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Abstract. In this paper the questions of definition optimum allocation of the
service centres of some territory are observed. It is supposed that territory is
described by fuzzy graph. In this case a task of definition optimum allocation of
the service centres may be transformed into the task of definition of fuzzy
antibases of fuzzy graph. The method of definition of fuzzy antibases is
considered in this paper. The example of founding optimum allocation of the
service centres as definition of fuzzy antibases is considered too.
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1 Introduction

There are many tasks of optimum allocation of the service centres [1]. They are an
allocation of radio and TV station in some region; an allocation of military bases,
which control some territory; an allocation of shops, which serve some region and so
on.

However, the information about the allocation of the service centres is inaccurate or
not reliable very frequently [2]. The calculation of a service degree (or quality) can be
carried out by several, including to contradicting each other, criteria. For example, the
definition of number and allocation of shops can be made by taking into account
quality of roads, cost of ground in the given area, distance from other areas, and other
criteria. Ranking of such criteria is frequently made subjectively, on the basis of the
human factor.

We consider that some territory is divided into n areas. There are k service centres,
which may be placed into these areas. It is supposed that each centre may be placed
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into some stationary place of each area. From this place the centre serves all area, and
also some neighbor areas with the given degree of service. The service centres can fail
during the exploitation (for example, for planned or extraordinary repair). It is
necessary for the given number of the service centres to define the places of their best
allocation. In other words, it is necessary to define the places of k service centres into
n areas such that the control of all territory is carried out with the greatest possible
degree of service.

2 Main concepts and definitions

In this paper we suppose that the service degree of region is defined as the minimal
meaning of service degrees of each area. Taking into account, that the service degree
can not always have symmetry property (for example, by specific character and relief

of the region) the model of such task is a fuzzy directed graph C~?=(X, U /) [3]. Here,
set X={x}, iel={12,.,n}! is a set of vertices and U=¢<u, <xx, >/ <x,x, 5> )
<x,Xx,>eX 2 is a fuzzy set of directed edges with a membership function
ty:X°—/0,1]. The membership function g, < x;, x; > of graph G =(X,U) defines

a service degree of area j in the case when a service center is placed into area i. We
assume, that the service degree has property of transitivity, i.e. if the service centre is

in the area x; and serves area x; with a degree 1, <x,,x > and if the service centre

is in area x; and serves area x; with a degree 4, < x o X > then a degree of service
of area x; from area x; not less than , < X, X; > &y, < Xj5%, >

For consideration of questions of optimum allocation of the service centres we shall
consider concepts of a fuzzy directed way and fuzzy antibase of the fuzzy graph [4].
Definition 1. Fuzzy directed way Z(x,-: x, ) of fuzzy directed graph G=x,0) is

called the sequence of fuzzy directed edges from vertex x; to vertex x,,:
f(xi,x ) =< py <KX > <XLX IS < Uy <X X > <X X S <y <X Xy, >/ <X, X, >

)) is defined as:

m

Conjunctive durability of way 4 (L (x,,x

m

L X, X )= & <X X, >
H a‘(: m)) <X,,,x/1>EZ(X,»,x,,‘) My B
Fuzzy directed way [ (x,x, ) is called simple way between vertices x; and x,, if its

part is not a way between the same vertices.
Obviously, that this definition coincides with the same definition for nonfuzzy graphs.

Definition 2. Vertex y is called fuzzy accessible of vertex x in the graph @z(X, U) if

exists a fuzzy directed way from vertex x to vertex y.
The accessible degree of vertex y from vertex x, (x=y) is defined by expression:

y(6y) = max (u(L,(xy)), a=12,..p,



where p - number of various simple directed ways from vertex x to vertex y. Let's
consider, that each vertex x €X in the graph 6:()(, U ') is accessible from itself with
an accessible degree y(x,x)=1.

Example 1. For the fuzzy graph 1 presented on Fig.1, vertex xs is fuzzy accessible
vertex from x; with an accessible degree:

y(x,,X5) =max{(0,7 & 0,3); (0,6 & 0,8)} = max {0,3;0,6} = 0,6.

