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Abstract. One of the formal technique in Data mining is Formal Concept Anal-
ysis (FCA). During preprocessing of a many-valued context many applications 
of FCA require the partitioning of numerical data attributes into some smaller 
intervals. Designation of such numerical intervals with linguistic terms without 
domain experts will help researchers to understand attributes and their depend-
encies better. To solve this task we propose the notion of a special ACL-scale, 
which can be considered as a linguistic variable with ordered linguistic terms, 
modeled by fuzzy sets. The notion of ACL-scale, algorithms of its creation and 
application are presented. The example how many-valued context can be trans-
formed into formal context using ACL-scale is shown in the paper. The main 
contribution is a new uniform tool for preprocessing of numerical attributes of 
given tables which simplify their transformation into a formal context with lin-
guistic attributes. 

Keywords: data mining, data preprocessing, ACL-scale, formal context, lin-
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1  Introduction 

One of the formal techniques in Data Mining and Knowledge Discovery in Databases 
(DM&KDD) process for extraction and representation of useful information, of ob-
jects (attributes) and of data dependencies is the Formal Concept Analysis (FCA) 
[1,2].  The first steps in applying of FCA is data preprocessing, where a many-valued 
context has to be transformed into a formal context to represent a data table with 
values of suitable granularity. When the input values are numerical, they have to be 
partitioned into numerical intervals. There are three main approaches to do this trans-
formation, based on scaling theory. The conceptual scaling approach is well estab-
lished and it uses conceptual scales [3,4] to derive a formal context. Logical scaling 
was introduced in [5] as a method using some expert knowledge to transform given 
data into the data from which conceptual hierarches can be explored. The fuzzy 
scaling approach beeing considered for example in [6,7,8] applies the notion of a 
linguistic variable [9]. The latter adds information to the structure of a formal context 
and can give linguistic description of numerical values of attributes and their 
dependences. The comparison of conceptual and fuzzy scaling theories for FCA was 
considered in [6]. The different approaches to embed fuzzy logic into FCA and 
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application in KDD are given in [10]. The authors described the most important 
theories connected with fuzzy attributes, fuzzy concepts and fuzzy concept lattice.   

The main problems in applying fuzzy scaling theory to FCA were discussed in [11] 
and  some solutions were presented. One of the problems the author mentioned was 
the problem of using and interpreting the membership functions in FCA, so the short 
alternative conceptual description of fuzziness without using membership functions 
was given in [11].  
In this paper we propose the approach for transforming numerical attributes of a 
many-valued context into linguistic variables. This transformation is considered as 
preprocessing based on the fuzzy scaling theory, where the membership functions are 
used to derive linguistic values of the partitions of numerical attributes only. The 
advantage of this approach is a linguistic granulation of numerical attributes in a 
many-valued context. This linguistic granulation can be useful in segmentation of 
objects with similar features. Mining the dependencies among several objects ex-
pressed in linguistic terms is another application of that linguistic granulation. To 
solve this task we propose the notion of a special Absolute & Comparative scale 
(ACL-scale). Using ACL-scale the partitions of numerical data and their linguistic 
descriptions can be derived. Therefore, the formal context can be presented in a tradi-
tional form, and well-known algorithms for FCA can be applied without computing of 
membership functions.  

2 Problem Definition 

Here we recall the definition of many-valued context [12] in respect to attributes m 
having numerical values w.  
Definition 1. A many-valued context 𝐾 = (𝐺,𝑀,𝑊, 𝐽) is a set of objects 𝐺, a set of 
attributes 𝑀, a set of possible values W, and a ternary relation  𝐽 ⊆  𝐺 × 𝑀 × 𝑊, with 

(𝑔,𝑚,𝑤)  ∈  𝐽, (𝑔,𝑚, 𝑣)  ∈ 𝐽 ⇒  𝑤 =  𝑣, 

where (𝑔,𝑚,𝑤)  ∈  𝐽  indicates that object 𝑔 has the attribute m with value w. In this 
case, we also write 𝑚(𝑔)  =  𝑤, regarding the attribute m as a partial function from 𝐺 
to 𝑊.  

