its value is ¢ at
every time .

o Lift u o is the application of a unary operator w on o.

o Lift2 b 01 09 is the application of a binary operator b on
01 and 02.

2 Although, we don’t present the language as an Haskell-embedded domain
specific language our implementation is done as an Haskell-embedded domain
specific language. We deliberately choose not to discuss such an embedding
and the resulting benefits in this paper. Such benefits would include added
expressiveness, modularization and abstraction capabilities, and a simplified
implementation.
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e Comp m 07 09 is the comparison of 0; and 05 with the
comparison operator m at every point in time.

e C2D o is the conversion of a continuous-valued observ-
able o, i.e. an observable with domain R, to a discrete-
valued observable, i.e. an observable with domain N

e D2C o is the conversion of a discrete-valued observable
o, i.e. an observable with domain A/, to a continuous-
valued observable, i.e. an observable with domain K.

o Reduce s 07 o5 is the fold with the binary function s over
the sequence of values of o5 at, when o, evaluates to true.
The start value of the fold is the left neutral element of
the function s.

o At t is syntactic sugar for: Comp (==) Time (Const ?).

« Between (%1,t2) is syntactic sugar for:

Lift2 (&&)
(Comp (<=) (Const t1) Time)
(Comp (<) Time (Const t3))

Fig. 2 defines the syntax of contracts. We’ll give an informal
description of the meaning of the constructs here:

e Zero is the contract which grants no rights and no
obligations.

e One is the contract which grants the holder the right to
receive one unit of money at the time of acquisition.

e Scale o cis a contract which is the same as ¢ with every
payment multiplied by the value of the observable o at
the time of the payment.

e And ¢y co is the contract which grants all rights and
obligations of both ¢; and ¢y at the same time.

e Or c; cy is the contract which grants the holder the right
to choose at time of acquisition to acquire either ¢; or
Co.

e Cond 0 c; ¢y is the contract which grants depending
on the value of the boolean observable o at time of
acquisition either all rights and obligations of ¢y, if o
is true, or co, if o is false.

o When o c is the contract which acquires the contract c at
the first time the boolean observable o becomes true.

o Anytime o c is the contract which grants the holder at
every time the boolean observable o is true the right to
decide whether he wants to acquire ¢ and release the
complete contract Anytime o ¢ or not.

o Until o cis the contract which grants the holder the right
to choose between keeping his contract or acquiring c
and releasing the complete contract. But this right is only
granted as long as the boolean observable o is false. When
o becomes true the whole contract becomes equivalent to
Zero identical.

The language for derivative contracts is typed. But, because
it has a completely standard type system, we omit a formal
definition. We describe it only informally:

Every observable expression o has a one of three types:
discrete, continuous, and boolean. Their value sets are Z, R,
and B. All unary operators take arguments of one type and



| One

|  Andc co

| Orcyco

| Condccyco
|  Scale oc

|  Whenoc

|  Anytime o ¢
| Untl oc

Fig. 2. Syntax of contracts

return the same type. All binary and comparison operators
take two arguments of the same type. Binary operators return
the same type as their arguments and comparison operators
always return boolean. C2D and D2C are the only ways to
convert or cast observables. Contracts ¢ have no type, the
observable arguments of the contract constructors are of type
continuous, if not given otherwise in the description of the
contract constructors above.

IV. SEMANTICS OF CONTRACTS
A. Introduction

In this section, we’ll give a formal denotational semantics
for our language of contracts, for an overview on denotational
semantics see e.g. [8]. A formal semantics allows to study
what it means to execute a contract, or in more natural
terms: to fulfill a contract. By establishing formal semantics
and removing all ambiguities — which are all too often
present in natural language texts —, we gain insight into the
contract itself. We can answer questions like: Is a sequence
of payments between the holder and its contract counter party
consistent with a certain contract? Is, for a given contract,
every consistent sequence of payments between two contract
parties of finite length? What is the maximal length of such a
sequence? Is the holder able to receive a payment at all under
a given contract? And so forth.

Semantics of formal language haven been studied for a
long time. The largest fraction of the literature on this topic
probably covers semantics of formally specified logics and
programming languages. Applying these techniques to other
kinds of languages is not new but certainly not widespread. In
the context of contract languages, we are aware of only one
previous article which gave formal denotational semantics for
a contract language: [6].

We choose to give a denotational semantics, because a
denotational semantics provides a straight forward notion of
equality, and because it is quite naturally defined for our
derivative contracts.

B. Denotational Semantics of Observables

A denotation of unknown observables is a function from
time to values, N' — V. Therefore, an environment, i.e. a
mapping of names to their denotation, is a function from e :
S — N — V. An environment represents the values of all
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unknown observables of a contract for all times. Therefore, the
denotational semantics of observable expression is a function:

[T:0—=(S—=N—=V)—= N —=YV)

We write [o]. to denote the semantics of an observable
expression o applied to an environment e. With an additional
time argument ¢ we write [o]%.

[-] is defined as follows®:

[Unknown n]), = ent
[Const k]! = k
[Time]! = ¢
[Lift uo)! = wu[o]!
[D2C o]. = [o]e
[C2D o]c = |[o]]

HLlftZ b 01 02]]2 =
[Comp m 07 0]t =

[o]c b [ol

[o]e m o]t

init(s) ift<0
Reduce s 0102, = [d]t! if [o,]% = false
d [d]it s ool if [o1]t = true

init(s) denotes the left neutral element of s.

C. Denotational Semantics of Contracts

In the following the notation  will denote a set of z. We
define the domain D of the denotation of contracts as the
largest fixed point of the following recursive algebraic data
type equation.

p = 09p

< is the only constructor of this data type, it has two
arguments, the first is an element of V), the second is a finite set
of application of this constructor. Therefore, this data type co-
inductively defines the domain of all denotation of contracts.
It is a forest of infinite height n-ary trees which are marked
with elements of V. The depths of a node of the forest is the
time at which the mark of the node is payed to the holder of
a contract. E.g. {17<0<...} is the denotation of a contract
which grants the holder the right to receive a payment of 17
money units at time 0 and a payment of zero money units at
time 1.

The branching of the trees denotes the choices the holder
of the contract has.

The empty denotation which consists only of payments of
0 units of money is abbreviated as e. It is largest fixpoint of

the following equation:
[ ] =

{0< e}

We need the following auxiliary functions on D, before we
are able to define the denotational semantics.

pxq = {p+o@xd)|p<p)<€h (1od)€q}
oxtp = {([[0]]2 xv) 2 (oxLH p)|(v <p') € ﬁ}
x adds two elements of D such that both arguments are

combined into one, as if they were both executed.

3We use a curried function application notation which does not use
parenthesis



+! multiplies every payment of an element of D with the
current value of an observable expression.

Now, we are able to define the denotation of contracts,
which is the following function:

[c]: (§—N—=V)—>N—=>D

[Zero]? o
[One], = {l1<e}
[And ab]l = [a]l x [b]¢
[Orab]t = [a]tuUl[b]L
[Scale o c]! = o= ]t
. [[bﬂi if HCM = false
e A
t 5 if [b]¢ = false
[[Whe: b c]t L]t if [b]% = true
if [o]¢

[Anytime b [ [c]t U {0 < [d]t1}

[elt U {0 < [dIE}

d
[Until b ]t =
d

if o]

{
{ {0 [d]c}
t.

When we return to the example of Sec. III-B.2, we
can now determine the following: Let = be the price of
one Siemens share at time 5 as determined by e, i.e.
[Unknown “Siemens”]? = z, and let ¢ be the referenced
example contract, then

[e]t = {0<2{0<{0<2{0<{0< (eU{(z—100) < e})}}}}}

The denotation tells us that this European put option is a
contract, which can be described as a sequence of 5 payments
of zero amounts of money, followed either by an infinite
sequence of zero-valued payments or by a payment of value
x — 100 followed by an infinite sequence of zero-valued
payments.

D. Derived Notions

We define the equality of two contracts a and b, now as
follows:
a = b if and only if Ve.[a]? = [6]°

Now, we have a notion of equality which is not tied to the
syntax of contracts or observables, instead we claim it is tied
to the intended meaning, we associate with a contract. Yet, we
have a mathematical definition of this equality notion.

Most contracts in real life have a maximal life time. The
same is true for derivative contracts in finance. We are going
to define a notion of a horizon, which will be the earliest time
after which nothing interesting may happen.

The smallest time ¢ for which the following equation holds

is called the horizon of a contract c.
V't >t = Ve.Iieqr [l = {0<5,...,0 00}

Note: Such a horizon ¢ doesn’t have to exist for every
contract ¢, while most practical contracts do have a defined
horizon. The following contract does not have a defined
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= false
if [b]¢ = true

horizon, because there is no time at which we can guaranty,
that the price of a Siemens share has been at least once smaller
than the price of a Daimler share.

When
(Comp < (Unknown “Siemens”) (Unknown “Daimler”))
One

V. APPLICATIONS, FUTURE WORK AND CONCLUSIONS

As we said in Sec. III-A, we wanted to design a language
which can be used to do option pricing, but which is not tied
to one approach. So far, we have implemented option pricing
for a subset with help of Qian Liang and Stefanie Miiller based
on [3],[2], and [1]. We plan to add Monte-Carlo based option
pricing to our implementation.

Our language and denotational semantics could also be used
to apply abstract interpretation or some specialized variants of

= falseit to derivative contracts. That could allow to compute worst
if [b]! = true or best case scenarios. Or it could allow to determine whether

there is horizon, at which times decision have to be made by
the holder, and much more.

The semantics itself allows to develop a calculus of con-
tracts, which allows to transform contracts in order to simplify
other analysises for example.

We have designed a language to express financial deriva-
tives, which is more general than the language of [3] and more
specific than the language of [6]. We believe this is a useful
middle ground to work with derivatives and not with more
general contracts. We have given a formal semantics which
captures the intuitive meaning in a formal definition, which
allows to apply the substitution principle. We don’t have to
resort to bisimulation of processes or similar approaches in
order to show the equivalence of two contracts.
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Abstract— The hydrodynamic and mass transfer behavior of a
Rotating Disk Contactor (RDC) extraction column isinvestigated

for two different liquid-liquid systems recommended by the

European Federation of Chemical Engineering (EFCE).An

inverse problems method is applied to estimate theoalescence
parameters in a RDC extraction column. Single-dropt studies
in a small lab scale RDC is used to evaluate the alescence
parameters necessary for column simulations, whichwere

obtained by an inverse solution of the population &lance model
using the generalized fixed-pivot technique for thaliscretization

of the droplet internal coordinate. The coalescencearameters

resulted from solving the inverse problem are depatent on the
chemical test system used for the simulation. Thethe resulted

coalescence parameters values were used in LLECMOD study

the hydrodynamic and mass transfer behavior of pilo plant of

RDC extraction column. The simulated Sauter mean dplet

diameter, hold-up values and concentration profiledor organic

and aqueous phase were found to be well predictedrmpared to

the experimental data.

I. INTRODUCTION

Liquid-liquid extraction is a powerful separaticechnique
after distillation and it is widely used in manydirstrial fields
such as petrochemical and biochemical industriegquid-
liquid extraction columns are classified into thresain
categories: stirred columns (Rotating Disc Conta¢RDC)

diameter, holdup and concentration profiles forilatplant
scale column.