Fig. 1. Fuzzy graph 1.

Let a fuzzy graph G =(X, U /) is given. Let's define fuzzy multiple-valued reflections
', r,.rkas

T 00) = 4 s, (8 x) >} here (9, € X)La () = g < %%, >]
I,)=T{T(x,)}, T (x,) =TI} s -oon

Fx) = T 05 = (< pa, (8,)/ x, >} here

(Vx; € X)lptp, (x) = erxﬂrm(xl)(xz) & py < x5 %, >]-

It is obvious, that ™ (x,) is a fuzzy subset of vertices, which it is accessible to reach

from x;, using fuzzy ways of length £.
Example 2. For the fuzzy graph presented on Fig.l, we have:

I (x) = {<0,7/(x,) >,<0,6/x, >}, T*(x,)={<0,6/x; >}

Definition 3. Fuzzy transitive closure ]:"(x’_ ) is fuzzy multiple-valued reflection:
Iex)=T"0)olx) ol G )u..=JTx,)-
=0

Here, by definition: [°(x,)={ <1/, > }.

In other words, [{x,) is fuzzy subset of vertices, which it is accessible to reach from

x; by some fuzzy way with the greatest possible conjunctive durability. As we
consider final graphs, it is possible to put, that:



Ia(xi):OIN“j(xi)-

Example 3. For the fuzzy graph presented on Fig.1, fuzzy transitive closure of vertex
x; is defined as f(xl) ={<1/x >,<0,7/x,><0,6/x, >,<0,5/x, ><0,6/x, >}

Let's define fuzzy reciprocal multiple-valued reflections 7', ">, I'>,.., " as:
F6) = (< g, (6) M) >} here (v, € X () = g < ;5% >
)= T @) TR ) = T2 0} o

) =TT ) = {< o, (x))/ 3, >} here

(Vx; € X)[xul——k(xl)(x/) = ,urk,.(x’)(xl) & py < x;,x,>]

eX

It is obvious, that f"‘(xi ) is a fuzzy subset of vertices, from which it is accessible to
reach vertex x;, using fuzzy ways of length £.

Example 4. For the fuzzy graph presented on Fig.1, we have [ (x)={<0,4/x, >},
I (x)=1{<04/x, >}

Definition 4. Fuzzy reciprocal transitive closure IN"’(xI. ) is fuzzy reciprocal multiple-

valued reflection:

F*(x,) =Ix) ol x) Ol (x,)u..= U I (x,)

In other words, I:“‘(xi ) is fuzzy subset of vertices, from which it is accessible to reach
vertex x; by some fuzzy way with the greatest possible conjunctive durability.
Example 5. For the fuzzy graph presented on Fig.1, fuzzy reciprocal transitive
closure of vertex x; is I™(x,) ={<1/x, >,<03/x, > <04/ x, ><04/x, ><04/x, >}.

Definition 5. Graph é=(Xl7) is named fuzzy strongly connected graph if the
condition is satisfied:

(Vx; € X)(Sf(x =X). 1)

i)

Here SF( is the carrier of fuzzy transitive closure f(xi) .

X;)

Differently, graph (~}=(Xl7) is fuzzy strongly connected graph if between any two

vertices there is a fuzzy directed way with the conjunctive durability which is distinct
from 0.
It is easy to show, that expression (1) is equivalent to expression (2):

— 2
(Vx; € X)(Sﬁm =X). 2



Here SI:_,( - is the carrier of fuzzy reciprocal transitive closure f"(x ).
X

Definition 6. Let fuzzy transitive closure for vertex X, looks like

la(xi) ={< (X)X >, < 1y (X)) /Xy >y, < (X)X, >4 then the volume
p(G)= & & M (x j) we name a degree of strong connectivity of fuzzy graph
Flni=ln

G.
Let (~?=(X,[7) is fuzzy graph with degree of strong connectivity p(a), and

G'=(X'U") is fuzzy subgraph with degree of strong connectivity p(a') .