Definition 2. A formal context is a triple 𝐶 =  ⟨𝐺,𝑌, 𝐼⟩ where 𝐺 is a set of objects, 𝑌 
is a set of attributes and 𝐼 ⊆ 𝐺×𝑌 is a binary relation between 𝐺 and 𝑌. For ⟨𝑔, 𝑦⟩ ∈ 𝐼 
it is said “The object 𝑔 has the attribute 𝑦”.  

The task is to transform given many-valued context into a formal context. We denote 
this transformation as  𝐾 ⇒ 𝐶.  

Each value 𝑦 ∈  𝑌 is a linguistic value (some linguistic description of a numerical 
value 𝑤), derived by scaling. This means that for each attribute 𝑚 ∈  𝑀 on the set of 
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its possible numerical values 𝑊 a special scale has to be defined and then applied to 
transform a given numerical value 𝑤 into a linguistic value 𝑦.  Therefore we consider 
a task of a scale construction for each attribute 𝑚 ∈  𝑀 on the set of its possible nu-
merical values 𝑊. The main demands for this scale construction are simple adaptation 
to a set of numerical values 𝑊 and minimizing of an expert participation. To solve 
this task the scale must be formed in automatic way using uniform quantity of param-
eters and of operations. Beside that the scale must be considered as a linguistic varia-
ble to associate its linguistic terms to the scaling values.  

So, the problem is to denote the notion of a special scale, which satisfies the men-
tioned above demands, and algorithms of its construction and its application.  Appli-
cation of this special scale will allow to decrease preprocessing time of a transfor-
mation of a given many-valued context into a formal context using uniform formal 
tool.    

3 Notion of an ACL-scale 

In this section we propose a special scale, named an ACL-scale (Absolute & Compar-
ative scale) to do the transformation of given many-valued context into a formal con-
text.  
 
Let {𝑥! ∈ 𝑊,𝑊 ⊆ ℝ, 𝑖 = 1,2,… , 𝑛 } be the set of possible ordered values of a numer-
ical attribute m in respect to definition 1.  
 
We assume that the binary relation 𝑥 ≤  𝑦 is defined possessing the following proper-
ties: 

• reflexivity: 𝑥 ≤  𝑥,∀𝑥 ∈  𝑊. 
• transitivity: if 𝑥 ≤  𝑦 and 𝑦 ≤  𝑧, then 𝑥 ≤  𝑧,∀ 𝑥, 𝑦, 𝑧 ∈ 𝑊.  
• anti-symmetry: if 𝑥 ≤  𝑦 and 𝑦 ≤  𝑥, then 𝑥 =  𝑦,∀ 𝑥, 𝑦 ∈  𝑊.  

Let suppose several partially ordered intervals of equal length cover a set 𝑊 and they 
are used for building a linguistic variable 𝑋  with fuzzy terms 𝑥! = 𝑥! , 𝜇!! 𝑥! , 
𝑥! ∈ 𝑊 , 𝑥! ∈ 𝑋 , 𝑖 = 1,2,… , 𝑛, 𝑘 = 1,2,… , 𝑟, 𝑟 < 𝑛 . Here 𝜇!! 𝑥! , 𝑖 = 1,2,… , 𝑛  de-
notes the membership function of a fuzzy term with a linguistic value 𝑥!. Therefore it 
can be said that a set of linguistic values covers a set 𝑊. Each linguistic value 𝑥! ∈
𝑋 can be considered as an ordered gradation of a scale and as linguistic estimation of 
every numerical value with some truth value.  

Definition 3. ACL-scale for an attribute m with possible numerical values from the 
set W is an algebraic system 

𝐴𝐶𝐿 = {𝛨,𝛹,Ω }, 
where the set  𝛨 =  𝑊,𝑋   denotes possible numerical values and possible fuzzy 
terms for an attribute m; 𝛹 = {𝑛𝑚𝑖𝑛, 𝑛𝑚𝑎𝑥, 𝑟,𝑀𝐹} is a set of parameters of an ACL-
scale; Ω = {𝐹𝑢𝑧𝑧𝑦,𝐷𝑒𝐹𝑢𝑧𝑧𝑦} is a set of operations, defined on a set 𝛨. 
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Below the components 𝛹 and Ω of an ACL-scale will be considered in details. 
 