Il. THE MATHEMATICAL MODEL

The general spatially distributed population batanc
equation (SDPBE) for describing the coupled hydnadlgics
and mass transfer in liquid-liquid extraction cohsTr(LLECS)
in a one spatial domain could be written as [2]:

oy @), O[u 0, @] 0[¢ 10, @)]
ot 0z oc,

y
f l,[/
6 [Dy d,cy( )

Q;/n in . _
P = :|+ A f,7(d,c,;)d(z- z,) + Y{y}

In this equation the components of the vecipe=
[dc,zt] are those for the droplet internal coordinates
(diameter and solute concentration), the exteroatdinate is
(z) and for time is (t). The velocity vector alotitg internal
coordinates is given by (cis (c),) and {) represent the
source term.{) represent the net number of droplets produced
by breakage and coalescence per unit volume andinng in
the coordinates rangé,[(+d(]. The dispersed phase velocity

and Kiihni columns), non-agitated columns and pulséd) relative to the walls of the column is determiriederms

columns (sieve plate and packed columns).

Liquid-liquid extraction column (LLEC) simulationabed
on population balance modeling has difficulties dtge
contiguous change in the droplet properties sucltSaster

mean droplet diameter, hold-up values and condautra

profiles for organic and aqueous phase. The mostrem
mechanisms effects on the population balance madel
breakage, coalescence and mass transfer [1].

Inverse problem is an ill-posed in general and nemde

stabilization techniques to get reliable optimizetameters.

Solving it is a necessary part for reliable modellstrategy.
However, this is complicated due to the increasthénsize of
the differential-algebraic system when dealing wiitlrerse
problems using population balance models.

of the slip velocity (y with respect to the continuous phase
velocity (u) with respect to the walls of the column [3], [4].
The source term is given by the following equation:

v{y} =B"(d.c,it,2)-D"(d.c,it,2)

]
Death by Breakage

Source Term Birth by Breakage

+B°(d,c,;t,z)-D°(d,c,;t,2)

] ]
Birth by Coalescence  Death by Coalescence

The bivariate source term for the four rates optets birth
and death due to droplet breakage and coalesceacgude
complicated they are expressed in details [2].

Simulating liquid-liquid extraction columns is a

The objective of this paper is to evaluate the esménce challenging task due to the discrete charactehefdispersed

parameter in a small lab scale RDC for two EFCEesys as

phase. In technical geometries the population lsalanodel

is butylacetate-water and toluene-water. We them these has no general analytical solution and hence aialpec
estimated constants to predict the Sauter mean ledropumerical technique is required to solve the PBE $éveral
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numerical approach are proposed to solve the PBEhwdre



classified into two categories namely classes nietkomar An alternative to this model is developed by Sov(h@81)
and Ramkrishna [5] and method of moments [6]. Akdr introducing a different formula for the efficienoy collisions,
has invented a new technique for the solution of tlthe mechanism of coalescence of drops by film digenis
population balance equation using the sectionadiuare replaced by a mechanism based on the effect ofsicoll
method of moments (SQMOM) which combines thempact [13]:
advantages of classes method and method of moifiTgnts £
w(d,d'.cod){cg

1+¢

1/3

(d + d -)2 (d 213 + d -2/3) 1/2j| X
I1l. INVERSEPROBLEM APPROACH

Inverse problems for population balances have ctida cn o N (d2+d?)x(d*+d ™)

many researchers in the recent years [3], [8]-[10¥erse P - 1+ g) (dd )x @73 +d 27

problem is considered an ill-posed in general apednsome ¢

stabilization techniques to get reliable optimizetameters.

In more general cases a mathematical programmisgepure ~ The coalescence frequency model proposed by L&x86]1
has to be applied in order to find the best fit te IS expressed by the following equation [14]:

experimental data. Since the inverse problems agalyh

sensitive to errors in the experimental data, tkgegmental S

data has been fitted to a normal distribution teeg smother ~ @(d.d "%):%[WJ We "¢, *Oh™

curve and remove some noise, by regularization. R

By solving the population balance equations the
optimization algorithm derives the unknown coalesee
parameters by fitting the simulated outlet disttibo to the
experimental one using an objective function.

In this work an example of the inverse problem paoy
has been used to obtain the coalescence paranoétartab
scale RDC for two cases of two EFCE systems as
butylacetate-water and toluene-water.

A semi-empirical model proposed by Casamatta and
Vogelpohl in (1985) in which the first term at thght hand
of the equation is the coalescence frequency calmsed
random motion, which is assumed to be proportidgoahe
drop volumes. The second term represents the cesles
induced by different rise velocities are expresssd the
following equation [11], [15]:

IV. ESTIMATION PARAMETERS N 5 - 2(d+d"V 5 s

Despite the rich literature on population balangeation (d,d’q)= c5§(d><d |t 06_6( 2 ) |d —d |
modeling, there are few studies on optimizationkpges for
coalescence models that helps to choose the bakgscence
model for the experimental data. These optimizatiackages
must fully describe the system by solving the papoh

The inverse problem program can estimate the coissta
Clewenee ¢; of the previous coalescence models along with the
balance problem inversely to get the best valuesooftants ?hbé"g,;%é:ﬁﬁsgroxfhoaéhgrg;izkaeg;?d%def dmgmg
in the coalescence model. In addition the objecfirection ) . . ) g. )
should be wisely chosen to minimize the error antiave a Will e discussed in further publicatians
unique solution for a given data. Since dropletleszence is V. LLECMOD PROGRAM
highly sensitive to the hydrodynamics and physierltal ] ’ ]
properties, interfacial dynamics and mass trari8ier The mathematical model described above was progeamm

Coulaloglou & Tavlarides (1977) developed a model fUusing Visual Digital FORTRAN and to facilitate t_rtmta
stirred vessel, which is based on the kinetic thexfrgases iNPut and output a LLECMOD program was designed. A
and drainage film theory; and calculate the coalese 9raphical user interface of LLECMOD program (Liguid
frequency from the collision rate (frequency) (mdathe Liquid Extraction Column MODule) simulates liquiipiid

coalescence efficienciy[11]. extraction columns based on the population balamceel to

predict the column performance at steady statetambsient

wd,d"g)=hd,d" @) Ad.d"a) conditions. Furthermore the design of LLECMOD iexfble
(AL il At i1 I <1

in such a way it enables the user to define thatioperating
condition, the coalescence and breakage paranetdrsther
different options according to the simulated caadied. Also
LLECMOD enables to input the droplet terminal vétypc
s energy dissipation, axial dispersion, breakageaadescence
a(d,d',@):{qm(d+d')2(d2’3+d‘2’3)”2}< frequencies and the other internal geometricalildetd the

The Coulaloglou & Tavlarides coalescence modeliverg
by the following equation [12]:

column.
. LLECMOD is considered a user-friendly and flexible
G LPE (ad’) windows-based program that contains the main impatiow
[ _02(1+qo)3)((d+d .)j } and other sub-windows for parameters and correlatioput.
Using LLECMOD simulations can now be carried out
successfully for different types of extraction aohs
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including agitated (Rotating Disc Contactor (RD@y&hni 1.00 -
columns) and non-agitated or pulsed columns (g¥ate and
packed columns) with different internal geometry.
VI. RESULTS ANDDISCUSSION 080

In this study we simulate two cases of two phageidi
liquid system for butylacetate-water (B-W) and tie-water
(T-W) in a lab scale RDC [16]. The RDC extractiasiuznn
has five compartments, its internal diameter is 166,
column height 150 mm, compartment height is 30 mr
internal stator diameter is 105 mm, rotator diamé&@ mm
and diameter of the rotating shaft is 54 mm. Thguéar
velocity of the shafts is constant 300 rpm and wadtric flow
rate for continuous and dispersed phasecis Qy= 100 I/hr
for both systems.

The values of coalescence parameters for Coulalogial 0.00 - )
Tavlarides coalescence model énd ¢) were estimated using 0 0.2 0.4 0.6
the inverse problem for both systems shown in Table Droplet Diameter (mm)

o© o
IS o)
) o

Cummulative Volume Distribution (-)
o
N
o

Fig. 1 Simulated and experimental cumulative volutistribution for
TABLE | butylacetate-water (B-W) and toluene-water (T-W3ilab scale RDC
COALESCENCEPARAMETERS FORCOULALOGLOU AND TAVLARIDES

Chemical 2 S .

System ¢ (-) G (m™) Objective Function .
B-W 8.19x1(%? | 2.37x1( | 1.76x1(™

T-W 2.17x10% | 1.19x10" | 1.69x10™

0000000 0,,,

The inlet and outlet cumulative volume distributiane
used from the work of Simon [16]. The unknown ceaéce
parameters values were obtained by minimizing tpease

w
L

?(,... 5
: X

€
E
5
Q
§
sum of errors according to the following equation: a . - =0
: p--&- B
N 3 2 ®
. . . sim exp o 1
Objective Function = Z(Q3_k — Qs g
_ _ =1 g | - = B-A-WSim
where; Q3 is the cumulative volume distribution. 8 1 | eeee e T-AWSim
3
© SA-
- P e
s = [ oo 1 AWERD
0
0 e ; ; ; .
where; d: droplet diameter [mm]. Fig. 1 shows tksuited 0 1 2 3 4 5
curve form simulating the cumulative volume digtition at Column Height (m)

the outlet to the experimental data, where a v
€ € P ’ ere eopdg Fig. 2 Simulated Sauter mean droplet diameter albagolumn height

agreement is ac_hleved. . compared to the experimental data [17] for two EREE system B-A-W &
Then the estimated constants were used to simalatiot T-A-W

plant RDC extraction column at steady state usihg t
LLECMOD program; for the column height 4.4 m, colum
diameter 0.08 m, inlet of the dispersed and contisuphase
are 0.85 m and 3.8 m, respectively. The two EFC#& t
systems butylacetate-acetone-water (B-A-W) and etwdd

acetone-water (T-A-W) are used with inlet feed thst
normally distributed with mean value equal to 2.inrand

standard deviation of 0.6 mm.

The pilot plant RDC extraction column geometriceimial
éjata: its compartment height is 50 mm, internaltosta
diameter is 50 mm, rotator diameter 45 mm and diameaf
the rotating shaft is 10 mm. The angular velocityhe shafts
is constant 200 rpm and volumetric flow rate fontbouous
and dispersed phase is 40 I/hr and 48 lI/hr, resmdgtfor
both systems. The direction of mass transfer isnfrine
continuous to the dispersed phase.
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Fig. 3 Simulated holdup along the column height parad to the
experimental data [17] for two EFCE test systemBYA& T-A-W
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Fig. 4 Simulated aqueous solute concentration Iprafong the column height
compared to the experimental data [17] for two EREE system B-A-W &
T-A-W

4 o'....
~ .. -
v
g3 1 4
c ° D
S /
o
& .
224 .
5 .‘, - = B-A-W Sim
L]
§ X o7 o0 0o T-AWSim
11 DJ., O BAWEX
—_— % T-A-WExp
......
0 . . . . .
0 1 2 3 4 5

Column Height (m)

Fig. 5 Simulated organic solute concentration fgaflong the column height
compared to the experimental data [17] for two EREE system B-A-W &
T-A-W

Fig. 4 & 5 shows the simulated curve and experialetdta
for solute concentration profiles for aqueous amdanic
phase respectively as a function of column heightg
agreement between the simulation and experimeguasl for
both test systems.

Results shown in Fig. 2 to 4; prove that the oletdinalues
from the solution of the inverse problem gave aywgood
agreement to express the experimental data useddrpilot
RDC plant in a simulation when inserting the valoéJable
1 into the LLECMOD program.

VII. CONCLUSION

In this paper the inverse problem method was used f
parameter estimation for different droplet coaleseemodels
for lab scale RDC extraction column. The resultathmeters
derived are valid for pilot plant extraction colunbat it is
dependent on the chemical system used. The ussardlyi
windows-based program LLECMOD was used for the
hydrodynamics and mass transfer simulation of RDC
extraction columns for steady state simulation itdtplant
RDC using the derived values of coalescence pasamet
resulted from the inverse problem program. The Itegu
simulation for the Sauter mean droplet diameteld4up and

A comparison between the simulated Sauter mearledrogoncentration organic and aqueous phase profilesesh@
diameter along the column height and the experiaiestata 900d agreement to the experimental data.

taken from the work of Garthe (2006) [17] is showrFig. 2
where a good agreement is achieved for both tedtethical
systems.