Definition 7. Fuzzy subgraph (N;'Z(X , U !) we name maximum strong connectivity
fuzzy subgraph or fuzzy strong component connectivity if there is no other subgraph
(N;"Z()('; (7") for which G’ = G", and p(CN}') < ,O(CN}") :

Definition 8. A subset vertices Ea < X is called fuzzy antibase with the degree
aef0,1], if some vertex y e Ea may be accessible from any vertex x € X/ Ea with
a degree not less o and which is minimal in the sense that there is no subset B’ € Ea ,
having the same accessible property.

Let's designate through E (E ) a fuzzy set of vertices, from which the subset B is
accessible, i.e.:

RB)=JIx,),
Xl-EE
Here, [° “(x,) is a fuzzy reciprocal transitive closure of the vertex x;. Then the set

f_?a is fuzzy antibase with a degree « in only case, when the conditions are carried

out:

R(B,)={ <p/x,>Ix, € X&(Vj=Ln)(u, > a)}, 3

(VB' < B,)[R(B)={ < /x, >|x, € X&Fj=Ln)(, <)} - 4)

The condition (3) designates, that any vertex either is included into set Ea , Or is

accessible from some vertex of the same set with a degree not less a. The condition
(4) designates that any subset B’ e Ea does dot have the property (3).

The following property follows from definition of fuzzy antibase:

Property 1. In fuzzy antibase Ea there are no two vertices which are entered into

same strong connectivity fuzzy subgraph with degree above or equal a.



Let {4, ty,... fy } is a set of all values of membership function which are

attributed to edges of graph G . Then the following properties are true:
Property 2. In any fuzzy circuit-free graph exists exactly L fuzzy antibases with

degrees {4, fyyeees Ly } -

Property 3. In any fuzzy circuit-free graph there is just one fuzzy antibase with
degree a.

Property 4. If in a fuzzy circuit-free graph an inequality o, < r, is executed, then

inclusion Eal ) Em is carried out.

Let's note interrelation between fuzzy antibases and strong connectivity fuzzy
subgraphs. Following properties are true.

Property S. If subset Ea is fuzzy antibase with degree o, then there is such subset

X'c X, that B, X', and fuzzy subgraph G'= (X',INJ') has degree of strong
connectivity not less a.
Property 6. If subset Ea is fuzzy antibase with degree a, then there is not such

subset X' < X, that X' < Ea and fuzzy subgraph G'= (X',f]') has degree of
strong connectivity a.

The following consequence follows from property 6:

Consequence 1. That in fuzzy graph G there was fuzzy antibase with degree o,

consisting of only one vertex, it is necessary that fuzzy graph G was strong
connectivity with degree o.
Property 7. Let x(x;x;) is an accessible degree of vertex x; from vertex x;. Then the
following statement is true:

(Vxpx;e B_O)[y(xi,)c_,)< af. %)

Differently, the accessible degree of any vertex x;& B, from any other vertex x;e B,
is less than meaning a.
Let a set 5,={X;;, X, ...,Xu} be given, where X, is a fuzzy k-vertex antibase with the

degree of oy;. We define as o, = max {a, ,a, ,.., a, }.Inthe case =& we define
1 2 1

a=a;. Volume ¢ means that fuzzy graph G includes k-vertex subgraph with the
accessible degree ¢ and doesn’t include k-vertex subgraph with an accessible degree
more than ¢.

Definition 5. A fuzzy set

B ={aq, /1><a, /2>,..<a,/n>}

is called a fuzzy set of antibases of fuzzy graph G .
Property 8. The following proposition is true:

0<a, <a,<..<a,=1.



The fuzzy set of antibases defines the greatest degree of service of all territory by the
k centres of service (ke{1,2,...,n}).

Thus, it is necessary to determine a fuzzy set of antibases for a finding of the greatest
degree.

3 Method for finding of fuzzy set of antibases

We will consider the method of finding a family of all fuzzy antibases with the
highest degree. The given method is an analogue method for definition of all minimal
fuzzy dominating vertex sets [5] and it is a generalization of the Maghout’s method
for crisp graphs [6].