3.1 Parameters of an ACL-scale 

 
Parameterization of an ACL-scale is useful as a tool for domain specific adaptation.  
To adopt an ACL-scale to real values of a set W we consider two alternatives. The 
first one corresponds to the case when experts evaluate quantaty, parameters and 
shape of membership functions of linguistic variables 𝑋. Unfortunately this case is 
difficult to realize in practice. In the second alternative the goal is to minimize the 
work of expert and some algorithm is used to adopt an ACL-scale to real values of a 
set W. We apply the second alternative and consider four parameters of an ACL-scale 
adaptation: 

 𝛹 = {𝑛𝑚𝑖𝑛, 𝑛𝑚𝑎𝑥, 𝑟,𝑀𝐹}, (1) 

where 𝑛𝑚𝑖𝑛 =  𝑖𝑛𝑓(𝑊), 𝑛𝑚𝑎𝑥 =  𝑠𝑢𝑝(𝑊); MF is the uniform shape of the mem-
bership functions of fuzzy terms (for example in a triangular form) [13]; 𝑟 is the quan-
tity of fuzzy terms, r+1 is the quantity of numerical  intervals of equal length d, used 
for membership functions construction: 
 

𝑥 − 𝑑, 𝑥 ⊂  𝑊, 𝑑 =
𝑛𝑚𝑎𝑥 − 𝑛𝑚𝑖𝑛

𝑟 + 1
.                                            (2) 

 
Notice, that these intervals are the result of partitioning of the set W and any numeri-
cal value 𝑤 ∈  𝑥 − 𝑑, 𝑥  is considered according to an ACL-scale as identical, with 
the same linguistic value, but having different truth degree. According to (2) the 
length of numerical intervals d depends on quantity of fuzzy terms.  
In this case researcher must define the shape and the quantity of fuzzy terms r . Pa-
rameter r  determines a quantity of numerical intervals and their length d. It means 
that parameter r determines a level of linguistic granulation:  smaller value of parame-
ter r corresponds to larger linguistic granulation and vice versa. Therefore the quantity 
of fuzzy terms r depends on research goals and required level of granulation. Taking 
into account human perception the recommendation for choosing the value of parame-
ter r are: 3 < 𝑟 < 10.  
The example of ACL-scale for a numerical attribute m with possible values defined in 
𝑊 = [−26, 66] is shown on the Figure 1. Here partitioning into six ordered intervals 
was done, on which five triangular fuzzy terms (r=5) were constructed with linguistic 
values 𝑋 = {𝐴!!!,𝐴!,𝐴!,𝐴!,𝐴!!!}. 
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Fig. 1. Example of an ACL-scale 
 
 
We assume that the following is fulfilled for an ACL-scale: 

1. The numerical values w of attributes m corresponding to real or ideal objects are 
estimated. 

2. Numerical and linguistic estimates are various, but they are equally essential as-
pects at the different levels of granularity. 

3. Linguistic values of numerical attributes can be estimated by expert or a modeling 
estimation procedure.  

The usage of parameters of an ACL-scale for linguistic description of numerical at-
tributes allows to determine linguistic values practically in an automatic way, better 
understood by researchers.   

3.2 The operations of an ACL-scale 

The set of operations, defined on a set Η, can be based on fuzzified/defuzzified func-
tions. The operation 𝐹𝑢𝑧𝑧𝑦 for linguistic description of each numerical value is de-
fined as the following function: 

𝑥!  =  𝑥!, 𝑖𝑓 𝑥! 𝑥! ≥  𝑥! 𝑥! , 𝑠 ∈  1, 2, . . . , 𝑟 ,∀𝑗 =  1, 2, . . . , r.                      (3) 

In respect to (3) for every 𝑥! ∈ W there will be only one linguistic value 𝑥! ∈ 𝑋 with 
the maximum value among all of membership functions, s – is a number of that mem-
bership function. 
We denote the operation 𝑑𝑒𝐹𝑢𝑧𝑧𝑦  for numerical estimation of linguistic value as 
function 𝑥!! = 𝐷𝑒𝐹𝑢𝑧𝑧𝑦 𝑥! , 𝑥! ∈ 𝑊, 𝑥! ∈ 𝑋, for example, as centroid of area:  

 𝑥!! =
!∙!(!)!"!"#$

!"#!
!(!)!"!"#$

!"#!
.  