Fig. 3 shows the simulated holdup along the colimight
compared to the experimental data for both chensigstems;
where a very good agreement is achieved for bostede
systems.
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NOMENCLATURE

A column cross-sectional areaqm

C: solute concentration [kgfin

B, D: birth and death source terms [{/sh
Cle---e. c;: coalescence parameters

d: droplet diameter [m]

d’: mother droplet diameter [m]

Dg: column diameter[m]

f: Flux vector

: —_ T
Oh: Ohnesorge no.Gh = odpg)s

Q: volumetric flow rate [ris]

Qs: cumulative volume distribution
u: velocity [m/s]

t: time [s]

We: Weber no. we = pe?lPa¥

o
z: space coordinate [m]

GREEK SYMBOLS
¢: energy dissipation [ffsec]
n: dynamic viscosity [kg/m sec]
A: coalescence efficiency
p: Density [kg/n]
o: surface tension [N/m]
Y: source term that represents the net number g@ietro
produced by breakage and coalescence [1/s]
¢: volume fraction
og: hold up
y: internal and external coordinates vector ([ @ g )
o: coalescence rate ffsec]

SUBSCRIPTS

X, y: continuous and dispersed phases respectively
s: slip velocity

SUPERSCRIPTS

e derivative with respect to time
B: breakage

C: coalescence

exp: experimental

in: inlet

max: maximum

out: outlet

sim: simulated
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Abstract—Modern financial mathematics consume more and
more computational power and energy. Finding efficient algo-
rithms and implementations to accelerate calculations is therefore
a very active area of research. We show why interdisciplinary
cooperation such as (CM)2 are key in order to build optimal
designs.

For option pricing based on the state-of-the-art Heston model,
no implementation on dedicated hardware is known, yet. We
are currently designing a highly parallel architecture for field
programmable gate arrays based on the multi-level Monte Carlo
method. It is optimized for high throughput and low energy
consumption, compared to GPGPUs. In order to be able to
evaluate different algorithms and their implementations, we
present a benchmark set for this application. We will show a very
promising outlook on future work, including dedicated ASIPs,
fixed-point research and real-time applications.

Index Terms—finance, benchmarking, hardware acceleration

I. INTRODUCTION

Nowadays, financial markets are as vivid as never before. In
modern electronic markets, stock prices may change several
times within a few milliseconds. Participating traders (that can
also be computers) have to evaluate the prices and react very
quickly in order to get the highest profit, which requires a lot
of computational effort.

In general, running these computations on servers or clusters
with standard CPUs is not feasible due to either long run times
or high energy consumption. Using general purpose graphics
processing units (GPGPUs) as accelerators helps to increase
the speed, but still requires a lot of energy. Besides, at the
moment energy efficiency becomes more and more crucial for
the reason of high energy costs and - even more critical - a
limited supply of energy that can be provided. For example,
in [16] it is stated that the City of London (with its new
financial center Canary Wharf where a lot of leading institutes
are located) does not provide additional energy until after
the Olympic winter games in 2012, that have higher priority.
Financial institutes are currently outsourcing all computing
systems not used for pricing computations (such as storage
or backup) out of the critical area.

This leads to the dilemma of needing faster computations on
the one hand and limited energy resources on the other hand.
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Moving away from GPGPUs to dedicated hardware acceler-
ators can help to drastically reduce the power consumption
at the same or even higher throughput. For different applica-
tion domains, some comparisons between CPU, GPGPU and
programmable hardware units (field programmable gate arrays,
FPGAs) have already been shown in [13] and [5], highlighting
the enormous potential of energy savings for FPGAs. Figure 1
shows that standard software implementations require the
least effort for implementation and can provide the highest
flexibility, while dedicated hardware solutions on FPGAs are
hard to design and - once finished - not easy to be changed
again. From a different view, FPGAs can save up to about
99% of energy compared to a software implementation on a
standard PC and allow a much higher throughput. GPGPUs
are located between standard PCs and FPGAs. Between each
neighboring architectures, one can expect a difference of about
one order of magnitude on average for power consumption and
throughput [13]. Although most financial institutes are relying
on GPGPUs at the moment for the reason of standardized
software development toolkits and their flexibility, FPGAs
are an interesting alternative because of their higher energy
efficiency.

A big challenge is the complexity of many models used
to estimate the future price behavior of financial products. In
many cases no mathematical closed-form solution exists so
that approximation methods like Monte Carlo simulations or
the finite difference method must be employed. Though, it is
necessary to precisely specify a solution right at the beginning
of the design process. Re-designing a nearly finished hardware
implementation can require a very high amount of effort. The
Center of Mathematical and Computational Modeling (CM)?



of the University of Kaiserslautern is a perfect forum for an
interdisciplinary cooperation to tackle this issue.

For this project, we have developed a design methodology
that helps to select a feasible parameter set for a hardware ac-
celerator in question that we present in Section III. In order to
make implementations transparently comparable, we propose
to use standardized benchmark sets - we elaborate on this in
Section IV. By applying this methodology and our benchmark,
we have developed some reference implementation designs
that we show in Section V, together with the status quo of our
research and our contributions up to now. In Section VI we
give an overview of open issues and what we plan to examine
in the future. Section VII concludes the paper.

II. STATE-OF-THE-ART AND RELATED WORK

Mathematical finance basically has two different directions.
One is concerned with the evaluation of optimal investment
strategies under certain market conditions and the other di-
rection is the pricing of derivatives. The basic idea of pricing
options is to assume some sort of model for the underlying
price process and take the discounted expected value - under
a certain measure - of an option as the option price.

A very common problem treated is the calculation of
option prices based on the Black-Scholes model from 1973.
This model relies on one stochastic differential equation and
describes the price development of an option over the time,
depending on market parameters such as riskless interest rate,
long term drift and a constant volatility.

Accelerator design for financial mathematics is a very active
research area, and several FPGA implementations have been
published in the past. At the FPL 2008 Woods and VanCourt
[17] presented a hardware accelerator for multiple, quasi-
random, standard Brownian motions suitable for the accelera-
tion of quasi-Monte Carlo simulation of financial derivatives.
For credit risk modelling, Thomas and Luk could gain a
speed-up of more than 90 times compared to a 2.4 GHz
Pentium-4 Core2 [14]. An accelerator for Monte Carlo based
credit derivative pricing was developed by Kaganov, Chow
and Lakhany [10] in 2008 and showed to be 63 times faster
than their software model. Wynnyk and Magdon-Ismail [18]
presented an FPGA accelerator for American option pricing
based on the Black-Scholes model in 2009 and could achieve
a speedup of eleven up to 73 times compared to a software
implementation running on a standard PC.

However, nowadays the Black-Scholes model is no longer
up to date and does not provide an accurate reflection of
modern financial market behaviors, mostly because of the
volatility not being constant in reality. Furthermore, closed-
form solutions for the Black-Scholes model exist and it only
has demonstration purposes to apply stochastic solution meth-
ods such as Monte Carlo simulations or the finite difference
method [1]. Nevertheless, it is still very common to publish
accelerator implementations based on that model, at least in
the electrical engineering community.

In 1993, Steven L. Heston presented a more accurate model
[9] that extends the model from Black and Scholes by a
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second stochastic differential equation for stochastic volatility
variations. This significantly increases the complexity of the
calculation and of the implementation thereof. Nevertheless,
the Heston model reflects the real behavior of current stock
markets much better and is nowadays widely accepted in the
financial mathematics community. But - to the best of our
knowledge - no hardware accelerator for that model has been
published up to now. For GPGPUs, the first implementations
have been presented in the last year. Bernemann, Schreyer
and Spanderen from the german bank WestLB [3] showed
that they could achieve a speeup of 50 times over CPU by
using GPGPUs for simulating the Heston model. Zhang and
Oosterlee published a technical report [19] in March 2010
where they even showed speedups of more than 100 times.

The presented speed-ups look very impressive. However,
unfortunately we were not able to fairly decide which solution
seems to be the most promising for further research and
refinements. We will go a bit more into the details of that
problem in Section IV.

III. How To CHOOSE THE RIGHT DESIGN

For many fields of applications, finding the most efficient
design under certain constraints is a difficult job. The main
reason for this is a large design space. The design space is
made up of all possible parameter choices for the design, that
means all possible implementation instances.

Most parameters are not adjustable independently, since
they are mutually linked. For example, fixing the target ar-
chitecture to FPGAs one the one hand has a large impact on
the selection of suitable algorithms and number systems, and
on the other hand affects many performance metrics such as
energy consumption, throughput and numerical precision.

Furthermore, the parameters within the design space are in
many cases not limited to a single domain of expertise, but
require interdisciplinary know-how and decisions. This makes
not only the choice of the right values a challenge, but also
the evaluation and comparison of different implementations.
Besides speedup, more characteristics such as energy effi-
ciency, convergence rate or numerical precision may be very
important. This especially holds true for financial mathematics
accelerators.

During our research we have seen a lot of papers that
show elaborate implementations of a specific algorithm (see
Section II) that is not questioned in the papers anymore.
However, we claim that the algorithm itself is in fact not the
most important selection. An accelerator should be designed to
solve a specific problem - it does not matter which algorithm is
used, as long as the result is calculated correctly. We therefore
propose to distinguish clearly between three terms:

o the problem that is tackled (what to solve)

« the employed model (how to solve)

o the solution (how to build)

To clarify the situation, we use the problem “‘calculate the
price of an option with two barriers for a given duration” as
an example. European knock-out barrier options pay a certain
amount of money at a fixed maturity time depending on the
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Fig. 2. Barrier testing for a Brownian motion

value of the underlying asset. This amount is only paid when
the barrier is not crossed up to the maturity time. If one of the
barriers is hit, the option becomes worthless. Thus it needs to
be checked whether the barrier was ever hit or not. Figure 2
illustrates the typical random behavior of different realizations
of an asset price over the time.

It is obvious that the problem description itself does not
yet give any suggestions to the solution. Since the price of an
option is tightly coupled to the price of a certain stock at the
market, we need a model that provides the stock price behavior.
For our chosen example, suitable models are for example
the Black-Scholes model (outdated nowadays) or the Heston
model. The model in general gives a formal and abstract view
of (a certain aspect of) the problem.

The solution finally is a dedicated approach for solving a
(modeled) problem. It is characterized by a specific algorithm
and its implementation. For evaluating the Heston model,
for example, finite difference methods or stochastic Monte
Carlo simulations can be used. They may be implemented for
example on standard PC clusters, GPGPUs or on FPGAs.

The parameters of the design space can basically be divided
into two groups: the algorithmic parameters that are mostly se-
lected by mathematicians, and the implementation parameters
determined by the hardware designers. However, as mentioned
before correlations exist between several parameters, so that
the selection should be optimally made by having a generative
exchange between experts of both groups.

For the rest of the paper, we will use the problem-model-
solution triple ‘“calculate the price of an option with two
barriers for a given duration with the Heston model by using
Monte Carlo methods” as a showcase. Even for that specific
selection, the design space is still very large. An extract of
the related design space is shown in Figure 3'. We cannot
explain every parameter here (for details see [11] [8]), but
in a nutshell it is obvious that even for a very specific task
a huge amount of possible accelerator implementations may
exist. In Figure 3 we see two different views of the same
tree. These trees are symbolic for the design space. The left
one is the view of a mathematician that has mostly to do
with algorithmic and numerical aspects. The right view is the

L tpetiwwaw.sxe hu/photof285734 We thank sxe user vxdigital for sharing this image of the oak trec and allowing the

use of it in this paper. He holds all copyrights to this image.
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one of an electrical engineer who may not understand the
mathematician’s concerns in detail, but is wondering what the
best decisions with respect to hardware efficiency might be.