Assume that a set B, is a fuzzy base of the fuzzy graph G with the degree o.. Then
for an arbitrary vertex x; X, one of the following conditions must be true.

a)x;e By

b) if x; & B,, then there is a vertex x; such that it belongs to the set B, with the degree

nxpx;)=>oL
In other words, the following statement is true:

(Vx, € Y[y, € B, v (x, ¢ B, > (A, € Bly(x,x,) 2 0))]- (©)

To each vertex x;X we assign Boolean variable p; that takes the value 1, if x;& B,
and 0 otherwise. We assign a fuzzy variable &;=a for the proposition yx;x;)>c.
Passing from the quantifier form of proposition (4) to the form in terms of logical
operations, we obtain a true logical proposition:

P =&(p; v (i > (V(p,&y,))-

Taking into account interrelation between implication operation and disjunction
operation (a—f= avf), we receive:

? = %(pz vpiv\j((pj&y[j))'

Supposing &, =1 and considering that the equality p, v v p, & fi]. =V p/éi]. is true
J ; Joo7 7
for any vertex X,, we finally obtain:

qj:(%(\//@,&%,)) (7

We open the parentheses in the expression (7) and reduce the similar terms the
following rules:

ava&b=a; a&bva& b=a; £'&avE &a&b. t))

Here, a,b{0,1}, £'2&°, &£,&€/0,1].
Then the expression (7) may be rewrite as:



® = j/ﬁ(pl, & D, &... & Dy, & al_). 9)

Property 9. If in expression (9) further simplification on the basis of rules (8) is
impossible, then everyone disjunctive member i defines antibase with the highest
degree a;.

Proof. Let's consider, that further simplification is impossible in expression (9). Let,
for definiteness, disjunctive member

(p, & p, &..& p, &a),k <n,a € (0,] (10)

is included in the expression (9).
Let's assume, that the subset X '= {x1>x29"'7xk} is not antibase with degree «. Then

there is some vertex, for example x,, € X/X', for which the statement

(Vi= I,_k)(;/(xkﬂ,xi) < ) is true. In other words, the accessible degree of any
vertex of subset X’ from vertex x;.; is less than value «.
We present the expression (7) in a kind:
O=(1Up, vé,p,v..vEp)&(&pvip,viavE p)&.. & 11)
(Ceeta 1V SraaaPa NV o Spaai P V1Dia VoV Py &
&E pVvELp,V...vip).

In expression (11) all coefficients &,, . < a,Vi= L_k Therefore, in expression (9)
all disjunctive members which do not contain variables p, . p,.,...., p,» necessarily
contain coefficients smaller value . From here follows, that the disjunctive member
(10) is not included in the expression (9). The received contradiction proves, that
subset X'= {x,,x,,...,x,} 1s antibase with degree .

Let's prove now, that the disjunctive member (10) is minimum member. We will
assume the return. Then following conditions should be carried out:

a) subset X'= {x,,X,,...,x, } is antibase with degree B> a;

or

b) there is a subset X" X' which is antibase with degree o.
Let the condition a) is satisfied. Then the next statement is true:

(ij,j:k—i-l,n)(Elx,.,ie1,7k|7(xj,x[)2ﬂ).

Let's present expression @ in the form of (11). If to make logic multiplication of each
bracket against each other without rules of absorption (8) we will receive n’ the
disjunctive members containing exactly n of elements, and, on one element from each
bracket of decomposition (11). We will choose one of n° disjunctive members as
follows:

- From the first bracket we will choose element 1p, ;

- From the second bracket - element 1p, ; ...;



- From " bracket - element 1p, ;

- From (x+1)" bracket we will choose element &y Dy, such, that index i, e [1,k],
and volume 5,””1 > [

- From (x+2)" bracket - element & k+2., Dy, » for which index i, € [1,k], and volume

§k+2,i2 > ﬂ , etc.;
- From n" bracket - element ¢

gn,i x > ﬁ :
Using rules of absorption (8), the received disjunctive member can be led to kind
(p, &p, &..&p, &f") in which the volume