It is obvious, that 𝐷𝑒𝐹𝑢𝑧𝑧𝑦 function calculates approximate value with some error of 
estimation, and the latter can be computed in different ways, for example in a form: 

 𝐸𝑟!! = 𝑥!! − 𝑥! ,  
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where the approximate value is  𝑥!! = 𝐷𝑒𝐹𝑢𝑧𝑧𝑦 𝑥! ; 𝑥! is the actual numerical value 
of some attribute. 
The usage of uniform scaling by an ACL-scale will allow to transform given many-
valued context into a formal context in automatic way and to explore the concepts 
having linguistic values which are better understood by researchers.  

4 Transformation of numerical values into linguistic ones using 
an ACL-scale  

The transformation of a numerical value 𝑥! ∈ 𝑊, 𝑖 = 1,2,… , 𝑛 into a linguistic value 
𝑥! ∈ 𝑋  with an ACL-scale means, that it is possible to define several fuzzy terms 
𝑥! 𝑥! , 𝑗 =  1, 2, . . . , r  with different truth degree for ∀𝑥!. 
Let 𝑊 ⊆ ℝ be a set of possible numerical values of an attribute.  
First of all, it is required to construct an ACL-scale on the set W, containing the or-
dered fuzzy terms with linguistic values 𝑥! ∈ 𝑋, 𝑘 = 1,2,… , 𝑟.  
Below we propose the Algorithm 1 for an ACL-scale creation by the determining its 
parameters on the set of possible numerical values W of a many-valued context. 
Algorithm 1. 
Step 1. Define the parameter r (the number of fuzzy terms) of ACL-scale. 
Step 2. Compute the parameter nmin as the minimum value on a set of W. 
Step 3. Compute the parameter nmax as the maximum value on a set of W. 
Step 4. Order the possible values on 𝑊. Partition the ordered set of possible values 
𝑊 ⊆ ℝ, into r+1 intervals in respect to (2). 
Step 5. Define the shape of the membership functions MF of fuzzy terms. Determine 
the linguistic values of fuzzy terms 𝑥! ∈ 𝑋, 𝑘 = 1,2,… , 𝑟.  
 
To output the linguistic values for the numerical values of the set W, using an ACL-
scale, Algorithm 2 is proposed.  
Algorithm 2. 
For each numerical value 𝑥! ∈ 𝑊, 𝑖 = 1,2,… , 𝑛 do the following: 
Step 1. Using operation 𝐹𝑢𝑧𝑧𝑦 (3) and well-known notion of fuzzy terms of chosen 
shape (for details you can see [13])  compute the values of their membership func-
tions 𝑥! = 𝑥! , 𝜇!! 𝑥! , 𝑥! ∈ 𝑋, 𝑘 = 1,2,… , 𝑟. 
Step 2. Determine the fuzzy term 𝑥! 𝑥!  with the maximum value of membership 
function according to (3).  
Step 3. Assign the output linguistic value as 𝑥! = 𝑥! for input 𝑥!  Here s is the number 
of linguistic value on the set 𝑋 , corresponding to an ACL-scale for the set of 
numerical values W. 