IV. BENCHMARKING - FAIRLY COMPARING
IMPLEMENTATIONS

Comparing different implementations is a non-trivial task.
Many attributes can be considered, including speed, accuracy
and energy consumption. This becomes even more difficult
when it is not clear which algorithm was used. Furthermore,
in many cases it is not possible to distinct whether a presented
algorithm or implementation has the displayed behavior only
with the employed example or in a more general setting.
Nevertheless, it is important to be able to compare various
algorithms and different implementations, also over various
target architectures.

Therefore the need for a benchmark set arises. This set
should be independent of the algorithm and implementation
used. For option pricing in financial mathematics, this need
has already been claimed by Morris and Aubury in 2007 [12].
We are not aware of any progress made since that paper was
published. We therefore have decided to develop a completely
new benchmark that will enable us to fairly compare different
algorithms, e.g. multi-level and single-level Monte Carlo, on
different hardware. Thus we propose a benchmark based on
the problem/model combination. In our case it is the pricing
of double barrier options in the Heston model. It is clear that
independently of the used algorithm and implementation the
result must be the same. Therefore the final prices of the
different options in the benchmark set have to be provided.

With the benchmark set it is possible to use different
metrics, like speed (that is now the real time until the results
are available), accuracy and power consumption, for the cal-
culations leading to the right (or approximate) result without
actually looking at the implementation and the algorithm itself.
This allows a fair and publicly traceable comparison of the
solution part of the problem/modellsolution triplet.

The benchmark itself consists of different combinations
of parameters for the Heston model and for barrier options,
including the prices. The data for the Heston parameters is
taken from different recent publications ( [2], [11], [20]) and
are enlarged by an extremer case. The benchmark parameters
span a wide range of possible combinations used in this field.
For some options of the benchmark closed form solutions
exist that allow to obtain the exact results. This is important
to verify that simulations converge to the correct values and
makes it easier to compare the results. For the other cases the
exact prices are not known and are therefore provided as close
approximations.

For further publications we not only encourage the authors
to use the presented benchmark but also give details of the
algorithm and the implementation used. Thus it is possible
to see where an increase in performance comes from. This
is essential in order to evaluate the contribution of a certain
result and to find ways to improve it even further. To achieve
a higher transparency we will publish the code we used to
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analyze the algorithms and the one we implemented on the
FPGA.

The benchmark was directly used when comparing different
Monte Carlo algorithms with the metric of computational
complexity. In our special problem/model combination there
are a lot more adjustments to the algorithms than seen in
figure 3(a). Many of them can be combined, what leads to
a huge design space that now can be handled by applying
the benchmark set, so that we haven been able to choose a
specific algorithm to be efficiently implemented on dedicated
hardware. The multi-level Monte Carlo method provides a bet-
ter asymptotic convergence behavior, using our benchmark we
checked whether this method is beneficial for our application.
We will show our first results in the next section.

V. STATUS QUO AND FIRST RESULTS

We have started this cooperation within (CM)? about one
year ago now. Both participating chairs have experience of
more than ten years in their respective field of research, so
that we can profit from a lot of knowledge in the areas of
efficient hardware design respectively stochastics and financial
mathematics.

After evaluating the state-of-the-art, we decided to focus on
accelerators for option pricing based on the Heston model - it
seems to be a very promising topic since no implementations
(either on GPGPUs or FPGAs) have been available one year
ago. In contrast to that, the Heston model is already widely
spread within the financial community. From former research
done in the group of Prof. Korn, multi-level Monte Carlo
methods [7] seemed to provide a better convergence behavior
than standard single-level Monte Carlo or finite difference
methods. Monte Carlo methods also have the advantage of
being very flexible. A barrier that is only relevant on a certain
time interval to evaluate an option price for example can be
easily implemented. Furthermore, multi-dimensional problems
can also be solved. This is needed in the case that an option has
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(b) Implementation parameters

Two views of the same solution tree

more than one underlying asset. Nevertheless, for our project
we will stick to one asset.

A. A New Random Number Generator for Non-Uniform Dis-
tributions

Inherently, Monte Carlo simulations always consume a huge
amount of random numbers. To obtain the maximum hardware
efficiency for our implementation, we have developed a new
random number generator for non-uniform distributions tai-
lored to our application.

For our option pricing accelerators, we need two inde-
pendent, normally distributed random numbers for each time
step of a single simulated stock price path. In general, non-
uniformly distributed random numbers are generated in two
steps: First, a uniform random number generator creates uni-
formly distributed values, and in a second step this number is
transformed into the desired target distribution.

For the uniform random number generation, a lot of research
has already been made leading to efficient and well-proven
implementations, such as the Mersenne Twister MT19937 that
we use. The three main approaches for obtaining non-uniform
distributions are transformation, rejection, and inversion meth-
ods [15].

For FPGAs, inversion methods are the usual way to go.
They combine many desireable properties: by applying the
respective inverse cumulative distribution function (ICDF),
they transform every input sample = € (0, 1) from a uniform
distribution to one output sample y = icdf(x) of the desired
output distribution by using piecewise polynomial approxima-
tion of the ICDF. The works of Woods and VanCourt [17] and
Cheung et al. [4] show FPGA implementations of the inversion
method.

However, both implementations use fixed-point number
representations at the input. This leads to a loss of precision
in the tail regions where the probability of a value lying there
is very low. But these extreme events can have a large impact,
for example for options with barriers it is crucial to know if a



barrier was hit or not, since it completely changes the refund
conditions. We have therefore developed a new implementa-
tion based on floating-point representation that provides the
same precision over the whole ICDF implementation at much
lower hardware costs. This work has been presented at the
2010 International Conference on ReConFigurable Computing
and FPGAs (ReConFig) in December in Canctn, Mexico [6].
Our random number converter unit requires only about half
of the area compared to other state-of-the-art implementations
by even higher numerical precision.

To validate our work, it was crucial to develop a new testing
methodology, since standardized test suites do not exist for
non-uniform distributions. This work has been carried out in
cooperation with Elke Korn who has a lot of knowledge in the
field of random numbers. The methodology and the validation
results for our implementation are also presented in the paper.
Our random numbers did not show any noticeable problems
in the stochastic tests and also perfectly passed two different
application simulations.

B. Fully Parallel Hardware Accelerator

To the best of our knowlege, no hardware implementations
of option price accelerators based on the Heston model exist
at the moment. We have therefore started with the first imple-
mentation, that is nearly finished now. The hardware is fully-
parallel, fully-pipelined and designed for high throughput.

Uniform Random ||| Uniform Random ||
Number Generator Number Generator

Floating-Point I Floating-Point
Gaussian Converter || | Gaussian Converter

User Interface

price + variations + volatility v
Heston Step Generator
Unit Multi-Level
! " —% ry Monte Carlo
+ T + T T . Controller
Configuration
Temporary Coarse
Values Step Memory
Memory Unit ¢ T v
Ethernet L Ethernet
Interface Stack
FPGA Board Host PC

Fig. 4. Fully Parallel Accelerator Structure

Figure 4 shows the structure of one pipelined accelerator
circuit. In each clock cycle, our unit consumes two normally
distributed random numbers, one for the stock price variation
and one for the volatility variation. The Heston step generator
unit calculates the price and volatility values for the next
time step based on a multi-level Monte Carlo algorithm. The
pipeline depth is about 60 stages. In order to maximally
utilize the pipelined hardware, it computates one time step
for 60 assets in parallel, before moving to the next time
step. The values for the respective time steps are stored in
a memory temporarily. The coarse step memory holds interim
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values for a higher step width, this means for a lower Monte
Carlo simulation level. In the configuration memory, all model
parameters are stored.

Due to the inherent parallelism of Monte Carlo simulations,
it is not only feasible but self-evident to instantiate as many
of these circuits as possible on an FPGA in order to increase
the simulation throughput.

The accelerator is implemented on a Xilinx ML-605 evalula-
tion board equipped with a Xilinx Virtex-6 FPGA. The board
is connected via Gigabit ethernet to a host PC running the
user interface and the program that calculates and sets the
configuration values for the accelerator based on the retrieved
simulation results.

Synthesis and benchmarking results will be available soon.
We are currently supporting single- and double-precision
floating-point computations and are working on a fixed-point
implementation as well.

VI. OUTLOOK AND FUTURE WORK

Also for the intended future work a close cooperation
between financial mathematics and electrical engineering will
be mandatory, since we are planning to research aspects out
of both fields.

One characteristic of the Monte Carlo method is the inherent
capability to parallelize the calculation. It therefore makes no
difference whether several calculations are done in parallel but
slowly or only one calculation is done at high speed, as long
as the number of calculations remains equal altogether. At the
moment, our parallel implementation allows simulating one
time step on many assets simultaneously. The whole procedure
of calculating one time step is fixed on the FPGA and limited
to a single algorithm that is set at design time.

One possible way to improve this is to sequentially com-
pute the basic calculations needed for one time step on a
Application-Specific Instruction-Set Processor (ASIP) within
the FPGA, i.e. it is runtime-programmable. This procedure
can reduce the required area and allows to calculate various
algorithms since the functionality is defined in a corresponding
program. It is therefore sufficient to load a different program
without changing the hardware. The ASIP will occupy much
less area than the parallel implementation presented in Sec-
tion V-B, therefore many ASIPs can be instantiated in parallel.
We are currently investigating the necessary instruction set.

To increase the speed of the implementation even more,
the floating-point computation can be replaced by fixed point
computations. In order to do so, errors resulting from the use
of fixed-point calculations have to be approximated. This task
will also require both theoretical and practical expertise.

Besides working on the implementation, the benchmark
is very important to evaluate the designs. It will also allow
to research fixed-point solutions with respect to necessary
precision. Further steps will be to publish the analysis of the
algorithms with the benchmark in a journal. To increase the
transparency even more, we are currently setting up a web
site offering all the program code used to create the analysis.
It will contain an implementation of the multi-level and the



crude Monte Carlo algorithm with a focus on the calculation
complexity rather than the implementation.

To provide more benchmarking results, also for different
architectures, we are working on a GPGPU implementation.
It provides more flexibility and less implementation work than
hardware designs do, but also requires higher energy consump-
tion. In order to verify this assumption the implementation is
required. The Monte Carlo simulation algorithm for the Heston
model is currently carried out as a student work.

Moreover, we are currently researching on real-time accel-
eration of financial calculations. This means that hardware or
GPGPU accelerators are linked to real-time data streams. This
approach seems to be very promising for keeping track with
the prices changing quickly in high-frequency trading.

VII. CONCLUSION

The financial world is running faster and faster and the
importance of energy consumption increases drastically. To
address this challenge the question of pricing double barrier
options in the Heston setting is faced. As the model is more
complex than the famous Black-Scholes model and these
types of options are path dependent, the algorithms for the
calculations are more distinct and also the implementation
thereof. In order to be able to cope with the strong connection
between the algorithm and the implementation, a combined
mathematical and electrical engineering view is needed. (CM)?
provides a perfect framework to do so.

To approximate the pricing process Monte Carlo simulations
are used. For a good implementation a fast algorithm with
an adjusted implementation thereof is needed. In order to
distinguish the different algorithms we have created a bench-
mark set for double barrier options. This benchmark allows to
fairly analyze and compare the diverse algorithms and designs,
which is a very important issue due to the big differences in
the convergence speed of these algorithms.