ﬂ': mln{ §k+l,[2 5 §k+2,[2 gesey gn,'

bn—k

absorbed disjunctive member (10). (Decomposition (9) the disjunctive member
cannot include the received contradiction (10)) proves impossibility of case a).
Let's assume now, that the condition is satisfied. Let, for definiteness,

X"={x,,X,,...,x,_,} . Considering expression ® in the form of decomposition (8),

_p; - for whichindex i, _, e[l,k], and volume

by gy

} > p >a and which will be necessarily

we will choose a disjunctive member as follows:
- From the first bracket we will choose element 1p, ,

- From the second bracket - element 1p, , ...,

- From (k-1)" bracket - element 1p,_,,

- From ™ bracket we will choose element $ei D such, that index i, € [1,k—1],
and volume &, . >« ,

- From (x+1)™ bracket - element Sinn Pi s for which index i, € [1,k—1], and
volume §k+1,iz > a,etc.,

, for which index i , , €[l,k—1], and

+1

th
- From n™ bracket - element & D,
Moly—fery 47 In—ge

volume f;ni >a.

shn—k+1

Using rules of absorption (8) the received disjunctive member can be led to kind
(r, &p, &..& p, | & a), nwhichsize g =min{¢,, .&,.,, .S, 12a

and which will be necessarily absorbed by a disjunctive member (10).
(Decomposition (9) the disjunctive member cannot include the received contradiction
(10)) proves impossibility of case b).

Property 9 is proved.

The following method of foundation of fuzzy antibases may be proposed on the base
of property 9:

- We write proposition (7) for given fuzzy graph G;

- We simplify proposition (7) by proposition (8) and present it as proposition (9);

- We define all fuzzy antibases, which correspond to the disjunctive members of
proposition (9).

Example 6. Find all fuzzy antibases for the fuzzy graph 2 presented in Fig.2:

Moyt



Fig. 2. Fuzzy graph 2.

The vertex matrix for this graph has the following form:

0o 08 0 0
07 0 06 01].
R=
0 0 0 1

06 03 0 O

On the basis of the made above definition of fuzzy accessible vertex we can construct
an accessible matrix N, containing accessible degrees for all pairs of vertices:

n—1

N= =UR".
o k=0

Vi

Here, y=nxix), x;, x;€X, R* — the vertex matrix power k for graph. Matrix R’ is an
identity matrix:

S O O =
S O = O
S = O O
- o O O

We raise the contiguity matrix to 2, 3 powers. Uniting them, we find an accessible
matrix:

1 08 06 006

07 1 06 006].

06 06 1 1

06 06 06 1

N=R°URUR?>UR?=

The corresponding expression (7) for this graph has the following form:



®=(p,vp,0,8vp;0,6Vvp,0,6)&(p,0,7vp,vp;0,6vp,06)&
& (p,0,6 v p,0,6vp;vp,) & (p,0,6vp,0,6vp;0,6vp,0,06).

Multiplying parenthesis 1 and 2, parenthesis 2 and 4 and using rules (8) we finally
obtain:

®=p,0,6vp,p,0,7vp,p,p, vp,0,6Vvp,p,0,8vp;0,6vp,0.6.

It follows from the last equality that the graph G has 7 fuzzy antibases, and fuzzy set
of antibases is defined as:

B =1{<0,6/1>,<08/2>,<1/3>,<1/4>}.

The fuzzy set of antibases defines the next optimum allocation of the service centres:
If we have 3 or more service centres then we must place these centres into vertices 1,
2, and 4. The degree of service equals 1 in this case. If we have 2 service centres then
we must place these centres into vertices 2, and 4. The degree of service equals 0,8 in
this case. If we have only one service centre then we can place it in any vertex. The
degree of service equals 0,6 in last case.

3 Conclusion

The task of definition of optimal allocation of the service centres as the task of
definition of fuzzy antibases of fuzzy graph was considered. The definition method of
fuzzy antibases is the generalization of Maghout’s method for nonfuzzy graphs. It is
necessary to mark that the suggested method is the method of ordered full selection,
because these tasks are reduced to the task of covering, i.e. these tasks are NP-
compete tasks. However, this method is effective for the graphs which have not
homogeneous structure and not large dimensionality.
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