5 Example 

To illustrate how the ACL-scale can be applied to transform a many-valued context  
into a formal context we use the input data, which characterize hardware by two at-
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tributes 𝒙𝒄𝒑𝒖 ="Load of the central processor - CPU"  and 𝒙𝒓𝒂𝒎 ="Load of the 
memory - RAM" (see Table 1).  
We created one ACL-scale using the Algorithm 1 for both attributes, as their numeri-
cal values are contained in the same set of possible numerical values [0,100] present-
ed in percentage. For this domain we defined 𝑛𝑚𝑖𝑛 = 0%, 𝑛𝑚𝑎𝑥 = 100%.  Then 
seven fuzzy terms (𝑟 = 7) with linguistic values ”very low”,  “low”, “below an aver-
age”, “average”, ”above an average”, ”high”, ”very high” were defined.  

Table 1. Input many-valued data 

id_obiect 𝒙𝒄𝒑𝒖, % 𝒙𝒓𝒂𝒎, % 

1 84,31 82,94 

2 50,67 58,93 

3 66,89 68,18 

4 97,06 77,56 

5 92,04 33,58 

6 97,33 93,42 

7 97,44 94,78 

8 88,30 80,05 

9 66,64 48,49 

 
The shape of membership function was chosen as triangular with parameters shown in 
Table 2 (a - left, c - right, b - middle of numerical interval on which membership 
function is build). 

Table 2. The parameters of membership functions of fuzzy terms in the form of 
triangular fuzzy number for attributes of hardware 

 
𝒙𝐫𝐚𝐦 
𝒙𝐜𝐩𝐮 

Linguistic values  The parameters of membership functions 
a b c 

very low 0 0 16,5 
low 0 16,5 33 

below an average 16,5 33 50 
average 33 50 66,5 

above an average 50 66,5 83 
high 66,5 83 100 

very high 83 100 100 
 
After an ACL-scale has been created, it was used to output the linguistic value for 
every numerical value of the hardware attributes, applying the Algorithm 2. Table 3 
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illustrates the results of transformation of input data (see Table 1) into linguistic val-
ues. 

Table 3. The results of linguistic estimation of the numerical  values of the hardware 
attributes, using ACL-scale 

id_obiect linguistic values 𝒙𝐜𝐩𝐮 linguistic values 𝒙𝐫𝐚𝐦 
 

1 high high 
2 average above an average 
3 above an average above an average 
4 very high high 
5 high below an average 
6 very high very high 
7 very high very high 

8 high high 
9 above an average average 

 
Table 4 presents the formal context with linguistic values of hardware numerical at-
tributes (here vl =”very low”, lo= “low”, ba = “below an average”, av = “average”, 
aa=”above an average”, hi=”high”, vh =”very high” for short).  

Table 4. The formal context for a many-valued data derived by ACL-scale  

id_obiect 𝒙𝐜𝐩𝐮 𝒙𝐫𝐚𝐦 
vl lo ba av aa hi vh vl lo ba av aa hi vh 

1      x       x  
2    x        x   
3     x       x   
4       x      x  
5      x    x     
6       x       x 
7       x       x 
8      x       x  
9     x      x    
 
The results in Table 4 show the transformation of the numerical attributes of a many-
valued context (see Table 1) into linguistic variables for more understandable descrip-
tion of these attributes, which can be used for mining dependencies or for clustering. 
For further analysis the additional characteristics of a linguistic value of attributes are 
useful:  the truth degree and the membership function.  
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6 Conclusion  

During the past years preprocessing became an important step of data mining. For 
better understanding and analyzing numerical data, it is useful to have their linguistic 
description. To derive the latter description the transformation tecniques based on 
scaling are used usually.   
In this paper the notion of an ACL-scale as the tool for transformation a many-valued 
context with a numerical attributes into a formal context with linguistic attributes is 
proposed. The algorithm of an ACL-scale creation by adaptation of its parameters on 
a set of numerical values is described. Application of an ACL-scale provides the lin-
guistic granulation which can be useful in segmentation and investigation of objects 
with similar features. Mining the dependencies among attributes and among several 
objects expressed in linguistic terms is another application of that linguistic granula-
tion. In these tasks time reduction on preprocessing stage will be obtained due to us-
age of the proposed uniform scaling algorithm for different numerical attributes. 
The given example shows applicability and suitability of an ACL-scale for the 
preprocessing of a many-valued context with numerical attributes and deriving formal 
context with linguistic values.  
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