For the target architecture, using FPGAs is the hardware of
choice if implementation time is not considered. It allows fast
computation with low energy consumption. Nevertheless, op-
timal FPGA designs require deep understanding of the FPGA
characteristics and the calculations need to be optimized for it.
One commonality of all the Monte Carlo algorithms is the use
of (pseudo-)random numbers. In the Heston setting standard
normal random numbers are used. There are procedures to
create these running efficiently on GPGPUs and CPUs. A
new method was presented which is very efficient for an
implementation on a FPGA.

The detailed analysis of the diverse algorithms was used to
make an efficient implementation. Therefore the algorithm is
implemented on an FPGA. This should allow a fast compu-
tation with low energy consumption. As far as we know, this
will be the first implementation of a Monte Carlo simulation in
the Heston model on a FPGA. Furthermore it will be the first
implementation of the multi-level Monte Carlo method on this
hardware. Thus this work expands the field of implementations
of financial mathematical problems on dedicated hardware in
several ways as new concepts are taken into consideration.
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Abstract—The current paper is focussed on the nodular cast iron
ASTM 80-55-06 (EN-GJS-600). The individual microstructure
was investigated by light and scanning electron microscopy as
well as micro-hardness measurements. Stress-controlled fatigue
tests were performed at ambient temperature with testing
frequencies of f=5 Hz and f= 150 Hz. The cyclic deformation
behaviour was characterised by means of mechanical stress-
strain hysteresis (f =5 Hz) as well as the change in temperature,
electrical resistance and frequency (f =150 Hz) measurements.
Increasing testing frequencies result in higher values of the
change in temperature caused by the increasing heat dissipation
per second.

[. INTRODUCTION

Good mechanical, physical and manufacturing properties as
well as the relatively low production costs lead to a common
interest in cast irons for various technical applications [1].
Due to the combination of a relatively high tensile strength
and an adequate ductility nodular cast iron is often used for
highly stressed components in the automotive and commercial
vehicle industry, e.g. for crankcases, crankshafts or exhaust
manifolds, as well as in the wind power industry, e.g. for rotor
hubs or nacelles [2-5]. An appropriate material selection and a
weight-optimised dimensioning are essential for safe and
economic operation conditions of such cast iron components.
Therefore, the characterisation of the fatigue behaviour is of
major importance. In the literature, fracture-mechanic
investigations [6-8] as well as fatigue tests with mechanical
stress-strain hysteresis [9] and in some cases temperature
measurements [10] are described for nodular cast iron [11].

In the scope of the current paper stress-controlled fatigue
tests were performed with specimens of the nodular cast iron
ASTM 80-55-06 (EN-GJS-600) at ambient temperature on
servohydraulic testing systems with a testing frequency of
5 Hz and on resonators with a testing frequency of 150 Hz.
For a detailed microstructural-based characterisation of the
fatigue behaviour, high-precision mechanical stress-strain
hysteresis (f=35 Hz), temperature, electrical resistance and
frequency (f = 150 Hz) measurements were applied. The
plastic strain amplitude (g,,) as well as the change in
temperature (AT), electrical resistance (AR) and frequency (Af)
were plotted versus the number of cycles in cyclic
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deformation, cyclic temperature, cyclic electrical resistance
and cyclic frequency curves. All measured quantities are
based on microstructural changes due to fatigue processes in
the plastically deformed volume of the gauge length of the
specimens, e.g. deformation-induced matrix debonding of the
graphite. On the basis of the measured temperature data a
linear relation between the AT values at f =5 Hz and f= 150
Hz was found. For both testing frequencies the Woehler (S-N)
curves were determined. In addition, fracture surfaces were
investigated by using scanning electron microscopy (SEM).

II. INVESTIGATED CAST IRON

The cast iron ASTM 80-55-06 (EN-GJS-600) was provided
by the Daimler AG in round bars with a diameter of 36 mm
and a length of 300 mm. Brinell hardness measurements yield
values of 235+6 HBW30. Figure 1 shows characteristic light
(a) and scanning electron (b) micrographs of the investigated
material. The microstructure consists of a pearlitic matrix with
a ferrite content of 14.6+2 area-% and a graphite content of
9.8+0.8 area-%. As can be seen in Figure 1, the formation of
ferrite is predominantly observed in ferrite zones located in
the surrounding of the graphite nodules. The mean diameter of
the graphite nodules was determined to 19.1£6.8 um. Table I
summarises the microstructural parameters of the cast iron.

b)

Fig. 1 Light (a) and scanning electron (b) micrographs of the microstructure
of the cast iron ASTM 80-55-06 (EN-GJS-600)



TABLEI
MICROSTRUCTURAL PARAMETERS OF THE CAST IRON ASTM 80-55-06
(EN-GJS-600)

Ferrite Graphite Mean diameter
fraction fraction of nodules
[area-%] [area-%] [um]

14.6+2 9.840.8 19.1+6.8

In order to evaluate the hardness of the pearlite, ferrite and
graphite fraction a Martens micro-hardness pattern with a
width of 200 x 200 pm was measured on a polished cross-
section (Figure 2). The load of 0.1 N was applied without a
hold time within 10s. Afterwards, the microstructure was
etched and correlated with the results of the micro-hardness
measurements. The micro-hardness values significantly
decrease in the sequence pearlite (3095 HMO.1), ferrite (1757
HMO.1) and graphite (597 HMO.1). Corresponding to the
phase distribution, a mean micro-hardness value of 2654
HMO.1 can be calculated by multiplying the pearlite (ferrite,
graphite) content with the appropriate micro-hardness value of
3095 (1757, 597) HMO.1. It is possible to revalue the Martens
hardness to Vickers hardness and a revaluation according to
[12] yields about 240 HVO.1. This value shows a good
accordance with the Brinell hardness determined to be 235+6
HBW30.
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Fig. 2 Martens micro-hardness pattern for the cast iron ASTM 80-55-06
(EN-GJS-600)

All fatigue tests were performed with the specimen
geometry shown in Figure 3.
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Fig. 3 Specimen geometry

III. EXPERIMENTAL SETUP

Stress-controlled load increase tests (LITs) and constant
amplitude tests (CATs) were carried out at ambient
temperature at a testing frequency of 5 Hz on servohydraulic
testing systems using a triangular load-time function at a load
ratio of R=-1. In the LITs, the stress amplitude o, was
increased from G, ,x continuously with the rate
do,/dt=11.1-10° MPa/s until specimen failure. The CATs
were performed until failure or to a maximum number of
cycles Ny of 2-10% In Figure 4, the experimental setup is

shown schematically.
Load measurement |

-

Thermostatically
controlled
clamping

. =]
1. Thermocouples
Direct "br ~J
current |, H
Temperature
2 E- measurement
Measurement AT=T,- 0.5:(T,+T,)
of the change
in electrical =
resistance

L ¥ J

Fig. 4 Experimental setup for mechanical hysteresis, temperature, and
electrical resistance measurements during fatigue loading schematically

During the fatigue tests, the plastic strain amplitude €,
[13], the change in temperature AT [14] and the change in
electrical resistance AR [15] were measured to characterise the
microstructure-based fatigue behaviour in detail. The physical
quantities €,,, AT and AR are a function of the deformation
induced change in microstructure in the bulk of the specimen
and represent the actual fatigue state [16-19]. For the
measurement of ¢, , an extensometer was fixed in the middle
of the gauge length. The change in temperature AT was
detected with one thermocouple in the middle of the gauge
length (T;) and two thermocouples at the elastically loaded
specimen shafts (T, and T;). For electrical resistance
measurements a DC-power supply was fixed at both shafts
and AR was measured with two wires spot welded at the
transition of the gauge length and the shafts (Figure 4). Apart
from the geometry, the change in electrical resistance AR
strongly depends on the resistivity p* which is directly related
to deformation induced changes in the microstructure, e.g.
dislocation density and arrangement, vacancies, micro-



pinholes, micro-shrinkage cavities or micro-cracks. In the case
of cast irons the measured value AR is of major importance, in
particular to get detailed information about the actual fatigue
state with respect to damage mechanisms like graphite-matrix
debonding.

Furthermore, stress-controlled CATs were performed at
ambient temperature at a testing frequency of 150 Hz on a
resonator using a sinusoidal load-time function at a load ratio
of R =-1 until specimen failure or to a maximum number of
cycles N of 2-10". In addition to the above mentioned
physical quantities, the change in frequency Af of the
electromagnetical resonance device can be used for the
characterisation of the fatigue behaviour. Caused by the
functional principle of a resonator the specimen is part of the
spring-mass-system of the testing setup and the measured
value Af depends on the damping behaviour of the specimen
which depends on the deformation induced changes in the
microstructure during fatigue loading [20].

IV.RESULTS

A. Load Increase Tests

Load increase tests (LITs) allow a reliable estimation of the
endurance limit with one single specimen related to a
maximum number of cycles Ny = 2-10° In Figure 5, besides
the stress amplitude o,, the plastic strain amplitude ¢, the
change in temperature AT and the change in electrical
resistance AR are plotted versus the number of cycles N for a
LIT with the cast iron ASTM 80-55-06 (EN-GJS-600). The
AR-N curve indicates an initial decrease, among others caused
by closing micro-cracks during the compression half cycles.
Then, the courses of the change in electrical resistance AR are
characterised by a saturation state between 6:10* and 1-10°
cycles, followed by an increase indicating cumulative
graphite-matrix debonding and micro-crack growth. A
significant change in the slope of the €,,-N, AT-N and AR-N
curve of the LIT occurs at orw, it =220 MPa. This stress
amplitude can be used for the estimation of the endurance
limit [14]. The stress amplitude 398 MPa leads to specimen
failure.
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Fig. 5 Plastic strain amplitude, change in temperature and change in
electrical resistance in a continuous load increase test for the cast iron ASTM
80-55-06 (EN-GJS-600)
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B. Constant Amplitude Tests

Constant amplitude tests (CATs) were performed with
stress amplitudes in the range of 220 <o,<340 MPa at a
testing frequency of 5 Hz. In Figure 6a, the plastic strain
amplitude is plotted versus the numbers of cycles. The g, ,-N
curves immediately indicate plastic strain amplitudes between
0.015-10 for o, =220 MPa and 0.12:10° for o, =340 MPa
followed by cyclic hardening processes in the matrix until
macroscopic crack growth. After an initial increase caused by
thermal conduction, the AT-N curves shown in Figure 6b also
describe the cyclic hardening as a consequence of reduced
plastic deformation. In Figure 6c, the change in electrical
resistance is plotted versus the numbers of cycles. At first, the
AR-N curves are characterised by a decrease leading to
minimum AR values between -2.81 pQ for o, =220 MPa and
-1.32 pQ for o, = 340 MPa. Then, with increasing numbers of
cycles an enforced graphite-matrix debonding and micro-
crack growth result in increasing AR-N values.
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Fig. 6 Cyclic deformation curves (a), cyclic temperature curves (b) and cyclic
electrical resistance curves (c) for constant amplitude tests with a testing
frequency of 5 Hz for the cast iron ASTM 80-55-06 (EN-GJS-600)

The CATs performed with stress amplitudes in the range
240 < 0,<340 MPa lead to numbers of cycles to failure
between 2:10% and 1-10° whereas the CAT performed with
G, =220 MPa reaches 2-10° cycles without failure. The stress
amplitude of 220MPa corresponds very well to
orw, LiT = 220 MPa estimated in the LIT. This underlines the
high capability of LITs for a reliable estimation of the



endurance limit of cast irons with one single specimen. Thus,
this test procedure yields large economic advantages.

To evaluate the influence of the testing frequency on the
cyclic deformation behaviour, CATs were performed in the
range of 190 < o, <280 MPa at a starting testing frequency of
150 Hz. In Figure 7, cyclic deformation curves are shown on
the basis of the change in temperature AT (a) and the change
in frequency Af (b). The AT-N curves are characterised by an
initial increase due to thermal conduction leading to maximum
AT values which are located between 1.12K for
o, = 190 MPa and 5.48 K for o, =280 MPa. Then, a decrease
of the AT-N curves indicates cyclic hardening processes in the
matrix until macroscopic crack growth. The change in
frequency depends on the before mentioned cyclic
deformation behaviour of the investigated material, whereby a
decrease (increase) of the Af values is caused by an increase
(decrease) of the damping capacity. At first, a slight increase
of the Af values probably indicating micro-crack closure
occurs. Then, with increasing numbers of cycles the Af-N
curves decrease due to a cumulative graphite-matrix
debonding and micro-crack growth. The CATs performed
with stress amplitudes in the range 200 < 5, < 280 MPa result
in numbers of cycles to failure between 3.5:10° and 3.5-10°.
The CAT performed with o, = 190 MPa reaches 2-10" cycles
without failure.
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Fig. 7 Cyclic temperature curves (a) and cyclic frequency curves (b) ) for
constant amplitude tests with a testing frequency of 150 Hz at the range
190 < 5, <280 MPa for the cast iron ASTM 80-55-06 (EN-GJS-600)

In Figure 8, the change in frequency Af is plotted as a
function of the change in temperature AT at N =1-10* cycles at
stress amplitudes in the range 190 < 5, <280 MPa. As can be
seen, there is a linear relation between both quantities.

58

0.2
_ |s,inMPa
M
Z
= 190
-0.2 -
0.4 4 Af=-0.11-aT
1 230
06 280
-0.8 4
o Af-AT (N=10%
-1.0 T T T T T T
0 2 4 AT[K] 8

Fig. 8 Linear relation between the change in frequency and the change in
temperature for f= 150 Hz for the cast iron ASTM 80-55-06 (EN-GJS-600)

Figure 9 shows the comparison of the AT-N curves for
constant amplitude loading with o, =280 MPa at the testing
frequencies of 5 Hz and 150 Hz. An increase in the testing
frequency from f=5 Hz to =150 Hz leads to significantly
higher AT values because of a higher heat dissipation per
second in the plastically deformed gauge length of the
specimen.

{0, =280 MPa
{finHz
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0.1

0.01

T T T

N 10°

Fig. 9 Comparison of the cyclic temperature curves at f = 5 Hz and
f= 150 Hz for constant amplitude loading with 6, = 280 MPa for the cast iron
ASTM 80-55-06 (EN-GJS-600)

At stress amplitudes of 220 MPa, 230 MPa and 280 MPa
CATs were performed at testing frequencies of 5 Hz and
150 Hz. On the basis of temperature data measured at 1-10*
cycles a linear relation between the AT values for f=15 Hz
ATsy, and the AT values for f=150 Hz AT;son, can be
calculated. The ATsy,ATi50n, relation is presented in
Figure 10. The ratio ATsy,/ATison, determined to 0.039
corresponds very well with the ratio between the testing
frequencies of 0.033. This illustrates that a higher testing
frequency results in higher heat dissipation per second and
unit of the plastically deformed volume in the gauge length of
the specimen. The increase of the temperature is a function of
decreasing values of the plastic strain amplitude [22,23] and
the increased heat dissipation per second for increasing testing
frequencies.
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Fig. 10 Linear ATsy,-AT)so n, relation determined on the basis of temperature
data measured at 1-10* cycles in constant amplitude tests with a frequency of
f=5 Hz and f= 150 Hz for the cast iron ASTM 80-55-06 (EN-GJS-600)

Figure 11 shows the Woehler (S-N) curves for both testing
frequencies. As can be seen e.g. in [22], provided that the
testing conditions are identical, an increase in the testing
frequency generally results in longer lifetimes. Nevertheless,
with regard to the CATs performed in the scope of this paper,
due to the different load-time functions, at identical stress
amplitudes the lifetimes are slightly longer at f=5Hz
(triangular load-time function) in comparison to f= 150 Hz
(sinusoidal load-time function), see e.g. [23]. The endurance
limit was not determined statistically in the scope of this paper.
At f=5Hz (f= 150 Hz) the specimen loaded with 230 MPa
(190 MPa) reaches 2-10° (2:107) cycles without failure.
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Fig. 11 Woehler curves for the testing frequency f =5 Hz and f= 150 Hz for
the cast iron ASTM 80-55-06 (EN-GJS-600)

To get more information about the fracture mechanisms
fracture surfaces were investigated with scanning electron
microscopy (SEM). Independent of the stress amplitude and
the testing frequency the initiation of fatigue cracks can be
often observed at defects, like micro-pinholes or micro-
shrinkage cavities. Figure 12a shows the fatigue crack
initiation at a defect in the centre of the fracture surface of a
specimen, which was loaded with o, =300 MPa at a testing
frequency of 5 Hz and reached a number of cycles to failure of
4.1-10°. In Figure 12b, the striation area is shown in detail.
The final fracture surface, which is shown in Figure 12¢ in
detail, is characterised by characteristic dimple structures.
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Fig. 12 Crack initiation at a defect in the centre of the specimen (a), striation
area (b) and final fracture surface (c) for a constant amplitude test with
6, =300 MPa at a testing frequency of 5 Hz for the cast iron ASTM 80-55-06
(EN-GJS-600)

V. SUMMARY

The present paper is focused on the cast iron ASTM 80-55-
06 (EN-GJS-600). The microstructure predominantly consists
of a pearlitic matrix with nodular graphite. In load increase
tests at a testing frequency of 5 Hz the endurance limit of the
investigated cast iron can be estimated with one single
specimen. The cyclic deformation behaviour under constant
amplitude loading was characterised at the testing frequencies
f=5Hz and f=150 Hz on the basis of the plastic strain
amplitude (f=5Hz) as well as the change in temperature,
electrical resistance and frequency (f=150 Hz). At both testing
frequencies the cyclic deformation behaviour is dominated by
cyclic hardening of the matrix and graphite-matrix debonding
until macroscopic crack initiation. In the constant amplitude
tests at f= 150 Hz higher values for the change in temperature
were measured caused by the higher energy dissipation per



second in the plastically deformed gauge length compared to
fatigue tests with =15 Hz. With respect to the change in
temperature AT, a liner relation between the AT values at
f=150Hz and f=5Hz can be determined. The fatigue
strength at f=5 Hz is slightly higher than at f=150 Hz
because of the different load time functions, in particular
triangular for f= 5 Hz and sinusoidal for f= 150 Hz.
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Abstract—1In einem gemeinsamen Forschungsprojekt ha-
ben die TU Kaiserslautern und das Fraunhofer Institut fiir
Techno- und Wirtschaftsmathematik ITWM nachgewiesen, dass
die Computer-Tomographie (CT) kombiniert mit moderner
Bildverarbeitungs- und Analysesoftware geeignet ist, die Faser-
orientierung und Faserverteilung in faserverstiarkten Hochleis-
tungsbetonen zu untersuchen. Gegeniiber bisher angewendeten
Methoden eroffnet die Computer-Tomographie die Moglichkeit,
fiir Betone mit Fasern und Gelegen aller Art die Faserorien-
tierung und Faserverteilung im gesamten Volumen eines Pro-
bekorpers zu betrachten und zu analysieren.

Nach Abschluss dieser Machbarkeitsstudie stehen nun Versu-
che im Bereich stahlfaserverstirkter Betone im Vordergrund.
Dabei sollen neue Anwendungsfelder in der Praxis und im
Bereich der Forschung erschlossen werden.

Ein neuartiger Versuchsaufbau der die CT-Aufnahme eines
Probekorpers wihrend der Belastung erlaubt, ermoglicht erst-
malig die in-situ Beobachtung der Betonmikrostruktur und des
Faserverhaltens bei mechanischer Beanspruchung.

I. EINLEITUNG

Betone unterschiedlichster Art sind hervorragend geeignet,
Druckspannungen aufzunehmen, jedoch ist die Zugfestigkeit
dieser Betone wesentlich niedriger und von vielen duf3eren Pa-
rametern abhédngig. Gerade bei steigender Druckfestigkeit der
Betone ist das Nachbruchverhalten, sprich die Duktilitdt des
Baustoffes, nicht zufriedenstellend. Um die geforderte Dukti-
litdt zu erreichen und dem sproden Bruchverhalten entgegen-
zuwirken, werden diesen Betonen Fasern beigemischt. Fiir die
Verbesserung der Festbetoneigenschaften ist die Fasermenge,
Faserorientierung und Faserverteilung ausschlaggebend. Dies
macht eine Uberwachung dieser Eigenschaften notwendig, sei
es zur Qualititssicherung auf der Baustelle oder im Bereich der
Forschung zur Weiterentwicklung von Hochleistungsbetonen.

Zu Beginn des Forschungsvorhabens wurde daher die
Moglichkeit untersucht, Fasern in faserverstirkten Betonen
mithilfe der Computer-Tomographie (CT) zu detektieren und
hinsichtlich ihrer Orientierung und Verteilung zu analysieren.
Bei diesen Vorversuchen kamen unterschiedliche Faserarten in
Betonen mit unterschiedlicher Probengeometrie zum Einsatz.
Diese Studie hat gezeigt, dass die CT geeignet ist, die Faserori-
entierung und -verteilung zu quantifizieren. Insbesondere kann
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der Orientierungsbeiwert mit Methoden der 3D-Bildanalyse
robust gemessen werden, siehe [1] und [2].

Weiterfiihrende Arbeiten umfassten insbesondere Versuche
zur Beurteilung der Wiederholstreuung der Messergebnisse
sowie die Entwicklung vereinfachter bzw. teilweise automa-
tisierter Analysetools.

Aufgrund der Anwendbarkeit in der Praxis und der Mitar-
beit des Fachgebiets Massivbau und Baukonstruktion der TU
Kaiserslautern im Schwerpunktprogram SPP 1182 , Nachhal-
tiges Bauen mit ultra-hochfestem Beton der Deutschen For-
schungsgemeinschaft (DFG) konzentrieren sich die aktuellen
Arbeiten einerseits auf den Schwerpunkt ,stahlfaserverstérkte
Ultrahochfeste Betone* und andererseits auf die Untersuchung
von ,,normal festen” Stahlfaserbetonen.

Neben der Darlegung von moglichen Anwendungsgebieten
der im Folgenden vorgestellten CT-Analyse-Verfahren, liegt
der Fokus dieses Aufsatzes auf der Beobachtung und Beschrei-
bung des Nachbruchverhaltens dieser Betone mithilfe dieser
Verfahren.

Fig. 1 gibt einen strukturierten Uberblick iiber die bisher
durchgefiihrten und geplanten Anwendungen der CT-Analyse-
Methoden.

II. COMPUTER-TOMOGRAPHIE
A. Grundlagen

Mithilfe der Computer-Tomographie konnen zerstorungsfrei
alle Arten von Fehlstellen in Bau-/Werkstoffen (Poren, Lunker,
Einschliisse, etc.) detektiert und als virtuelle, dreidimensionale
Korper dargestellt werden. Hierbei konnen Grofle und Lage
solcher Fehlstellen genau vermessen werden.

Die 3D-Computer-Tomographie ist ein bildgebendes,
zerstorungsfreies Priifverfahren, bei dem das Objekt aus un-
terschiedlichen Richtungen mit Rontgenstrahlen durchstrahlt
wird. Dabei entstehen Projektionsbilder, welche die Stirke
der Absorption an verschiedenen Stellen abhingig von der
Materialart und Materialstirke widerspiegeln. Aus den Projek-
tionen wird die dreidimensionale Aufnahme tomographische
rekonstruiert.

Zur Erzeugung eines tomographischen 3D-Bildes wird die
Betonprobe schrittweise gedreht. Fig. 2 zeigt eine schemati-
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Fig. 1. Anwendungsmoglichkeiten der Computer-Tomographie

sche Darstellung einer CT-Aufnahme. Fiir jede Winkelposi-
tion wird dabei jeweils ein Projektionsbild erzeugt, bis ein
Winkelbereich von 360 Grad abgedeckt ist. Die tomographi-
sche Rekonstruktion erzeugt dann ein rdumliches Bild des
untersuchten Probekorperteils. Aus diesen dreidimensionalen
Bildern konnen nun Bestandteile mit gleichen physikalischen
Eigenschaften herausgefiltert werden.

Verschiedene Komponenten der untersuchten Probe werden
durch unterschiedlichen Absorptionskontrast auf entsprechend
verschiedene Grauwerte abgebildet.

z, Rotationsachse

punktféormige
Quelle

Kegelstrahl Y.
Kreisabtastung

ebener Detektor

Fig. 2.
Aufnahme

Schematische Darstellung einer 3D-Computer-Tomographie-

B. Segmentierung des Fasersystems

Auf der Basis des segmentierten Fasersystems konnen
wichtige Kennwerte wie der Faservolumengehalt sowohl der
gesamten Probe als auch in Teilvolumina bestimmt werden.
So kann die Homogenitit der Struktur beurteilt werden.

Die rekonstruierten mikrocomputertomographischen Bilder
(uCT) liegen in einem 16-bit Graustufenformat vor, d. h. in
Abstufung von 0 (schwarz) bis 65.536 (weib).

Segmentierung bedeutet im vorliegenden Fall, die Fasern
von der Betonmatrix und eventuell vorhandenen anderen
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Objekten zu trennen. Alle Pixel, die zur Faserkomponen-
te gehoren, bekommen den Wert ,,1%, allen iibrigen Pixel
(Betonmatrix, Poren, Einschliisse, etc.) wird der Wert ,,0“
zugewiesen. Da es jetzt im Bild nur noch zwei Werte gibt,
wird dieses Verfahren “Binarisierung”genannt.

Zum Einsatz kommt ein Schwellwertverfahren, bei dem nur
einzelne Pixel betrachtet werden. Der Grauwert eines Pixels
stellt einen reinen Helligkeitswert dar, nach dem jedes Pixel
der Gruppe (Segment) zugeordnet wird (vgl. [3]). Fig. 3 stellt
an zwei Beispielen die Segmentierungsergebnisse den 16-bit
Schnittbildern gegeniiber.

Fig. 3. Zweidimensionale Schnitte der 3D-Aufnahmen vor und nach der
Segmentierung; Oben: Graustufenbild (links) und segmentiertes Bild (rechts)
eines Stahlfaserbetons (Stahlfaser: 1=60 mm, d=1 mm, Kantenlinge des be-
trachteten Bereichs: 68 mm); Unten: Graustufenbild (links) und segmentiertes
Bild (rechts) eines UHPC (Stahlfaser: 1=6 mm, d= 0,175 mm, Kantenlénge des
betrachteten Bereichs: 48 mm)

C. Faserorientierungsbeiwert

Der Faserorientierungsbeiwert beschreibt den Einfluss der
Faserorientierung auf die Wirksamkeit der Faser. Bisher wurde
bei der experimentellen Bestimmung des Faserorientierungs-
beiwertes die Orientierung der Faser zum Beispiel an einer
Schnittfliche oder Bruchfliche ermittelt. Ein Uberblick iiber
diese Analysemethoden wird in [1], [4] und [5] gegeben.

Im Gegensatz hierzu wird bei der Analyse der dreidimen-
sionalen Bilder der Computer-Tomographie gleich das gesamte
Volumen betrachtet. Dieser Faserorientierungsbeiwert 7, be-
schreibt das Verhiltnis der projizierten Faserlinge L, 4 zur
tatsdchlichen Lénge Ly innerhalb des betrachteten Volumens
V und kann so nach Gleichung (1) berechnet werden. Der
berechnete Faserorientierungsbeiwert liegt zwischen ,,0° und
1 (Wert ,,1“, alle Fasern richten sich in Richtung ¢ aus; Wert
,0¢, alle Fasern richten sich orthogonal zur Richtung ¢ aus).

_ Ly,
e =T,V ey
Sowohl die Faserlingendichte Ly als auch die verallgemei-
nerte Projektionslidnge L, 4 lassen sich leicht aus den Dichten



der inneren Volumina ableiten bzw. als Nebenprodukt bei
deren Bestimmung anhand digitaler Bilddaten gewinnen. Fiir
Details siehe [6]. Ly und L, 4 fiir 13 Raumrichtungen lassen
sich mithilfe des Softwaresystems MAVI [7] effizient aus 3D
Bilddaten bestimmen.

Zur Beurteilung der Wiederholbarkeit der Messergebnisse
wurde ein Probekorper mehrfach tomographiert. Neben der
Variation des Startwinkels der CT-Aufnahmen wurde der Pro-
bekorper auch iiberkopf aufgenommen.

Die Ergebnisse bestitigen eine hohe Aussagegenauigkeit der
ermittelten Faserorientierungsbeiwerte. Lediglich bei der Er-
mittlung des Faservolumens kann durch untereinander abwei-
chende ,,Bildqualititen” die Wahl eines geeigneten Schwell-
wertes erschwert werden, was bei den durchgefiihrten Versu-
chen zu Abweichungen von max. 1 % fiihrte.

D. Faserdickenanalyse

Fiir die quantitative Analyse des Faserauszugsverhaltens ist
u.a. die Faserdicke interessant. Ligen die Fasern einzeln und
sich nicht berithrend in der Probe, so konnte jede Faser im
Bild als einzelnes Objekt segmentiert und vermessen werden.
Trotz des im Vergleich z. B. zu faserverstirkten Kunststoffen
geringen Faservolumengehalts, beriihren sich viele Fasern. Die
Bildverarbeitung bietet verschiedene Methoden zur Trennung
von Objekten, jedoch ist keine robust auf langgestreckte Ob-
jekte mit groem Beriihrungsbereich anwendbar.

Eine Alternative bietet der in [8] entwickelte Algorith-
mus fiir die Bestimmung sogenannter Radienkarten. In je-
dem Pixel des Fasersystems werden die Sehnenldngen in 26
Raumrichtungen gemessen und anschlieBend aus den Seh-
nenlidngen Trédgheitsachse und -momente berechnet. Die korri-
gierte Trigheitsachse ist gerade die lokale Richtung der Faser.
Mit ihrer Hilfe kann dann aus den Sehnenlingen der Radius
abgeleitet werden:

1
r=g Z d; sin(/(v;,v)) 2)

=12

wobei d; die nach ihrer GroBe sortierten Sehnenlédngen sind,
v; die zugehorigen Richtungen und v die lokale Richtung der
Faser. Die kleinsten und grofiten Sehnenlidngen werden nicht
in die Mittelung einbezogen, um den Schitzer robuster zu
machen.

Die Korrektheit dieses Alogorithmus wurde in [8] anhand
computergenerierter Strukturen nachgewiesen. Die Ergebnisse
fiir reale Daten héngen jedoch stark von der Qualitdt der
Binarisierung (vgl. Abschnitt II-B) ab. Bei weichen Grau-
wertiibergiingen zwischen Matrix und Fasern kann die Fa-
serdicke daher leicht unterschitzt werden. Der Einfluss der
Binarisierung kann jedoch durch direktes Arbeiten auf dem
Grauwertbild vermieden werden. Statt der Linge von Sehnen
im Vordergrund werden nun die (gerichteten) Abstinde zu
einem starken Grauwertabfall bestimmt, siehe [8].
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III. ANWENDUNGSMOGLICHKEITEN DER
COMPUTER-TOMOGRAPHIE

A. Analyse der Faserorientierung, -verteilung und -menge
mithilfe der CT

1) Sonderbauteile: Bei der Entwicklung von Formteilen
aus mit Fasern hochbewehrten ultrahochfesten Betonen sind
Faserorientierung, -verteilung und -menge fiir die Festbeto-
neigenschaften die ausschlaggebenden Faktoren. Fig. 4 zeigt
einen ausgewihlten Bildausschnitt einer 3D-Visualisierung
eines Druck-Schublagers der Fa. Halfen, dessen Zulassungs-
versuche an der TU Kaiserslautern durchgefiihrt wurden. Die
Kenntnis iiber die Verteilung, Ausrichtung und Menge der
Fasern gestattet die Qualitédtskontrolle der Herstellung und die
Beurteilung des Tragverhaltens.

Fig. 4. Ausgewihlter Bildausschnitt einer 3D-Visualisierung eines Druck-
Schublagers der Fa. Halfen

2) Untersuchung von Stahlfaser-Industriefufiboden: Zur
Qualitdtskontrolle der Herstellung und der Verarbeitung von
Stahlfaserbetonen gibt das CT-Analyseverfahren Auskunft
iiber die Orientierung, die Menge und die Verteilung der
eingebauten Fasern.

Mit Unterstiitzung der ortsansidssigen Transportbetonfirma
TRAPOBET wird eine Reihenuntersuchung an ausgefiihrten
Stahlfaserindustriefuboden bzw. -bodenplatten durchgefiihrt.

Aufgrund der immer gleichen Materialstirke bei der Durch-
strahlung, stellen zylindrische Probekorper die idealle Pro-
bengeometrie dar. Daher werden fiir die Versuche Bohrkerne
entnommen.

Um eine ausreichend genaue Aussage iiber Fasergehalt und
Fasermenge treffen zu konnen, miissen an jeder Messstelle
mehrere Bohrkerne (n > 3) entnommen werden. Gegeniiber
einer ,,anonymen” Entnahme von Proben, stehen in dieser
Priifreihe alle relevanten Parameter wie der Mischungsentwurf,
die Art des Beimischens der Stahlfasern sowie das Einbring-
und Verdichtungsverfahren zur Bewertung zur Verfiigung.

Ziel ist es den Einfluss verschiedener Herstellverfahren auf
die Ausrichtung und Verteilung der Fasern zu untersuchen.

Der in Fig. 5 dargestellte Probekorper, zeigt einen Mix
von geraden Fasern mit gekropften (1) , abgeplatteten 2)



und als Kopfchen (3) ausgebildeten Enden, sowie gewellten
Fasern (4).

Fig. 5. Visualisierung eines Bohrkerns, Fasermix, betrachteter Probebereich
40 x 40 x 150 mm

B. Untersuchung des Nachbruchverhaltens

1) Zugversuche im Computer-Tomographen: Zur experi-
mentellen Untersuchung der lokalen Faserverbundeigenschaf-
ten und der Mikrorissbildung von faserverstirkten Hochleis-
tungsbetonen unter Last wurde ein Verfahren entwickelt, das es
ermoglicht, Computer-Tomographie-Aufnahmen wihrend der
Belastung des Probekorpers durchzufiihren.

Die Aufnahme der CT-Bilder wird bei unterschiedlichen
Laststufen durchgefiihrt, so dass zwischen den dreidimensio-
nalen Bildern der einzelnen Laststufen Differenzbilder erstellt
werden konnen. Unter einem Differenzbild versteht man ein
Bild, das genau die Unterschiede zweier Bilder enthilt. So
kann man in dreidimensionalen Bildern die Verdnderung der
Mikrostruktur sichtbar machen.

Mit dem Versuchsaufbau (vgl. Fig. 6) werden zur Zeit CT-
Aufnahmen mit PixelgroBen kleiner 15 pm erreicht. Aufgrund
dieser hohen Auflosung darf sich zur ,,verwacklungsfreien*
Aufnahme der aufzunehmende Bereich nicht bewegen. Ge-
rade dies macht die in-situ Beobachtung schwierig, da der
Probekorper beim Halten einer konstanten Spannung kriecht.
Daher muss das Aufnahmeverfahren dem Kriechverhalten des
Baustoffes angepasst werden. Dies ldsst sich nur iiber eine
Verkiirzung der Aufnahmedauer erreichen.

Um trotz einer verkiirzten Aufnahmezeit Bilder mit
moglichst hoher Auflosung und gutem Kontrast zu erhal-
ten, konnen bei der Tomographie verschiedene Einstellungen
verdndert werden. Beispielsweise konnen die Winkelpositio-
nen und die zu mittelnden Bilder (je Winkelposition werden
mehrere Bilder aufgenommen und gemittelt) reduziert werden,
was bei einer zu starken Reduzierung zum Rauschen des Bil-
des und einem schlechteren Kontrast fiihrt. Eine Verkiirzung
der Belichtungszeit pro Bild fiihrt zu dunkleren Bildern, da
weniger Energie am Detektor ankommt. Bei den momentan
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Fig. 6. Lastzelle im Computer-Tomographen

stattfindenden Versuchen werden diese und weitere Parameter
aufeinander abgestimmt. So konnte die Aufnahmedauer je
Laststufe auf ca. 20 Minuten reduziert werden.

Entgegen der iiblichen ,,Knochen*-Form eines Probekorpers
fiir zentrische Zugversuche, werden zylindrische Probekorper
verwendet. Bei jeder Winkelposition wird die gleiche Mate-
rialstirke durchstrahlt. Diese Probeform reduziert Strahlungs-
schatten und verbessert den Grauwertverlauf.

Die Verwendung von eingeschniirten Zylindern ermoglicht
die Beobachtung der Mehrfachrissbildung, die typisch fiir
die angestrebte Duktilitit von faserverstirkten ultrahoch-
festen Betonen ist. Fiir gekerbte Probekorper spricht die
Moglichkeit, Untersuchungen an einem definierten Einzelriss
durchzufiihren. Der vorgegebene Entstehungsort des Risses
ermoglicht eine nédhere Positionierung der Rontgenrohre am
Probekorper, so dass Aufnahmen mit hoherer Auflésung (ca.
8 um/Pixel) erreicht werden konnen.

Zur Zeit finden Vorversuche statt, um trotz der angespro-
chenen ,Probleme” wie das Kriechen der Probekorper, CT-
Aufnahmen mit ausreichender Schirfe und Kontrast fiir eine
Analyse zu erhalten. Die dann folgenden experimentellen Un-
tersuchungen konzentrieren sich sowohl auf die Beobachtung
und Beschreibung des Faserauszugverhaltens von Einzelfasern
und Fasergruppen als auch die topographische Beschreibung
und Vermessung der (Mikro-) Rissbildung.

2) Nachrissbiegezugfestigkeit an miniaturisierten Balken:
In Anlehnung an die Nachrissbiegezugpriifung nach Vorgabe
des DFG Schwerpunktprogramms SPP 1182 ,Nachhaltiges
Bauen mit ultra-hochfestem Beton werden zurzeit verfor-
mungsgesteuerte Biegezugpriifungen an miniaturisierten Bal-
ken (Prismen) durchgefiihrt.

Fig. 7 zeigt beispielhaft die Auswertung der Nachrissbiege-
zugpriifung zweier Prismen der gleichen Herstellungscharge.
Die Grafik zeigt in der Last-Verformungs-Kurve bei Probe
,UHPC 1 ein etwas duktileres Entfestigungsverhalten als bei
Probe ,,UHPC 2“. Dies lésst sich durch die unterschiedliche
Orientierung und Verteilung der Fasern im Probekorper be-
griinden.

Aufgrund der Probekorperabmessungen kann der gesamte
Probekorper nach der Ermittlung der Nachrissbiegezugfes-
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Fig. 7. Last-Verformungs-Kurve, Einfluss der Faserorientierung, -verteilung
und -menge

tigkeit tomographiert werden. So ist es mdglich, nicht nur
einen einzelnen Rissbereich zu untersuchten, sondern es wird
die Moglichkeit geboten bei einer Mehrfachrissbildung die
gesamte Zugzone beziiglich Faserorientierung, Faserverteilung
und Rissausbildung zu analysieren und zu bewerten.

Das fiir die Analyse zur Verfiigung stehende Programm
betrachtet fiir die Bestimmung der Faserorientierung und der
Fasermenge die Fasergesamtheit. Schon rein visuell kann hier
die Verteilung der Fasern in rekonstruierten 3D-Modellen
betrachtet und bewertet werden.

Mit einem in der Entwicklung befindlichen Analysetool
konnen zukiinftig Fasern einzeln betrachtet werden (vgl. Ab-
schnitt II-D). So wird es unter anderem moglich sein, die ge-
nauen Winkel zu ermitteln, unter denen eine Faser die Rissufer
schneidet. Entstehende Faserauszugskanéle und Verformungen
von Fasern konnen ebenfalls analysiert werden.

Gegeniiber anderen Methoden, wie z. B. dem Aufbrechen
des Risses, bleibt der zu untersuchende Bereich unbeschidigt,
so dass auch eventuell gerissene Fasern detektiert werden
konnen.

3) Nachrissbiegezugfestigkeit von Stahlfaserbeton: Zur
Klassifizierung von Stahlfaserbetonen werden nach der Richt-
linie ,,Stahlfaserbeton” des DAfStb [9] diese iiber die Nachriss-
zugfestigkeit, also die Leistungsfihigkeit im Nachrissbereich,
in Leistungsklassen eingestuft.

Die Nachrisszugfestigkeit ldsst sich unter zu Hilfenahme
von Umrechnungsfaktoren aus der Nachrissbiegezugfestigkeit
bestimmen. Diese Nachrissbiegezugfestigkeit wird in einem
verformungsgesteuerten 4-Punkt-Biegeversuch an einer Serie
aus mindestens 6 Balken der Abmessung 150 x 150 x 700 mm
ermittelt. Die Eingangswerte fiir die Berechnung der Nachriss-
biegezugfestigkeit bilden die zu den Durchbiegungen 0,5 mm
und 3,5mm zugehorigen Lasten. Bei der Bestimmung der
Nachrissbiegezugfestigkeit werden in der Praxis starke Streu-
ungen innerhalb von Priifserien mit Variationskoeffizienten
von iiber 25 % beobachtet.

In [10] wird die groe Streuung zwischen den Messkurven
der gleichen Betonzusammensetzung auf den groflen Einfluss
einzelner Fasern auf das Tragverhalten bei den vorliegenden
kleinen Querschnittsabmessungen der Balken (150 x 150 mm)
zuriickgefiihrt. Auch in [11] wird darauf hingewiesen, dass
die grofen Abweichungen auf eine inhomogene Verteilung
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TABLE I
AUSWERTUNG, NACHRISSBIEGEZUGFESTIGKEIT VON STAHLFASERBETON

Fasermenge | Faserorientierungsbeiwert n, | £%, .. | £/,

[kg/m3] X y z [N/mm?] | [N/mm?]
Probe 1 21,4 0,57 0,31 0,60 2,20 0,84
Probe 2 18,1 0,71 0,29 0,45 3,41 2,13

der Fasern im Probequerschnitt beruhen, wodurch sich eine
unterschiedliche Anzahl von Fasern im Betonquerschnitt des
gerissenen Bereichs befinden. Jedoch ist nicht nur die Anzahl
der Fasern im enstehenden Rissbereich ausschlaggebend fiir
das Nachrissverhalten, sondern auch die Orientierung und
Verteilung der Fasern im Querschnitt.

Um die Einfliisse der Orientierung und der Menge der
Fasern im Bereich des Risses auf die beschriebene Streu-
ung der Nachrissbiegezugfestigkeiten innerhalb einer Serie zu
untersuchen, wurden Vorversuche an 6 Stahlfaserbetonbalken
mit einem Fasergehalt von 20kg/m® durchgefiihrt. Diese
Vorversuche unterstiitzen zudem die Entwicklungsarbeit des
neuen Analysetools.

Nach der Ermittlung der Nachrissbiegezugfestigkeit wurden
die Rissbereiche (ca. 100 x 150 x 150 mm) herausgesigt
und tomographiert. Dabei ergibt sich eine zu durchstrahlende
Diagonale von mindestens 180 mm. Daher wurden die Pro-
bekorper nochmals mittig geteilt, um optimale CT-Aufnahmen
zu garantieren.

Tab. I zeigt anhand des Beispiels der beiden am stirksten
von einander abweichenden Einzelpriifergebnisse einer Serie
die Abhingigkeit des Nachrissverhaltens von der Faserorien-
tierung. Trotz hoherer Fasermenge in Probe 1 (Fig. 8) werden
wesentlich geringere Nachrissbiegezugfestigkeiten gegeniiber
Probe 2 (Fig. 9) gemessen. Es zeigt sich, dass durch die
stirkere Ausrichtung der Fasern in Zugkraftrichtung (¢ = x)
bei Probe 2 hohere Nachrisszugfestigkeiten erreicht werden
konnen.

Neben der automatischen Analyse der Faserorientierung und
der Fasermenge, besteht die Moglichkeit aus den visualisierten
Daten Parameter wie die Anzahl der gerissenen Fasern, der
Einbindeldnge der Fasern und der Verformung der Fasern zu
bestimmen.

Fiir eine genauere Bewertung kénnen die zuvor genannten
Parameter mit einbezogen werden. So sind in Fig. 8 (Probe
1) Faseransammlungen und ,,stehende” Fasern zu erkennen,
die eine optimale Kraftiibertragung iiber den Riss hinweg
behindern.

Weitere Arbeiten beschiftigen sich mit der Entwicklung
von Methoden fiir die genaue Darstellung der Topographie
von Rissen und deren Vermessung. Diese sollen dann im
Bereich der stahlfaserverstirkten Ultahochfesten Betone zur
Untersuchung der Mikrorissbildung eingesetzt werden.

IV. FaziT

Gerade bei steigender Druckfestigkeit der Betone ist das
Nachbruchverhalten, sprich die Duktilitit des Baustoffes nicht



Fig. 8. Probe 1, gekropfte Fasern, betrachteter Probebereich: 30 x 70 X
70 mm
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Fig. 9. Probe 2, gekropfte Fasern, betrachteter Probebereich: 30 x 70 x
70 mm

zufriedenstellend. Um diese geforderte Duktiliét bei ultrahoch-
festen Betonen (UHPC) zu erreichen, werden diesen Betonen
zumeist Stahlfasern beigemischt.

Die Fihigkeit eines stahlfaserverstirkten Betons, Zugkrifte
iiber einen Riss hinweg iibertragen zu konnen, ist u.a. abhingig
von der Orientierung, der Verteilung und der Anzahl der
,Tissiiberbriickenden Fasern im Bereich der sich ausbildenden
Zugzone bzw. des sich einstellenden Risses bei Belastung.

Um weitere, das Nachbruchverhalten bestimmenden Para-
meter, wie die Verbundeigenschaften der Fasern mit der Matrix
genauer bestimmen zu konnen, wurde ein Versuchsaufbau
entwickelt, der die in-situ Beobachtung der Betonmikrostruk-
tur und des Faserverhaltens bei Zugbeanspruchung des Pro-
bekorpers mithilfe der Computer-Tomographie erméglicht. Die
Ergebnisse dieser Versuche sollen neue Erkenntnisse iiber das
Faserverbundverhalten und die (Mikro-)Rissbildung liefern,
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um bestehende Bemessungsmodelle fiir aus diesen Betonen
hergestellte Bauteile anzupassen bzw. erweitern zu konnen.
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